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Abstract 

 
        A new method namely, level-sum method based on the multi-objective linear 
programming and the simplex method is proposed for computing  an optimal fuzzy 
solution to a fuzzy linear programming problem inwhich fuzzy ranking functions are 
not used. The level-sum method is illustrated by numerical examples.  
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1. Introduction  
 
       Linear programming (LP) is one of the most applicable optimization techniques. 
It deals  with the optimizations of a linear function while satisfying a set of linear 
equality and/or inequality constraints or restrictions. In practice,  a LP model 
involves a lot of parameters whose values are assigned by experts / decision makers. 
However, both experts and decision makers do not precisely know the value of those 
parameters in most of the cases. Therefore, fuzzy linear programming (FLP) 
problem  [9,2]  was introduced and studied. In the literature, a variety of algorithms 
for solving FLP  have been studied based on fuzzy ranking function and classical 
linear programming. Tanaka et al. [7],  Zimmerman [10], Buckley and  Feuring [3], 
Thakre et al.[8] and  Zhang et al. [11] solved  FLP problems using multi-objective 
linear programming (MOLP) technique. Pandian[6] has proposed a new approach, 
namely sum of objectives (SO) method for finding a properly efficient solution to 
multi-objective programming problems. 
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        In this paper, we propose a new method namely, level-sum method for finding 
an optimal  fuzzy solution to fully FLP problems which is a crisp LP technique not 
using  the fuzzy ranking function. First, we construct a crisp MOLP problem from 
the FLP problem and then, we establish a relation between an optimal fuzzy solution 
to the fully FLP problem and an efficient solution to its related MOLP problem. 
Based on the relation, we develop the proposed method.  With the help of  numerical 
examples,  the level-sum method is illustrated. The advantages of the proposed 
method are that fuzzy ranking functions are not used, the obtained results exactly 
satisfy all the constraints and the computation can be made by LP solver because it 
is based only on crisp LP technique.  
 
 
2. Preliminaries 
 
        We need the following definitions of the basic arithmetic operators and partial 
ordering relations on  fuzzy triangular  numbers based  on the function  principle 
which can be found in [2,4, 9,10 ].  
 
Definition 2.1   A fuzzy number a~   is a triangular fuzzy number denoted by 

),,( 321 aaa   where 321   and  , aaa  are real numbers and its member ship function  
)(~ xaμ  is given below: 
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        Let )(RF be the set of all real triangular fuzzy numbers. 
 
Definition 2.2   Let  ),,( 321 aaa  and ),,( 321 bbb  be  in )(RF .  Then,     
        (i) ),,( 321 aaa ⊕ ),,( 321 bbb  = ),,( 332211 bababa +++ .  
       (ii) ),,( 321 aaa Θ ),,( 321 bbb  = ),,( 132231 bababa −−− . 
       (iii) ),,( 321 aaak = ),,( 321 kakaka , 0for  ≥k . 
       (iv) ),,( 321 aaak = ),,( 123 kakaka , 0for  <k . 
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Definition 2.3 Let ),,(~

321 aaaA =  and ),,(~
321 bbbB = be in )(RF , then 

     (i)  BA ~~
≈   iff   ii ba = , 3 ,2,1=i  ;   (ii) BA ~    ~

p   iff  ii ba ≤ , 3 ,2,1=i   and      
     (iii) BA ~    ~

f  iff  ii ba ≥ , 3 ,2,1=i . 
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      Based on the notations of  Mangasarian [5], we define the following partial order 
relation ‘f ’ as follows. 
Definition 2.4 Let ),,(~

321 aaaA =  and ),,(~
321 bbbB = be in )(RF , then 

  BA ~    ~
f  iff ii ba ≥ , 3 ,2,1=i  and  rr ba > ,  for some } 3 ,2,1 {∈r . 

   
      Consider the following multi-objective optimization problem 
(MP)     Minimize ))(,),(),(()( 21 xf...xfxfxf k=  
              subject to ,0  )( ≤xg   ,Xx∈  

where k1,2,...,i ,:i =→ RXf  and m: RXg →  where ),...,( 1 mggg =  are 

differentiable functions  on  X , an open convex subset of  nR . 
   
      Now, },...2,1j,0)(:{ j mxgXxP =≤∈=  is the set of all feasible solutions for the 
problem (MP). 

 Definition 2.5:  A feasible point ox  is said to be efficient  [6] for (MP) if there 
exists no other feasible point x  in P such that k1,2,...,i  ),( )( ii =≤ oxfxf   and  

 ),( )( rr
oxfxf <  for some { }k,,2,1r K∈ .  

 
 
3. Fully Fuzzy Linear Programming Problem 
 
         Consider the following fully FLP with m  fuzzy inequality/equality constraints 
and n  fuzzy variables may be formulated as follows: 
          (P)    xcz T ~~~  Maximize ≈                  
                   bxA ~  }  ,  ,{  ~~    osubject  t fp ≈⊗ ,  0~   ~ fx ,                                                     

where )(~,~,~,~ RFbxca ijjij ∈ , for  all nj ≤≤1  and mi ≤≤1 , ,)~(~
1 nj

T cc ×=  

nmijaA ×= )~(~ ,  11 )~(~  and  )~(~
mxinxj bbxx == . 

        Let the parameters z~  , ijjij bandxca ~~,~,~  be the triangular fuzzy numbers 
),,( 321 zzz , ),,( jjj rqp , ),,( jjj tyx , ),,( ijijij cba  and ),,( iii hgb respectively. Then, 

the problem (P) can be written as follows: 

   (P)   Maximize ),,( 321 zzz  ),,(),,(
1

jjjjjj
n

j
tyxrqp ⊗≈ ∑

=
 

           subject to  

                 ),,(},,{),,(),,(
1

iiijjjijijij
n

j
hgbtyxcba fp ≈⊗∑

=
, for all mi ,...,2,1=  

                                 0~   ),,( fjjj tyx , j =1,2,…,m. 
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        Now, using the arithmetic operations and partial ordering relations, we write 
the given FLPP  as a MOLP problem which is given below:  

     (M)   Maximize 1z  = ( )),,(),,( of elower valu
1

jjjjjj
n

j
tyxrqp ⊗∑

=
 

              Maximize 2z  = ( )),,(),,( of  valuemiddle
1

jjjjjj
n

j
tyxrqp ⊗∑

=
 

              Maximize 3z  = ( )),,(),,( of eupper valu
1

jjjjjj
n

j
tyxrqp ⊗∑

=
 

              subject to  

  ( ) ijjjijijij
n

j
btyxcba },,{),,(),,( of elower valu 

1
≥=≤⊗∑

=
, for  all mi ,...,2,1=  ;   

              ( ) ijjjijijij
n

j
gtyxcba },,{),,(),,( of  valuemiddle 

1
≥=≤⊗∑

=
, for all mi ,...,2,1= ; 

              ( ) ijjjijijij
n

j
htyxcba },,{),,(),,( of eupper valu 

1
≥=≤⊗∑

=
, for all mi ,...,2,1= ;             

              12 zz ≥ ;  23 zz ≥ ;  jj yx ≤ , j =1,2,…,m ;  jj ty ≤ , j =1,2,…,m 
              0≥jx , j =1,2,…,m. 
 
Remark 3.1: In the case of a fully FLP problem involving trapezoidal fuzzy 
numbers and / or trapezoidal fuzzy decision variables, we get a MOLP problem 
having four objectives.  
 
      We, now  prove the following  theorem which establish a relation between an 
optimal fuzzy solution to a fully FLP problem and an efficient solution to its related 
MOLP problems. 
 
Theorem 3.1: Let =oX  { ooo

jjj tyx ,, ; j =1,2,…,m} be an  efficient solution to the 

problem (M). Then, =oX~ { ),,( ooo
jjj tyx ;  j =1,2,…,m} is an optimal solution to the 

problem (P). 
 
Proof: Now, since =oX~ { ooo

jjj tyx ,, ; j =1,2,…,m} is an efficient solution to the 

problem (M), =oX~ { ),,( ooo
jjj tyx ;  j =1,2,…,m} is a feasible  solution to the problem 

(P). 
      Assume that =oX~ { ),,( ooo

jjj tyx ;  j =1,2,…,m} is not optimal  to the problem (P). 

Then, there exists a feasible solution =X~ { ),,( jjj tyx ;  j =1,2,…,m}  to the problem 

(P) such that  )~()~( of XZXZ , that is, ),,(),,( ii
ooo tyxztyxz ≥ ,  3,2,1=i  and  
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),,(),,( ooo tyxztyxz rr > , for some }3,2,1{∈r   where  =ox  { o
jx ; j =1,2,…,m},  =oy  

{ o
jy ; j =1,2,…,m}, =ot  { o

jt ; j =1,2,…,m}, =x  { jx ; j =1,2,…,m}, =y  { jy ; j 

=1,2,…,m} and  =t  { jt ; j =1,2,…,m}. This means that =oX  { ooo
jjj tyx ,, ; j 

=1,2,…,m} is not an  efficient solution to the problem (M) which is a contradiction. 
Hence the theorem is proved. 
 

Now, we propose a new method namely, level-sum  method  for finding an 
optimal fuzzy solution to a FLP problem which is based on MOLP and the simplex 
method. 

The proposed method proceeds as follows: 
Step 1: Construct a crisp MOLP problem from the given FLP problem. 
Step 2: Find an efficient solution to  the MOLP problem obtained in the Step 1.  
             using the SO method [6]. 
Step 3: The efficient solution obtained form the Step 2. to the MOLP problem yields  
             an optimal  fuzzy solution to the FLP problem by the Theorem 3.1..   
 
Remark 3.2: The proposed method can be extended to fuzzy integer LP problems 
by adding the integer restrictions and replacing the simplex method by an integer LP  
technique.  
 

The proposed method is illustrated by the following examples. 
 
Example 3.1: Consider the following  fully FLP problem: 
              Maximize ( ) ( ) 21

~4,3,2~3,2,1 xxz ⊗⊕⊗−≈
t  

              subject to  
                         ( ) ( ) );24,10,2(~3,2,1~2,1,0 21 ≈⊗⊕⊗ xx  

 ( ) ( ) );21,8,1(~2,1,0~3,2,1 21 ≈⊗⊕⊗ xx 1
~x and 0~   ~

2 fx . 
Let ),,(~

1111 tyxx =  , ),,(~
2222 tyxx =   and ),,(~

321 zzzz = . 
Now,  using the Step 1., the MOLP problem  related to  the given fully FLP problem  
is given below: 
    (M) Maximize 211 2xtz +−=  
           Maximize 212 32  yyz +=   
           Maximize 213 43  ttz +=  
             subject to          
                  20 21 =+ xx ; 102 21 =+ yy ;  2432 21 =+ tt ;  10 21 =+ xx ;  
                  82 21 =+ yy ; 2123 21 =+ tt ;  12 zz ≥ ;  23 zz ≥ ;  11 xy ≥ ;  22 xy ≥ ;   
                  11 yt ≥ ; 22 yt ≥  ;  0, 21 ≥xx .   
Now, by  the Step 2.,  we  consider the following  LP problem (S)  related to the 
above MOLP problem: 
        (S)  Maximize  21212 42322 ttyyxZ ++++=   
              subject to 
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               20 21 =+ xx ; 102 21 =+ yy ; 2432 21 =+ tt ; 10 21 =+ xx  ; 82 21 =+ yy ;   
                2123 21 =+ tt ; 0322 1212 ≥+++− tyyx ;   04332 2121 ≥++−− ttyy ; 
               011 ≥− xy ;   022 ≥− xy ;  011 ≥− yt ; 022 ≥− yt  ; 0, 21 ≥xx                                                    
and  solve it by simplex method. The optimal solution to the problem (S) is  

11 =x  ; 22 =x  ; 21 =y ; 42 =y ; 31 =t   and  62 =t  with 50=Z . 
Thus, 1( 1 =x  , 22 =x  , 21 =y , 42 =y , 31 =t , )62 =t  is  an efficient solution to 
the  problem (M). 
Now, by the Step 3.,  )3,2,1(~

1 ≈x , )6,4,2(~
2 ≈x  and )33,16,1(~ ≈z  is an 

optimal  fuzzy solution  to the given fully FLP problem. 
 
Remark 3.3 : For the fully FLP problem ( the Example 4.1),  Amit Kumar et al. [1] 
by the ranking method  obtained  the  same optimal fuzzy solution. 
  
Example 3.2: Consider the following  FLP problem: 
              Maximize ( ) ( ) 21 40,35 ,25,2025 ,14 ,10 ,7 xxz ⊗⊕⊗≈

t  
              subject to  
                         ( ) ( ) );15,13,8(7,6,24,3,1 21 pxx ⊗⊕⊗  
                         ( ) ( ) );9,7,3(10,6,16,4,3 21 pxx ⊗⊕⊗ 1x and 0  2 ≥x .   
Let ),,,(~

4321 zzzzz = . Now,  using the Step 1., the MOLP problem  related to  the 
given FLP problem  is given below: 
    (M) Maximize 211 207 xxz +=  
           Maximize 212 2510  xxz +=   
           Maximize 213 3514  xxz +=  
           Maximize 214 4025  xxz +=  
            subject to          
                   82 21 ≤+ xx ; 1363 21 ≤+ xx ;  1574 21 ≤+ xx ;  33 21 ≤+ xx   
                   764 21 ≤+ xx ; 9106 21 ≤+ xx ;  12 zz ≥ ;  23 zz ≥ ;  34 zz ≥   ;  0, 21 ≥xx .  
Now, by  the Step 2.,  we  consider the following  LP problem (S)  related to the 
above MOLP problem: 
        (S)  Maximize  21 12056 xxZ +=   
              subject to 
            82 21 ≤+ xx ; 1363 21 ≤+ xx ;  1574 21 ≤+ xx ;  33 21 ≤+ xx  764 21 ≤+ xx ;  
             9106 21 ≤+ xx ;  053 21 ≥+ xx ; 0104 21 ≥+ xx ; 059 21 ≥+ xx  ;  0, 21 ≥xx   
and  solve it by simplex method. The optimal solution to the problem (S) is  

01 =x  and  9.02 =x   with 108=Z . 
Thus, 0( 1 =x  , )9.02 =x  is  an efficient solution to the  problem (M). 
Now, by the Step 3., 01 =x , 9.02 =x  and )36 ,5.31 ,5.25 ,18(~ ≈z  is an optimal  
fuzzy solution  to the given FLP problem. 
 
Remark 3.4 : In Thakre et al. [8] by the weighted method,  the same optimal fuzzy  
solution to the FLP problem (the Example 3.2.)  is obtained.     
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4. Conclusion 
 
        In this paper, we propose the level-sum method to find an optimal fuzzy 
solution to a FLP problem satisfying all constraints. The main advantage of the 
proposed method is that the FLP problems can be solved by any LP solver using the 
level-sum method since it is based on only simplex method. The level-sum method 
can serve managers by providing an appropriate best solution to a variety of LP 
models having fuzzy numbers and variables in a simple and effective manner. In 
near future, we extend the level-sum method to fuzzy MOLP problems.  
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