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Abstract

In this paper, a method for calculating powers of general tridiagonal matrices is
introduced. This method employs the close relationship among tridiagonal matrices,
second-order linear homogeneous difference equations, and orthogonal polynomials.
Some examples are included to demonstrate the implementation of the method.
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1 Introduction

It is well known that tridiagonal matrices have been under focus of many researchers recently.
This emerged from the fact that such matrices play important roles in many recent applications,
such as boundary value problems, parallel computing, spline interpolation, numerical solution of
ordinary and partial differential equations, telecommunication system analysis. The calculation
of powers- positive and/or negative- of tridiagonal matrices is therefore needed in order to solve
problems that arise in these important applications. Consequently, a quite large number of
publications that address this subject appeared in recent years. Some of these publications
discuss inversion of these matrices in general, or specially structured types of them [1, 2, 4,
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5, 6, 7, 10, 11], some other publications discuss powers of such specially structured matrices
[8,9,12,13,14,15], and some discuss both inversion and powers of these matrices [3].

This present work employs the close relationship among tridiagonal matrices, second- order
linear homogeneous difference equations, and orthogonal polynomials , in order to derive an
algorithm that does the job in computing powers of tridiagonal matrices with real or complex
entries.

Given a general tridiagonal matrix with real or complex entries, we start by converting this
matrix into a symmetric tridiagonal matrix. The case of a tridiagonal matrix with nonnegative
real entries, which results in a real symmetric matrix, was discussed in detail in [2]. But the
case of a general tridiagonal matrix with entries that can be real- both positive and/or negative-
or possibly complex may result in a symmetric complex or a Hermitian matrix. This work
addresses these two cases, and gives two different schemes that compute powers of the complex
symmetric matrices.

This work parallels the line of | 2] in the sense that a second- order linear homogeneous
difference equation is used in order to generate a set of orthogonal polynomials of degree n when
the matrix has size nan. It is known that each polynomial of degree 7,7 = 1, ..., n, is in fact the
the determinant of the principal ixi submatrix of the nxn tridiagonal matrix given by:

a1 0 .. 0
1

S T

0 @ e o9 (1)
i U A

The above mentioned difference equation has the form:

T—an

pn(z) = b, pn—1(z) — %:pnf2(x),n >2 (2)

with initial conditions: po(z) = 1,p1(z) = ”gl‘“, where a, # 0,b, # 0,¢, # 0, for all
n > 0,and ¢; = b, = 1, and it defines the recursion relation for the set of orthogonal polynomials
{pn(2)}n>0 on an open interval I with respect to a nonnegative weight function w(t ).

The set of orthogonal polynomials {pg, p1, ..., pn} plays an essential role in the construction
of the eigenvalues and their corresponding eigenvectors of the matrix:

aj b1 0 0
Co a9 bg 0
T = 0 C3 as b3 (3)
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This matrix T is converted by a similarity transformation into a symmetric real matrix, or
a symmetric complex matrix, or a Hermitian matrix, we denote this matrix by J .

In the cases of a real symmetric matrix, or a Hermitian matrix, we construct the eigende-
composition of the matrix, which in turn is used to compute different powers of the matrix. In
the case of a complex symmetric matrix, it is known that such matrices do not have the same
properties of the other previous two cases of having an eigendecomposition that can be easily
computed, therefore we have to use a different type of factorization, called Takagi factorization,
which is then used to compute powers of the complex symmetric matrix.

This paper is organized as follows: Section 2 contains preliminary mathematical background
needed for this work, section 3 contains the main results of the paper, this section is divided into
three subsections, the first discusses the case of real symmetric matrices, the second discusses
the case of Hermitian matrices, and the third contains the case of complex symmetric matrices,
and section 4 presents some examples that demonstrate the method we introduce in this article

about computing powers of matrices.

2 Preliminaries

Tridiagonal matrices, orthogonal polynomials, and second-order linear homogeneous difference

equations are very much related with each other. Equation (2) above defines the recursion

relation that generates a set of orthogonal polynomials {p, ()}, on an interval I with respect

to a nonnegative weight function w(x).This is also related With_tridiagonal matrices (1) in the

sense that p,(x) is equal to the determinant of the tridiagonal matrix in (1) above [4].
Equation (2) can be rewritten as:

Ep1(2) = 2 poi(2) + Lpoa() + pale)

which in turn can be rewritten in the following matrix form:

3 0 0 po() @1 0 .. 0 po(z) 0
0 5 0 0 p1(z) 2 o2 1 0. 0 p1(2) 0
1 —
X.OOEO . —0%%1...0 . +
L 0 é_ _pn—l(x) ] L 0 %Z %_ _pn—l(x) | _pn(x) |
or
x.D.p=Ap+elp,(z) i (4)
w 1 0 .. 0
1
% Z—; 1 0.. O
WhereD:Diag(%,é,...,é),andp:[pg(x),pl(az),...,pn_l(a:)]T,A: 0 # 2 1. 0
I L

,and
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e, =1[0,0,..,1]T € R".

It is also known that {p,(x)},. is a set of orthogonal polynomials on an interval I with
respect to a weight function w(x), each polynomial p;(z),0 < j < n has j distinct real roots in
the interior of the interval I.

So, if z is replaced by x; in(4), where z; is a root of p,(x), then (4) becomes:
j.-D.p(rj) = Ap(x) (5)

Which implies that z;, j = 1,...,n,is a solution of the generalized eigevalue problem: ADu =
Au , which is equivalent to (D~!A)u = Au , where D~!A is the tridiagonal matrix:

al bl 0 0
Co Qa2 b2 0
D 'A=T= 0 c3 az b3 (6)
- cn an -

Therefore, z;,j = 1,...,n,are the eigenvalues of the tridiagonal matrix 7" , and the vector
[po(z), p1(x5), ey Pn—1(x;)]T is the corresponding eigenvector. Moreover, the matrix B whose
columns are the eigenvectors of T is nonsingular, because the matrix A is also nonsingular, and
consequently, the eigenvectors are linearly independent.

3 Main Results

Let a tridiagonal matrix with real or complex entries be given, then this matrix can be trans-
formed using a similarity transformation into one of the following:

1. A real symmetric matrix when the entries of T are all nonnegative.

2. A Hermitian matrix or a complex symmetric matrix when the entries of T are just real
numbers(both positive and negative) or possibly complex.

This transformation is done in the following theorem:

Theorem 1 Given the tridiagonal matriz T as in (3), and let D1 = Diag(yy, 72, - Vpn) be @

diagonal matriz , where the sequence {v,;}I'_, is generated by: v, = 1,and vi =

Cit1Cit2---Cn
bibiy1...bp—1

matriz:

4a=n—1,n—2,...,1. Then the matriz J = Dl.T.Dfl 1s the symmetric tridiagonal

a1 Vbico 0 0
Vbica  az  /bacs 0 0

J= 0 vV b263 as
\V bn—lcn
0 \/m Gnp,
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where J is a tridiagonal matriz, and J is one of the following:
1. FEither a real symmetric matriz,
2. Or a Hermitian matriz,
3. Or a complex symmetric matriz.
Proof. See [3]. H

Remark 2 The matrices T and J have the same eigenvalues, x1,xs, ..., T,, because they are

similar.

Remark 3 The eigenvector of the matriz J that corresponds to the eigenvalue x; is:

[Y1p0(5), v2p1 (%), s Y1 Pn—1 ()]

3.1 The Case of a Real Symmetric Matrix

Given the n x n tridiagonal matrix 7' as in (6), we use the recursion relation in (2) in or-
der to generate the orthogonal polynomials po(x),p1(z), ..., pn—1(x), pn(z). Then a rootfind-
ing method is used in order to compute the n distinct real roots of p,(x). If the roots are
r1,%2,..., Ty, then these are the eigenvalues of T' , and the corresponding eigenvectors are
P; = [po(xj),pl(a:j),...,pn_l(xj)]T,j = 1,2,...,n. The next step is to fill in the columns of
the orthogonal matrix U - That is U™ = U7 -, and these columns are assigned the normalized

T
Ti), L5 )yeeesY _1(x;
[v1po(x5),72p1 (25) i In1Pn 1(z;)] , where N; =

vectors, N
J

Since T = Dl_l.J.Dl, and J = U.D,.UT, where Dy= Diag(z1, z2, ..., 2,), we have:
T = (D;'U).D2.(UTDy)
Thus,
T? = [(D;'U).D2.(UTDy)].[(D; 'U).D..(UTDy)| = (D;'U).D3.(UTDy)
and
T+ = (D;'U).D4.(UTD,), (7)

where k is any positive integer, and can be a negative integer when T is nonsingular.
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3.2 The Case of a Hermitian Matrix

This case is very similar to the case of a real symmetric matrix, in the sense that a Hermitian
matrix has the same eigendecomposition which consists of a unitary matrix U, structured the
same way as the case of the orthogonal matrix in the above case, and it is known that the
diagonal matrix Do contains the eigenvalues of the Hermitian matrix, which are all just real
numbers. So, the computation of powers of T follows almost the same procedure as the case of

a real symmetric matrix.
3.3 The Case of a Complex Symmetric Matrix

Unforunately, there are not much references in the litrature that discuss the diagonalization of
such matrices. One of the earliest articles is [6], which states that complex symmetric matrices
can be diagonalized by a complex(orthogonal) transformation if and only if each eigenspace of
the matrix has an orthonormal basis, which means that no eigenvectors have zero Euclidian
norm are included in the basis, such eigenvectors are called quasi-null vectors, they are nonzero
vectors but with zero norm, such as the vector 1+ i .

[14] discusses this for a special type of complex symmetric matrices, namely the matrices
which have positive definite real and imaginary parts. [22] discusses the same case as well. The
celebrated book of Horn and Johnson[15] gives an extended discussion of this subject in section
(4.4, p201). This good book introduces the so-called Takagi factorization of complex symmetric
matrices, then in further elaboration on the topic, a necessay and sufficient condition for a
complex symmetric matrix A to be diagonalizable is introduced in Theorem 4.4.13, p211. This
condition states that the matrix A must be orthogonally diagonalizable, that is A = SAS™!,
where A is diagonal, and S is nonsingular, and this is also equivalent to A = QAQ”, where Q
is an orthogonal complex matrix, that is Q7 = Q.

To make the discussion complete, we include here Takagi’s factorization lemma-corollary
4.4.4, p204 in [15], and the theorem that gives necessary and sufficient conditions for a complex

symmetric matrix to be diagonalizable- Theorem 4.4.13, p211 in [15].

Lemma 4 (Takagi’s Factorization Lemma): Let A € M, be symmetric, then there ezists a
unitary matriz U € M, and a real nonnegative diagonal matriz ¥ = diag(o1,09,...,04,) such
that A = UXUT. The columns of U are an orthonormal set of eigenvectors for AA, , and the
corresponding entries of 3 are the nonnegative square roots of the corresponding eigenvalues of
AA.

It is worth to mention at this point that Takagi factorization is a special singular value
decomposition of the symmetric matrix, as a matter of fact, it represents a scaled SVD. For
more details see [ 5, 15].



On powers of general tridiagonal matrices 589

Theorem 5 (Theorem 4.4.13 in [ 15]: Let A € M,, be a symmetric matriz. Then A is di-
agonalizable if and only if it is complex orthogonally diagonalizable, that is A = SAS™!, for a
diagonal A € M,, and a nonsingular S € M, if and only if A = QAQT, where Q € M,, and
Q satisfies QTQ =1.

It is clear that both the corollary and the theorem do lead to the same conclusion, in the
sense that a complex symmetric matrix can be factorized into the form A = UX U7, and whence
we obtain this, we can compute any powers of A using (7) above.

4 Examples

I 0 0 0 |
i - —iv2 0 0
Example 6 T=| 0 —% 2 i 1 0 , this is a complex tridiagonal matriz, Theo-
0 0 1 —1 —%
0 0 0 —2i 1

rem 1 produces the complex symmetric matricI = | 0 —i i i 0 | withD1 = Diag(v/2,v2,2,2,1).
0 0 ¢ —i —i
0 0 0 —i ¢

The matriz D2 = Diag(v/2i, —v/2i, 2i, —2i, i). The normalized eigenvecw?:s of T give the matrix

i 1 1 1 7
—0.6532814822 —0.2705980499 EWG} ?‘/ﬁ 7
1 6
—0.2705980499 0.6532814822 s 4 0
_ 1 1 1
U= 0 0 TS V|
—0.2705980499  0.6532814822 —ﬁ @ 0
1 1 1
i 0.6532814822 0.2705980499 ENG) W V5

2
Now, it is easy to compute T* = (D1~1.U).(D2)".(UT.D1) for any k.

Remark 7 Notice that this computation uses Theorem 4.4.13 in [15].

1 -1 0
Example 8 T=| —1 1 1 |, thisis areal symmetric matriz, so D1 is the identity matriz,
0o 1 1
2 -2 -1
and D2 = Diag(1,1+v2,1-+v2) , TT=| —2 3 2 |, the normalized eigenvectors of

-1 2 2
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T.T give the matrix U =

Qassem M. Al-Hassan

. Now, TF = U.(D2)*.UT | for any k .

— OE‘»—!

Remark 9 Notice that this computation uses the Takagi factorization lemma.

Example 10 This following example shows that the Takagi factorization is a scaled singular

value decomposition.

1 1 17T
1 2 _ I
A= [ ] , the eigenvalues of AA are 9 and 1 ,the SVD of A = ! \? ‘/51 ] [ 50 ]
2 1 7 7 01
1 i 1
which can be scaled to give the Takagi factorization as follows: A = [ V2 \/52 ] [ ] [ \?
ﬁ V2 V2
where the second column of U in the SVD is scaled by multiplication by the scalar —¢
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