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Abstract
This paper study the effectiveness of a submerged porous media in

dissipating wave energy of an incoming wave. We assume the porous
breakwater is above an impermeable seabed. From dispersion relation
derived for this problem, we obtain wave transmission coefficient for
a submerged porous breakwater. Analysis apply to dispersion relation
shows that amplitude reduction depends on breakwater parameters such
as, porosity, friction coefficient, relative structure height, and wave fre-
quency. Further, we formulate an approximate and explicit equation
for gravity waves over a porous media. The approximate equation is
hyperbolic type written in variables surface elevation and discharge,
with coefficients depend on the bottom, and porous layer. Numerical
simulation of incoming waves over porous media shows dissipation of
amplitude and energy. Numerical results show good agreement with
experimental data.

Mathematics Subject Classification: 76S05, 81U30, 35L02

Keywords: Submerged porous media, dispersion relation, hyperbolic equa-
tion

1 Introduction

Study of wave propagation pass through a porous structure is of interest by
coastal and ocean engineers. A porous structure allows water waves to transmit
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through it with energy dissipation. Therefore, wave amplitude and wave energy
are reduced. In reality, submerged porous breakwater are for instance, natural
submerged barrier reefs or artificial reefs. Apart from their function to enhance
a better marine environment, they also function as breakwater, and reduce
beach erosion. This research may support the understanding of wave energy
reduction due to interaction with submerged porous breakwater, and it may
useful for designing suitable dimension of artificial reefs.

Both emerged and submerged porous breakwater can function as efficient
breakwaters, but their governing equations are different. Literatures for wave
interaction with emerged porous breakwaters are for instance Sulisz[15], Liu
& Jiangang Wen [10], Lynett et.al. [12], Liu et.al. [11]. They discusses in-
teraction of monochromatic wave, or solitary wave with an emerged porous
structures, using the non-linear porous flow model either Navier Stokes equa-
tions or Boussinesq equations. Sollitt and Cross [14] propose a potential theory
to simplify the specific problem that the nonlinear drag in the porous structure
was linearized by applying Lorentz’s condition. Since then, the potential the-
ory was adopted in many investigations, such as Madsen [9], Rojanakamthorn
et.al. [13] and Dalrymple et. al. [3]. Chin-Piao Tsai et.al. [17] formulate
an approximate linear equation for monochromatic waves over submerged per-
meable breakwater on a variable permeable bottom topography. Chao-Lung
Ting et.al. [16] and Kazumasa [7] study wave propagation with current over
permeable ripple beds and consider Bragg resonance phenomenon. Kobayashi
[8] study wave transmission over rigid breakwater. Gu,Z. [5] study numerical
modeling for wave energy dissipation within porous submerged breakwaters,
and solve the equation using boundary integral element method.

In this paper effectiveness of a submerged permeable breakwater is studied.
The permeable breakwater is considered above a seabed which is impermeable.
From the full governing equation, dispersion relation for this problem is ob-
tained. It turns out that the negative sign of imaginary part of the complex
wave number are directly related to the wave energy dissipation due to sub-
merged porous breakwater. Dimensional analysis applied to the dispersion
relation can lead us to effectiveness of a submerged porous breakwater in re-
ducing wave amplitude. Restriction to monochromatic waves lead us to an
approximate equation of hyperbolic type. The approximate equation is writ-
ten explicitly in variables surface elevation and horizontal flux. The charac-
teristic of breakwater appear as coefficient (in complex form) of that equation.
We solve the equation numerically using the Lax-Wendroff method. Several
computations were conducted to find wave transmission coefficient for several
geometry of submerged porous breakwater. The results show good agreement
with experiments.
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Figure 1: Definition sketch of submerged porous layer over an impermeable
seabed.

2 Problem Formulations

The governing equation of the potential flow over a porous layer will be for-
mulated below. Consider an upper region Ω1 which is ideal fluid and a lower
region Ω2 which is ideal fluid in a porous media, see Figure 1. In region Ω1,
the continuity equation and momentum equations are

�Φ = 0 (1)

Φt +
1

2
|∇Φ|2 +

P1

ρ
+ gz = 0 (2)

respectively. Notation Φ is velocity potential, P1 the dynamic pressure, ρ the
density of water, g the gravitational acceleration. No particles flow through
the surface leads to the kinematic boundary condition

ηt = −Φxηx + Φz on z = η(x, t). (3)

In region Ω2, the continuity equation and momentum equations are

�Ψ = 0 (4)

CSΨt +
1

2
|∇Ψ|2 +

P2

ρ
+ gz + fSωΨ = 0, (5)

respectively. Notation Ψ denotes velocity potential inside the porous medium.
The term fSωΨ represents the linearized friction factor, and CS is the inertia
coefficient of the flow in the porous medium. Impermeable boundary condition
along the bottom z = −h2(x) reads

Ψxh2x + Ψz = 0 on z = −h2(x). (6)

Along the interface fluid pressure is continuous P1 = P2, hence

Φt +
1

2
|∇Φ|2 = CSΨt +

1

2
|∇Ψ|2 + fSωΨ on z = −h1(x). (7)
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Continuity equations (1,4) hold under the assumption that influx and outflux
along the interface are the same

Φxh1x + Φz = εS(Ψxh1x + Ψz) on z = −h1(x), (8)

with εS porosity of the porous medium. The linearized governing equations
are

�Φ = 0, in Ω1 (9)

�Ψ = 0, in Ω2 (10)

Φt = −gη, on z = 0, (11)

ηt = Φz, on z = 0, (12)

Ψz = 0, on z = −h2(x). (13)

Φt = CSΨt + fSωΨ, on z = −h1(x), (14)

Φz = εSΨz, on z = −h1(x). (15)

3 Dispersion Relation and Dimensional

Analysis

In this section we will derive dispersion relation for the full linearized equations
(9-15). Analysis of dispersion relation will show the main effect of porous media
in wave evolution.

The next step is solving the full linear governing equations by separation
of variables. Assuming Φ(x, z, t) = igη(x,t)

ω
F (z), Φ(x, z, t) = igη(x,t)

ω
F (z), where

η(x, t) = ae−i(kx−ωt), a is the wave amplitude, k is wave number, and ω is wave
frequency, equations (9-12) reduce to

Fzz − k2F = 0

with boundary conditions F (0) = 1 and Fz(0) = ω2

g
. The eigenfunction are

F (z) = cosh kz + ω2

gk
sinh kz, for any k.

Further, assuming Ψ(x, z, t) = igη(x,t)
ω

G(z), equations (10, 13) reduce to

Gzz − k2G = 0

with boundary conditions Gz(−h2) = 0. Its solutions are G(z) = C cosh k(z +
h2). Using interface condition (15) in which Fz(−h1) = εSGz(−h1) we obtain

C =
− sinh kh1 + ω2

gk
cosh kh1

εS sinh k(h2 − h1)
. (16)
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Finally, from (14) we obtain the following dispersion relation

ω2

gk
=

εS tanh k(h2 − h1) + αS tanh kh1

εS tanh kh1 tanh k(h2 − h1) + αS
, (17)

with αS = (CS − ifS). We test the condition of no breakwater: (1) h1 = h2

or (2) εS = 1, fS = 0 and CS = 1. Each of this limiting case will yield the
well-known dispersion relation for gravity wave: ω2

gk
= tanh kh2, as we expect.

Similar derivation of dispersion relation for infinite depth can be obtained in
Dean & Dalrymple [4].

Figure 2: The curve η(x, t) = exp−i(kx−ωt) with k = 0.3117600956 −
0.02450305720 I (solid line) and its envelope (dotted line) KT = |η(x, t)|.

Taking parameter values ω = 1, h1 = 1, h2 = 1.7, ε = 0.4, CS = 0.4,
fS = 1.5, dispersion relation (17) will give us a complex value wave number
k = 0.3117600956−0.02450305720 I. A monochromatic wave exp−i(kx−ωt) with
negative imaginary part �(k) will undergo amplitude reduction, see Figure 2.
Let KT = |η(x, t)| = exp�(k)x, the term KT denotes amplitude reduction of
incident wave as a function of x, the horizontal length of a submerged porous
breakwater. It also denotes the ratio between wave transmission amplitude and
incident wave amplitude, which is usually called wave transmission coefficient.

It is clear that the profile of wave transmission coefficient depends strongly
on the complex wave number k, and hence on the dispersion relation (17).
Parameters involve in (17) are wave frequency ω, gravitational constant g,
porosity εS, CS, fS, h1 and the structure depth h2 − h1. Armono and Hall [1]
study wave transmission coefficient with respect to breakwater parameter such
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Figure 3: (Top) Curves of |�(k)| w.r.t. d = (h2 − h1)/h2 for fS=0.5(dot),
1(dash), 1.5(dashdot), 2(solid). (Middle) Curves of |�(k)| w.r.t. fS for
d =.5(dot), .75(dash), .85(dashdot), .9(solid). (Bottom) Curves of |�(k)| w.r.t.
ω for d =.5(dot), .75(dash), .85(dashdot), .9(solid).

as, porosity, relative structure height, wave frequency and other parameters.
Here, we apply dimensional analysis in order to study the dependence of �(k)
on those parameters. In total there are 6 parameters and 2 variables: �(k) and
�(k), and there are two dimensions [L], [T ]. Hence, there are 6 non-dimensional
variables. Three of them are εS, CS, fS. The other three non-dimensional
variables we choose r = ω2h2/g, κ = kh2, and d = (h2 − h1)/h2. We focus
on the magnitude of |�(k)| with respect to the non-dimensional variables d
(relative reefball height), fS , and r (normalized frequency). Approximating
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tanh x ≈ x dispersion relation (17) becomes

ω2εSk2h1(h2 − h1) + αSω2 = gεSk2(h2 − h1) + gαSk2h1

By multiplying with h2/g and writing in terms of r, κ, d will yield

κ2(εSd + αS(1 − d) − εSr(1 − d)d) = αSr. (18)

Using (18) we can directly plot a curve of |�(k)| = |�(κ)|/h2 with respect to
variables d, fS and r. For all computations follows we take ε = 0.4, CS = 0.4,
h2 = 1.7, g = 9.8. Figure 3 (top) shows a curve of |�(k)| with respect to
d using ω = 1 for several values of fS. It is clear from the figure that a
larger relative reefball height d yields a larger value of |�(k)|, and hence more
damping. The curve of |�(k)| with respect to fS for several values of d, with
ω = 1 is given in Figure 3 (middle). We observe that value of fS that yield
a maximum |�(k)| changes with d. Finally, Figure 3 (bottom) is the curve
of |�(k)| with respect to ω for several values of d, with fS = 1.5. Clearly,
the effect of each parameter in the wave attenuation can be analyzed directly
through |�(k)|, so this analysis may useful for designing a suitable dimension
of porous breakwater.

4 The Mild Slope Equation

In this section we will formulate an approximate evolution equation that holds
for slowly varying h1(x) and h2(x). The following is the standard procedure
of mild slope equation derivation: multiply (9) with F (z) and integrate from
z = −h1 to z = 0, and multiply (10) with G(z) and integrate from z = −h2

to z = −h1, adding both yields∫ 0

−h1

�ΦF (z) dz + εSαS
∫ −h1

−h2

�ΨG(z) dz = 0.

Applying partial integration yields∫ 0

−h1

(ΦxxF (z)−ΦzFz) dz+ΦzF |0−h1
+εSαS

∫ −h1

−h2

(ΨxxG(z)−ΨzGz) dz+ΨzG|−h1
−h2

= 0.

Further we assume Φ(x, z, t) = Φ̄(x, t)F (z), Ψ(x, z, t) = Φ̄(x, t)G(z), and the
above equation becomes∫ 0

−h1

(Φ̄xxF
2−Φ̄F 2

z ) dz+ΦzF |0−h1
+εS

{
αS
∫ −h1

−h2

(Φ̄S
xxG

2 − Φ̄SG2
z) dz + ΨzG|−h1

−h2

}
= 0.

By using boundary condition (12) and neglecting higher order terms, the equa-
tion above reduces to

ηt+∂x

({∫ 0

−h1

F 2dz + εSαS
∫ h1

−h2

G2dz

}
Φ̄x

)
−
(∫ 0

−h1

F 2
z dz + εSαS

∫ h1

−h2

G2
zdz

)
Φ̄ = 0

(19)
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By substituting F (z), G(z) obtained previously, equation (19) becomes

ηt + ∂x

(
nc2

g
Φ̄x

)
− ω2

g
(1 − n)Φ̄ = 0. (20)

From the boundary condition (12) we have the relation Φ̄ = g
ω2 ηt, so we can

rewrite (20) as

ηt +
1

n
∂x

(
nc2

g
Φ̄x

)
= 0, (21)

with

c2 =
(

ω

k

)2

=
g

k

εS tanh k(h2 − h1) + αS tanh kh1

εS tanh kh1 tanh k(h2 − h1) + αS
, (22)

n =
1

2
+

κdεSαS + κ
(
(αS coshκd)2 − (εS sinh κd)2

)
2[SH ][CH ]

, (23)

where
[SH ] = εS cosh kh1 sinhκd + αS sinh kh1 cosh κd

[CH ] = εS sinh kh1 sinhκd + αS cosh kh1 cosh κd.

The equation (21) should be accompanied with the dynamic free surface
boundary condition (11). Rewriting (21) and (11) in terms of η and a flux like
variable q ≡ c2

g
Φ̄x, we get the following simple hyperbolic equations

⎧⎨
⎩

ηt + 1
n

(nq)x = 0

qt + c2ηx = 0,
(24)

The evolution equation (24) is of hyperbolic type, with coefficients n and c2 de-
pend on the geometry of breakwater and topographies h1(x), h2(x), and porous
breakwater parameters: CS, fS, εS. Note that if k is a complex number, then
c2 as given in (22) is also complex. When h1(x) and h2(x) are constant, n
is also constant, and the first equation of (24) becomes ηt + qx = 0. Con-
dition of no breakwater: (1) h1 = h2 or (2) εS = 1, fS = 0, CS = 1. In
both cases, the linear propagation speed reduces to c2 = g tanh kh2/k as we
expect. Wiryanto[18] consider the same problem by implementing Boussinesq
assumption and in first order approximation obtain similar hyperbolic equa-
tion in variable surface elevation η and averaged horizontal velocity Φx, with
the effect of porous structure appears as the forcing term.

5 Numerical Simulation

The Lax-Wendroff method is a finite difference method with accuracy O(Δt2, Δx2),
it is available in many textbook, see for instance [6]. Implementation of Lax



Wave energy dissipation 2933

Wendroff method to (24) will yield the following discretized equations

ηm+1
j = ηm

j − 1

nj

Δt

2Δx

(
nq|mj+1 − nq|mj−1

)
+

c2

nj

Δt2

2Δx2

(
nη|mj+1 − 2nη|mj + nη|mj−1

)
(25)

qm+1
j = qm

j − c2 Δt

2Δx
(ηm

j+1 − ηm
j−1) + c2 Δt2

2Δx2
(qm

j+1 − 2qm
j + qm

j−1) (26)

The Von-Neumann stability condition is |c| Δt
Δx

≤ 1. For simulation of an in-
coming monochromatic wave passing over a submerged porous breakwater, we
take a zero initial condition η(x, 0) = q(x, 0) = 0 and the left influx monochro-
matic wave of amplitude a:

{
η(0, t) = −ai eiωt

q(0, t) = cη(0, t).
(27)

Along the right boundary, we apply the Forward Time Backward Space (FTBS)
method that represents a right absorbing boundary. We test the scheme for
no porous condition: h1 = h2 and take c2 ≈ gh2, equation (24) reduces to the
simple wave equation: ηt + qx = 0, qt +gh2ηx = 0. Numerical simulation for h2

constant, using zero initial condition and boundary condition (27) will yield a
monochromatic wave travels undisturbed in shape.

For simulations of wave evolution in the area with submerged porous me-
dia, we use the following steps. (1) Solve (17) for k, for a specific choice of
parameters εS, CS, fS and topographies h1(x), h2(x), (2) with this value of k
we compute c2 and n from (22) and (23), respectively. Note that c2 is a complex
number. (3) Implement the Lax-Wendroff descritization (25,26). For compu-
tations we use Δx = 0.1 and in order to prevent numerical diffusion error we

take Δt = Δx/|c|. We note here that if we compute limt→∞
√
�(η)2 + �(η)2

and plot it with respect to x, we obtain the same wave transmission coefficient
curve as in Figure 2. Hence, the numerical computation confirms the analyti-
cal result of wave transmission coefficient KT .

Numerical simulation of an incoming monochromatic wave passing over a
submerged porous breakwater is given in Figure 4 (top). For this computation,
we use the linear shallow water equation in free water areas on the downstream
and upstream sides of porous breakwater, also continuity of η and q on the
left and right interfaces. For computation we use the same set of parameters:
ω = 1, h1 = 1, h2 = 1.7, εS = 0.4, CS = 0.4, fS = 1.5 from which dispersion
relation (17) yield k = 0.3117600956 − 0.02450305720 I. It clearly shows
that the wave amplitude is reduced. We plot the wave energy, defined as
�(η)2 +�(η)2 in Figure 4 (bottom), the result shows reduction of wave energy.
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Figure 4: (Top) Amplitude of incoming monochromatic wave reduces after
passing a submerged porous breakwater. (Below) Wave energy reduces af-
ter passing a submerged porous breakwater. The height of trapezoid porous
breakwater is not to scale.

5.1 Comparison with Experiment

Experiments of amplitude reduction due to submerged porous breakwater were
carried out in a wave tank 8 m length and 0.3 m width, and 0.5 m height. A
model of an absorbed beach is set on the right side of the wave flume. A
breakwater model is located on the center of the wave tank. It is made from
round stones of diameter 0.01 m densely packed in a box casing made from
wire. The porosity of the model is set εS = 0.46. Experiments use water
depth h2 = 0.15 m. Wave amplitude at different positions along the wave tank
are measured. From this data we compute wave transmission coefficient KT

experiment. Comparison with KT from numerical computations shows good
agreement.
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Table 1: Wave transmission coefficients obtained from experiment and nu-
meric.

Lb frequency (rpm) Wave transmission coefficient KT

d=0.078 m d=0.106 m
experiment numeric experiment numeric

20.59 cm 25 82.97% 82.54% 66.42% 67.37%
30 87.04% 87.73% 70.11% 73.12%
35 97.62% 98.03% 83.33% 84.57%

42.29 cm 25 68.58% 67.91% 45.37% 46.15%
30 77.62% 78.63% 53.26% 55.23%
35 90.75% 95.48% 39.78% 75.51%

6 Conclusions

Analysis of dispersion relation can give us a clear picture of the dissipative
effect of a submerged porous breakwater with certain specification. The effect
of each parameter can be analyzed directly so that it may useful for designing
suitable dimension of porous breakwater. Moreover, the mild slope equation
for wave over a submerged porous media is of hyperbolic type, with a complex
value coefficient. The Lax-Wendroff method is a stable method for simulating
amplitude reduction of monochromatic wave past over a submerged porous
layer. Wave amplitude and wave energy are reduced. This amplitude reduction
is confirmed with data from experiment.
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