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Abstract

A bipolar fuzzy graph is a generalization of graph theory by using bipolar fuzzy
sets. The bipolar fuzzy sets are an extension of fuzzy sets. This paper introduces
an effective degree of a vertex, a (ordinary) degree of a vertex in bipolar fuzzy
graph as analogous of fuzzy graph, a semiregular bipolar fuzzy graph, and a
semicomplete bipolar fuzzy graph. Further, this paper gives some propositions.
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1 Introduction

The notion of fuzzy sets was introduced by Zadeh [12] as a way of representing
uncertainty and vagueness. As a generalization of fuzzy sets, Zhang ([13, 14])
introduced the concept of bipolar fuzzy sets. A bipolar fuzzy set has a pair of
positive and negative membership values range is [-1, 1]. In a bipolar fuzzy set,
the membership degree O of an element means that the element is irrelevant to the
corresponding property, the membership value (0, 1] of an element indicates that
the element somewhat satisfies the property, and the membership value [-1, 0) of
an element indicates that the element somewhat satisfies the implicit counter-
property. In many domains, it is important to be able to deal with bipolar
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information. It is distinguished that positive information represents what is
granted to be possible, while negative information represents what is considered
to be impossible. It is quite well known that graphs are simply models of
relations. A graph is a convenient way of representing information involving
relationship between objects. The objects are represented by vertices and
relations by edges. When there is vagueness in the description of the objects or in
its relationships or in both, it is natural that we need to assign a fuzzy graph
model. Rosenfeld [11] discussed the concept of fuzzy graphs whose basic idea
was introduced by Kauffmann [8]. The fuzzy relations between two fuzzy sets
were also considered by Rosenfeld [11] and developed the structure of fuzzy
graphs, obtained analogous of several graph theoretical concepts. Bhattacharya
gave some remarks on fuzzy graphs in [5]. Bhutani and Rosenfeld [6] discussed
strong arc in fuzzy graphs. The concept of closed neighborhood degree and its
extension in fuzzy graphs was introduced by Basheer Ahamed et. al. [4]. The
extension of fuzzy set theory, that is, bipolar fuzzy set theory gives more
precision, flexibility, and compatibility to the system as compared to the classical
and fuzzy models. Recently, Akram [1] introduced bipolar fuzzy graphs by
combining bipolar fuzzy set theory and graph theory. Akram and Dudek [2]
studied regular bipolar fuzzy graphs, and Akram [3] also discussed bipolar fuzzy
graphs with applications. In this paper, an effective degree of a vertex, a
(ordinary) degree of a vertex in bipolar fuzzy graph as analogous of fuzzy graph,
a semiregular bipolar fuzzy graph, and a semicomplete bipolar fuzzy graph are
introduced. Finally, some propositions with suitable examples are examined.

2 Preliminaries
In this section, some basic definitions and its related results are recalled.

Definition 2.1 [12] Let V be a nonempty set. A fuzzy subset of V is mapping
u:'V—[0, 1], where [0, 1] denotes the set {t € R: 0 <t <I}.

Definition 2.2 [12] Let V and W be any two sets, and let 4 and v be fuzzy subsets
of V and W, respectively. A fuzzy relation p from the fuzzy subset u into the
fuzzy subset v is a fuzzy subset of VxW such that p (v, w) < u(v)Av(w)for all
veV, weW. That is, for p to be a fuzzy relation, we require that the degree of
membership of a pair of elements never exceeds the degree of membership of
either of the elements themselves. Note that a fuzzy relation on a finite and
nonempty set V'is a functionp : V xV — [0, 1]; a fuzzy relation p is symmetric if
pv,w)=p(w, v)foralv, weV.

Definition 2.3 ([13, 14]) Let X be a nonempty set. A bipolar fuzzy (sub) set B in
X is an object having the form B = {x, u” (x), 4" (x): xe X} where
4" X —[0,1] and 4" : X — [-1,0] are mappings.
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The positive membership degree u” (x) is used to denote the satisfaction
degree of an element x to the property corresponding to a bipolar fuzzy set B, and

the negative membership degree 1" (x) to denote the satisfaction degree of an
element x to some implicit counter-property corresponding to a bipolar fuzzy set
B.If u”(x)# 0and u" (x) =0, it is the situation that x is regarded as having only
positive satisfaction for B. If 4" (x)=0and u" (x)# 0, it is the situation that x
does not satisfy the property of B but somewhat satisfies the counter property of
B. It is possible for an element x to be such #”(x) # 0and #" (x) # 0, when the
membership function of the property overlaps that of its counter property over
some portion of X. For the sake of simplicity, the symbol B = (u, u) is used
for the bipolar fuzzy set B = {x, " (x),u" (x): xe X} .

Definition 2.4 ([13, 14]) Let X be a nonempty set. Then, we call a mapping
A=, 1)): XxX = [-1,1]x[-1,1] a bipolar fuzzy relation on X such that

uF (x,y) € [0,1] and uV (x, y) € [-1,0]

At this juncture, let us recall some basic definitions in graph theory [7], a
graph is an ordered pair G* = (V, E), where V is the nonempty set of vertices of
G* and E is the set of edges of G*. Two vertices x and y in an undirected graph
G* are said to be adjacent or neighbors in G* if {x,y} is an edge of G*. A simple
graph is an undirected graph that has no loops and/or no more than one edge
between any two different vertices. The neighborhood of a vertex v in a graph G*
is the induced subgraph of G* consisting of all vertices adjacent to v and all
edges connecting two such vertices. The neighborhood is often denoted N(v). The
degree deg(x) of vertex x (simply d(x)) is the number of edges incident on x or
equivalently, deg(x) = IN(x)l. The set of neighbors, called a (open) neighborhood
N(x) for a vertex x in a graph G*, consists of all vertices adjacent to x but not
including x, that is, N(x) = {y € V:xy € E}. When x is also included, it is called
a closed neighborhood, denoted N[x], that is, N[x] = N(x) U {x}. A regular
graph is a graph where each vertex has the same number of neighbors, that is, all
the vertices have the same open neighborhood degree. A complete graph is a
simple graph in which every pair of distinct vertices is connected by an edge.

Let us recall some basic definitions in fuzzy graph theory [4, 9, 10], a fuzzy
graph G = (V, 1, p) is a nonempty set V together with a pair of functions y¢: V—
[0,1] and p : VXV— [0,1] such that p(x,y)sp(x)~u(y), for all x, yeV, where
H(x)AL(y) denotes the minimum of g(x) and t(y). A fuzzy graph G is called a
strong fuzzy graph if p(x,y)=u(x)Au(y)V{x,y}e VxV. A fuzzy graph G is
complete if p(x,y)=(x)Atyy), Vx, yeV. Note that if p(x, y)>0 we call x and y
neighbors and we say that x and y lie on {x, y}. The order and size of a fuzzy
graph G are defined as 0(G) = Xyey u(x) and S(G) = Xixyrer p({x, ¥1),
respectively. An edge {x,y} of a fuzzy graph G is called an effective edge if
px,y}) = pux) Au()}. N&x) ={y €Vip({x,y}) = u(x) Ap(y)} is called
the neighborhood of x, and N[x] = N(x) U {x} is called the closed neighborhood
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of x. The degree of a vertex can be generalized in different ways for a fuzzy
graph. The effective degree of a vertex x is defined as the sum of the membership
value of the effective edges incident with x, and is denoted by dg(x). That is,
dp(x) = Xixyter Pe({x,¥}). The neighborhood degree of a vertex is defined as
the sum of the membership value of the neighborhood vertices of x, and is
denoted by dy(x).

Now, some definitions in bipolar fuzzy graph which can be found in [1-3]
are summarized.

Definition 2.5 A bipolar fuzzy graph with an underlying set V is defined to be a
pairG = (A, B), where A = (), )is a bipolar fuzzy setin V and B = (i}, uj )
is a bipolar fuzzy set in E cV xV such that g, ({x, y}) < min(x} (x), &} ()) and
Y ({x, y}) = max(uy (x), 13 (v)) for all {x,y}e E. Here, A the bipolar fuzzy
vertex set of V and B the bipolar fuzzy edge set of E.

Note that B is symmetric bipolar fuzzy relation on A. We use notion xy for an
element of E. Thus G = (A, B) s a bipolar fuzzy graph of G* = (V,E)if

My (xy) < min(uy (x), 4 () and g5 (xy) = max(uy (x), i1, () forall xye E.

The definition 2.5 can be written as, a bipolar fuzzy graphG = (V,E, u, p) where
V is a nonempty vertex set, E €V XV is an edge set, #is bipolar fuzzy set on V,
and p is bipolar fuzzy set on E, that is, (x) = (u" (x), 4" (x)),and

p(xy) = (p” (xy), p" (xy)) such that p” (xy) < min(u” (x), u” (¥)) and

PV (xy) = min(u (x), u¥ (y)) for all x, yeV and xyeE. Here, xy means that
{x,y}, an undirected edge. The notation G = (V, E, i, p) is used for bipolar fuzzy

graph G, where V is nonempty vertex set, E is edge set, W is fuzzy subset of V,
and p is fuzzy subset of E.

Definition 2.6 A bipolar fuzzy graph G = (V,E, , p)is said to be strong if
p" (xy)=min{u" (x), 4" (y)yand p" (xy)=max{u" (x),u" (y)}forall xye E.

Definition 2.7A bipolar fuzzy graph G = (V,E, i, p) is said to be complete if
p" (xy) =min{u" (x), 4" (y)yand p" (xy) = max{u" (x),u" ()} forall x,ye V.

Definition 2.8 Let G be a bipolar fuzzy graph. The neighborhood of a vertex x in
G is defined by N(x) = (N, (x), N, (x)) where N,(x) = {yeV: uf(xy) <
min(ug (x), ui ()} and Ny (x) = {yeV: p (xy) = max(uj (x), ua ()}

Definition 2.9 Let G be a bipolar fuzzy graph. The (open) neighborhood degree
of a vertex x in G is defined by deg(x) = (deg,(x), deg, (x)), where

deg,(x) = Yyene ta )and degy, (x) = Yyenx) ta ()
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Note: up(xy) > 0,5 (xy) < 0 for xy € E; up(xy) = g (xy) = 0 for xyeE

Definition 2.10 Let G be a bipolar fuzzy graph. The closed neighborhood degree
of a vertex x in G is defined by deg[x] = (deg,[x], deg,[x]) where deg,[x] =

Yyenco #a ) + uy (x) and deg, [x] = Xyence ih ) + ) (x).

Definition 2.11 A bipolar fuzzy graph G = (V, E, u, p) is said to be (k4, k)-
regular if d(v) = (kq, k), where k; = d*(v) and k, = d¥(v) .

Hereafter, the neighborhood degree of a vertex v is denoted by dy (v) and
the closed neighborhood degree of a vertex v is denoted by dy[v].

3. Order and size in bipolar fuzzy graph

In this section, the order of bipolar fuzzy graph, which is a pair of positive order
and negative order of bipolar fuzzy graph and the size of bipolar fuzzy graph,
which is a pair of positive size and negative size of bipolar fuzzy graph are
presented. These ideas are analogous of order and size in fuzzy graph [10].

Definition 3.1 Let ¢ = (V,E, u, p) be a bipolar fuzzy graph. The order of bipolar
fuzzy graph, denoted 0(G), is defined as 0(G) = (07 (6), 0V (()),

whereOF (G) = Yoy uf (v); OV (G) = Y ey 1 (v). Similarly, the size of bipolar
fuzzy graph, denoted S(G), is defined as S(G) = (SP(G),SM(G)), where

SP(G) = vaeEpP(UW); SN (G) = ZUWEEPN(UW)'

Proposition 3.2 In a bipolar fuzzy graph G = (V, E, y, p), the following
inequalities hold: (a) OF (G) = SP(G); (b) ON(G) < SN (G).

Proof Let G = (V, E, u, p) be a bipolar fuzzy graph. By definition 3.1, we have
0P (G) = Ypev uF (V) = Ypwer pF (vw) = SP(G). This impliesOF (G) = ST (G).
Similarly,0Y (G) = Yyer tN (V) < Ypwer oY (vw) = SV (G). This implies
oN(G) <SN(G). T

Example 3.3 Let G = (V, E, , p) be a bipolar fuzzy graph, where V =
{v1, V5, V3, U}, E = {015, V1V, Va3, Vo Uy, V3V, } With

”(vl) = (07:_1):#(172) = (06! —08), H(U3) = (08! _06)1 M(Uél-) =
(0.4,-0.5); p(vyv,) = (0.6,—0.5), p(vyv,) = (0.3,—0.3), p(vyv3) =
(0.5,-0.6), p(vyv,) = (0.4,—-0.5), p(v3v,) = (0.4,—0.5). By usual
calculations, we get, 0P (G) = 2.5,SP(G) = 2.2 = 07 (G) > SP(G).
Similarly, 0N (G) = —2.9,SV(6) = —2.4=0"(G) < SV (6).

Corollary 3.4 In a regular bipolar fuzzy graph G, (a) 07 (G) = SP(6);
(b) 0N (G) = SN (6).
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4. Types of degrees in bipolar fuzzy graphs

Akram[3] introduced neighborhood degree of a vertex and closed neighborhood
degree of a vertex in bipolar fuzzy graph as generalization of neighborhood
degree and closed neighborhood degree of a vertex in fuzzy graph. This section
introduces an effective degree of a vertex and a degree of a vertex in bipolar
fuzzy graph as analogous of an effective degree and a degree of a vertex in fuzzy
graph. Also, introduces a semiregular bipolar fuzzy graph and a semicomplete
bipolar fuzzy graph. Further, some of their results are investigated.

Definition 4.1 let ¢ = (V, E, i, p) be a bipolar fuzzy graph. An edge is called
effective if p? (vw) = min{u” (v), u? W)} and p" (vw) = max{u" (v), u" (w)}
for all xy € E. It is denoted by pg(vw) = (pE (vw), p¥ (vw)). The effective
degree of a vertex v in bipolar fuzzy graph G, denoted by dg(v), is defined as
dp(v) = Yower(pE (vW), pg (vW)).

Definition 4.2L.et G = (V, E, u, p) be a bipolar fuzzy graph. The ordinary degree
(simply degree)) of a vertex ‘v’ in bipolar fuzzy graph G, denoted by d(v), is
defined as d(v) = Xywee(p” (vw), p" (vw)).

Example 4.3 Let G = (V, E, u, p) be a bipolar fuzzy graph, where V =
{v1,v2, 3}, E = {0103, v1v3, v,v3} with pu(vy) = (0.5,-0.6), u(v,) =
(0.6,—0.7), u(v3) = (0.8, —-0.6); p(v,v,) = (0.5,-0.6), p(v,v3) =
(0.4,-0.6), p(v,v3) = (0.6, —0.5). By usual calculations, d(v,) = (0.9, —1.2),
d(v,) = (1.1,-1.1), d(v3) = (1.0,—1.1). Here v, v, is the only effective edge.
The effective degrees are dg(v,) = (0.5, —0.6), dg(v,) = (0.5, —0.6),

dE(v3) = (O, 0 )

Note: dg(v3) = (0,0 ) means that there is no effective edge incident on v5.

Definition 4.4 A bipolar fuzzy graph G = (V, E, u, p) is said to be semiregular if
all vertices have same closed neighborhood degrees. We say that G is (kq, k) —
semiregular if dy[v] = (k1, k;), Vv € V, and kq, k, € R, where R is real
number set.

Example 4.5 Let G = (V, E, u, p) be a bipolar fuzzy graph, where V =
{v1,v2, 3}, E = {0103, v1v3, v,v3} with pu(vy) = (0.5,-0.6), u(v,) =
(0.6,—0.7), u(v3) = (0.8,—-0.6); p(v,v,) = (0.5,—0.6), p(v,v3) =
(0.4,-0.6), p(v,v3) = (0.6, —0.5). By usual calculations, the (open)
neighborhood degrees are dy (v;) = (1.4,—1.3), dy(v,) = (1.3,—1.2),
dy(v3) = (1.1, —1.3). Therefore, it is not regular. But, dy[v;] = (1.9, —1.9),
dy[v,] = (1.9,-1.9), dy[vs] = (1.9, —1.9). It is a semiregular bipolar fuzzy
graph. Also, it is known as (1.9, —1.9) - semiregular bipolar fuzzy graph.
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Definition 4.6 A bipolar fuzzy graph G = (V, E, u, p)is said to be semicomplete
if it satisfies complete (crisp) graph condition, but G does not satisfy strong
bipolar fuzzy graph condition.

Example 4.7 Let G = (V, E, , p) be a bipolar fuzzy graph, where V =
{v1,v2,V3}, E = {01V, V103, v,v3} with u(v;) = (0.5,—-0.6), u(v;) =
(0.6,—0.7), u(v3) = (0.8, —-0.6); p(v,v,) = (0.5,—0.6), p(v,v3) =
(0.4,-0.6), p(v,v3) = (0.6,—0.5). Here, all vertices are joined together, but all
edges are not strong. Hence, it is a semicomplete bipolar fuzzy graph.

Proposition 4.8 In a strong bipolar fuzzy graph G = (V,E,u, p), d(v) = dg(v)
forallveV.

Proof Let G = (V, E, u, p) be a strong bipolar fuzzy graph.By definition 4.2,

we have d(v) = Yywer(p” (vw), p" (vw)) (D)
Since G is strong bipolar fuzzy graph, all edges are strong edges, therefore the
equation (1) can be written as d(v) = Yes(pk (ww), p¥ (vw)) = dg(v), Vv €
V, by definition 4.1. [

Example 4.9 Let G = (V, E, , p) be a strong bipolar fuzzy graph, where

V = {vy, 03,03, 04}, E = {v15, V10, V203, V2 Vs, V304 } with pu(vy) =

(0.7,-1), u(v,) = (0.6,—0.8), u(v;) = (0.8, —0.6), u(v,) = (0.4,-0.5);
p(vyv,) = (0.6,—-0.8), p(v,v,) = (0.4,—0.5), p(v,v3) = (0.6,—0.6),

p(vyv,) = (0.4,-0.5), p(v3v,) = (0.4,—0.5). By usual computations,

d(v,) = (0.9,-0.8), d(v,) = (1.5,—1.6), d(v3) = (0.9, —1.1), d(v,) =

(1.1, -1.3); dg(v,) = (0.9,—0.8), dg(v,) = (1.5,—1.6), dz(v5) = (0.9, —1.1),
dg(vy) = (1.1,—1.3). Thus, d(v) = dg(v)forany v € V.

Proposition 4.10 Every complete bipolar fuzzy graph is semiregular bipolar
fuzzy graph.

Proof Let G = (V, E, u, p)be a complete bipolar fuzzy graph.

Since G is complete bipolar fuzzy graph, all edges are strong and all vertices are
connected together. By the closed neighborhood degrees of all vertices, we have
dy[v]'s are equal for all v € V. Hence, G is semiregular bipolar fuzzy graph. [
Note: Every complete bipolar fuzzy graph need not be regular bipolar fuzzy
graph.

Example 4.11 Let ¢ = (V,E, u, p) be a complete bipolar fuzzy graph, where
V = {vy,v;,v3}, E = {v1v3, V103, v,v3} with u(v,) = (0.5,-0.6), u(v;) =
(0.6,—0.7), u(v3) = (0.8, —-0.6); p(v,v,) = (0.5,—0.6), p(v,v3) =
(0.5,—0.6), p(v,v3) = (0.6, —0.6). By usual calculations, the (open)
neighborhood degrees are dy (v;) = (1.4,—1.3), dy(v,) = (1.3,—1.2),
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dy(v3) = (1.1, —1.3). Therefore, it is not regular. But, dy[v;] = (1.9, —1.9),
dy[v,] = (1.9,—-1.9), dy[vs] = (1.9, —1.9). Thus, it is a semiregular bipolar
fuzzy graph. Also, it is known as (1.9, —1.9) - semiregular bipolar fuzzy graph.

Proposition 4.12 In any complete bipolar fuzzy graph G = (V,E, i, p), dy[v] =
0(G),Vv € V. That is, the closed neighborhood degree of any vertex is equal to
the order of bipolar fuzzy graph.

Proof Since G is complete bipolar fuzzy graph, it is easy to check that from
proposition 4.10,

aulvl={ ) pPaw), Y oV ow)

WEN|[v] WEN[v]

p" (W) + P @), ) p (ow) + " ()

WEN(v) WEN (v)

= (ZveV 'up(v), ZveV #N(v)) = 0(G) forallv € V.[I

Proposition 4.13 In a regular bipolar fuzzy graph G = (V, E, u, p), closed
neighborhood degree, order of bipolar fuzzy graph and size of bipolar fuzzy
graph are equal.

Proof Since G is regular, the degrees of all vertices are same and also all vertices
have same bipolar membership values and connected one another.

By proposition 4.12, we have dy[v] = 0(G),Vv € V. . (2)
By definition 3.1, we have S(G) = (Zywer p¥ (W), Ypwer P (vw))
- (Zvevﬂ (U) ZveV“N(U)) = O(G) Vv eV. (3)

From the equations (2) and (3), we get dy[v] = 0(G) = S(G) for all veV.l

Proposition 4.14 In a regular bipolar fuzzy graph G = (V, E, u, p), ordinary
degrees, effective degrees and neighborhood degrees are equal for any vertex in
G. Thatis, d(v) = dg(v) = dy(v),Vv € V.

Proof Since G is regular, we have

(0" (ww), p" (vw)) = (min(u? (), P (W), max (¥ @), u¥ W)), vow € E...4)
By definition 2.9, definition 4.1, definition 4.2 inclined with equation (4), we get
dw) =dg(v) =dyW),VvevV. [

Example 4.15 Let ¢ = (V, E, u, p) be a regular bipolar fuzzy graph, where

V ={v1,v,,v3}, E = {v10;, 113, v,v3} with u(vy) = (0.5,-0.6), u(v,) =
(0.5,-0.6), u(v3) = (0.5,-0.6); p(v,v,) = (0.5,-0.6), p(v,v3) =
(0.5,-0.6), p(v,v3) = (0.5, —0.6). By usual calculations: The (ordinary) degrees
are d(v,) = (1.0,-1.2), d(v,) = (1.0,—1.2), d(v3) = (1.0,—1.2). The
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effective degrees are dg(v;) = (1.0, —1.2), dg(v,) = (1.0, —1.2), dg(v3) =
(1.0,—1.2). The (open) neighborhood degrees are dy (v,) = (1.0, —1.2),

dy(vy) = (1.0,-1.2), dy(v3) = (1.0, —1.2). The closed neighborhood degrees
are dy[v,] = (1.5,—1.8), dy[v,] = (1.5,—1.8), dy[v3] = (1.5, —1.8). We have
d(w) =dg(v) =dy), Vv e V.

Proposition 4.16 Every complete bipolar fuzzy graph is strong bipolar fuzzy
graph.

Proof Since G is complete bipolar fuzzy graph, all edges in G are strong and all
vertices are joined together. Obviously, G is strong bipolar fuzzy graph. [
Note: Converse need not be true

Proposition 4.17 Every semicomplete bipolar fuzzy graph is semiregular bipolar
fuzzy graph.

Proof Let G be semicomplete bipolar fuzzy graph. By definition 4.6, all vertices
in G are connected together, but the edges are not necessarily strong. For the
closed neighborhood degree computation, the strong edge condition would not
affect. Therefore, the closed neighborhood degrees of all vertices are same.
Hence, G is semiregular. [

Converse of the proposition 4.17 is also true. Proof is obvious.

Example 4.18 Let G = (V,E, u, p) be a semicomplete bipolar fuzzy graph, where
V = {vy,v;,v3}, E = {v1v;, v103, v,v3} with u(v,) = (0.5,-0.6), u(v;) =
(0.6,—0.7), u(v3) = (0.8, —-0.6); p(v,v,) = (0.5,-0.6), p(v1v3) =
(0.4,-0.6), p(v,v3) = (0.6,—0.5). By usual calculations, the closed
neighborhood degrees are dy[v;] = (1.9,—1.9),dy[v,] = (1.9,—1.9),dy[v3] =
(1.9,—1.9). Therefore, G is semiregular.

5 Conclusions

In this paper, the effective degree of a vertex and degree of a vertex in bipolar
fuzzy graph, semicomplete bipolar fuzzy graph and semiregular bipolar fuzzy
graph are introduced and some of their propositions are examined. Based on these
ideas, we can extend our research work to other graph theory areas by using
bipolar fuzzy graph; also construct a network model for bipolar fuzzy graph and
establish algorithm oriented solution.
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