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Abstract
This paper investigates the dynamical complexities of a prey predator model
with susceptible and infected (SI) prey with nonlinear feedback. A nonlinear
feedback mathematical model is proposed and analyzed to study the predator
interaction with infected prey. It has been assumed that the susceptible and
infected prey populations are predated by predator species in the presence of non
linear feedback controls. By constructing a suitable Lyapunov function, global
asymptotic stability is established. Finally, a numerical example is given and
diagrams are presented which supports our results.
Keywords: Differential equations, Prey-predator model, Lyapunov function, SI
model, Stability analysis

1. Introduction
The dynamical relationships between species and their complex properties are
the heart of many ecological and biological processes. Predator-prey dynamics
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are well studied in the process of control of some ecosystems. In recent years, a
significant number of the published papers on the mathematical discrete time
models of biology discussed the system of differential equations and the
associated numerical methods. Mathematical models on prey predator systems
create a major interest during the last few decades. Study of such system with
discrete models and continuous models can be found in [1-22].
Discrete time models give rise to more efficient computational models for
numerical simulations and it exhibits more plentiful dynamical behaviours than a
continuous time model of the same type. The pioneering work of Lotka and
Volterra, the theoretical investigation of predator-prey systems in mathematical
ecology has advanced greatly. An important extension was carried by Anderson
and May, who divided the prey populations into susceptible and infected. One of
the important conclusions that were obtained is that the existence of unhealthy
prey can destabilized the balance between prey and predator.
The recent 50 years have seen an explosion of interest in the study of
nonlinear dynamical systems. It is currently very much in vogue to study preypredator system with functional responses and controls.
A functional response of the predator to the prey density in population
dynamics refers to the change in the density of prey attached per unit time per
predator as the prey density changes. Two species models like Holling type II, III
and IV of predator to its prey have been extensively discussed in the literature.
Leslie-Gower predator- prey model with variable delays, bifurcation analysis with
time delay, global stability in a delayed diffusive system has been studied. Limit
cycles for a generalized Gause type predator- prey model with functional
response, three tropic level food chain system with Holling type IV functional
responses, the discrete Nicholson Bailey model with Holling type II functional
response and global dynamical behavior of prey-predator system has been
revisited. Complex dynamic behavior of three species has been studies.
Epidemiology models are routinely used nowadays to understand the spread of
infectious diseases with the goal to determine vaccination policies possible to
eradicate them, the SIR models, the effect of exotic species on a system of native
prey-predator populations has been studied. [23-27].
The purpose of this paper is to study the dynamics of existence of infected
prey effect the prey predator relationship with non-linear feedback control [2832]. In this we assumed the susceptible and infected prey populations are
predated by predator species by introducing modified Michaelis – Menten –
Holling functional response [33].
Various Numerical simulations are then carried out to investigate the
relationships between parameters of the model and the effects of the disease on
the species.
This paper is organized as follows: In section 2 we have given problem
statement. In section 3, we introduce the model and presented the related diagrams.
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In section 4 we introduce the nonlinear feedback controls and obtain Global
stability conditions by constructing Lyapunov function. In section 5, we
presented some numerical simulations that carried out to investigate the
relationships between parameters of the model and the effects of the disease on
the populations. Finally, the last section 6, is devoted to the conclusion and
remarks.

2. Problem Statement
Consider the chaotic system described by the dynamics
(1)
x  Ax  f ( x)  u
where x  R is the state of the system, A is the n  n matrix of the system
parameters, the matrix A have some unknown parameters. f : Rn  R n is the
n

nonlinear part of the system. u  R n is the adaptive feedback controller.
The global control problem is essentially to find feedback controller u , so as
to stabilize the dynamics (1) for all initial conditions x(0)  Rn , i.e. lim x(t )  0
t 

for all initial conditions x(0)  R .
Lyapunov function methodology is used for establishing the feedback control
of the system (1).
By the Lyapunov function methodology, a candidate Lyapunov function is
taken as
(2)
V ( x)  xT Px
n

where P are n  n positive definite matrix.
Note that V : Rn  Rn is a positive definite function by construction. It is
assumed that the parameters of the system (1) are measurable.
If a controller u found such that
(3)
V ( x)   xT Qx
where Q are positive definite matrix, then V is a negative definite function.
Hence, by Lyapunov stability theory (Hahn, 1967,[34]), the dynamics (1) is
globally exponentially stable and hence the condition lim x(t )  0 will be
t 

satisfied for all initial conditions x(0)  R .
Then the states of the system (1) will be globally asymptotically stable.
n

3. System Description
The model can be written as
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X1
)  PX 1 X 2
K
 X2 X3
X 2  PX 1 X 2 
X 3   X 2
X 1  rX 1 (1 

X3 

(4)

e X 2 X 3
 dX 3
X 3   X 2

here X 1 is the susceptible prey population, X 2 is the infected prey, X 3 is the
predator, r is the growth rate, K the carrying capacity, P the incidence rate, 
the total attack rate for predator,  the handling time, e the conversion efficiency
and d the death rate of predator.

Also,

 X2 X3
e X 2 X 3
and
are the
X 3   X 2
X 3   X 2

Michaelis-Menten-Holling functional and numerical response. Let us we reduce
X
X
Y
the number of parameters by x1  1 , x2  2 , x3  3 , t  r and we
K
K
 K
suppose k 

PK

e
d
, b , c
, a
r
r
r
r

The modified Michaelis-Menten-Holling prey predator with vulnerable
infected prey dynamics [33] is described by

x1  x1 (1  x1 )  kx1 x2
x2  kx1 x2  b
x3  c

x2 x3
x3  x2

(5)

x2 x3
 ax3
x3  x2

where a  0.2, b  0.9, c  0.2 are constant parameters and k is varying parameter.
When 0  k  0.6 , the system reached the equilibrium states. The equilibrium
points are (1,0,0) .
Figure 1 depicts the equilibrium trajectories of the system [33].
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Figure 1 Equilibrium 0 < k < 0.6
When 0.6  k  1.8 , the system reached the equilibrium states ( x* , y* , z* ) . The
equilibrium point depends on the value of k . Figure 2 and Figure 3 depict the
equilibrium trajectories of the system at k  0.75 [33].

Figure 2 when 0.6 < k < 0.8, k= 0.75
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Figure 3 when 0.6 < k < 0.8, k= 0.75
When 1.8  k  1.9 , the system reached the dynamical behaviours such as holf
bifurcation, limit cycles etc. Figure 4 depict the stable limit cycle of the system at
k  1.85 [33].

Figure 4 k = 1.85
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4. A Prey Predator Model with Vulnerable Infected Prey
consisting of Non-linear feedback controls
The modified Michaelis-Menten-Holling prey predator with vulnerable
infected prey dynamics [33] is described by

x1  x1 (1  x1 )  kx1 x2  u1
x2  kx1 x2  b
x3  c

x2 x3
 u2
x2  x3

(6)

x2 x3
 ax3  u3
x2  x3

where x1 , x2 , x3 are the state variables and a, b, c, k are positive parameters.
In this paper, we introduce the adaptive feedback procedure to design the
controllers u1 , u2 , u3 . Where u1 , u2 , u3 are feedback controllers, which is the
function of the state variables. As long as these feedbacks stabilize system (6)
converge to zero as the time t goes to infinity. That means that, this gives the
system (6)
lim x(t )  0
t 

The candidate Lyapunov function is taken as
V ( x1 , x2 , x3 ) 

1 2 1 2 1 2
x1  x2  x3
2
2
2

(7)

Differentiating (7) along the trajectories of the system (6), the simple
calculation gives
V ( x1 , x2 , x3 )  x1 ( x1 (1  x1 )  kx1 x2  u1 )
 x2 ( kx1 x2  b

x2 x3
xx
 u2 )  x3 (c 2 3  ax3  u3 )
x2  x3
x2  x3

(8)

We defined the feedback controllers as follows

u1  kx1 x2  2 x1  x12
u2 

x2 x3
 x2  kx1 x2
x2  x3

u3  c

x2 x3
x2  x3

(9)
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Substituting equation (9) into (8), then its implies that
V   x12  x22  ax32

(10)

which is a negative definite function.
Thus by Lyapunov stability theory [33], the modified Michaelis-MentenHolling prey predator with vulnerable infected prey dynamics (6) is
asymptotically stable.
Theorem 1: The modified Michaelis-Menten-Holling prey predator with
vulnerable infected prey dynamics (6) is asymptotically stable with the feedback
(9).

5. Numerical Simulation
In this section, we undertake the numerical simulations of the prey-predator
system with vulnerable infected prey consisting of nonlinear feedback.
For the numerical simulations, the fourth order Runge-Kutta method is used to
solve the differential equations (6) with the feedback controllers u1 , u2 , u3 .
The initial values of the master system (5) are chosen as
x1 (0)  0.125, x2 (0)  0.625, x3 (0)  0.941
Figure 5 depicts the stable equilibrium points due to the nonlinear feedbacks
u1 , u2 , u3 .

Figure 5 the stable equilibrium points due to the nonlinear feedbacks.
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6. Conclusion
In this paper, we proposed a mathematical model to study the effect of
susceptible, infected (SI) prey and the predator interactions by introducing
Michaleis – Menten – Holling functional response as a dynamical system. We
show that the three species prey-predator populations can be asymptotically
stabilized using a nonlinear feedback control inputs, that is, the system (6) is
examined via the techniques of global asymptotic stability analysis by
constructing Lyapunov function. Numerical simulations were done to observe the
effect of the disease on the three species and diagrams were presented which are
supporting our results.
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