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Abstract

A set S of vertices in a graph G is a double total dominating set,
abbreviated DTDS, of G if every vertex of G is adjacent to least two
vertices in S. The minimum cardinality of a DTDS of G is the double
total domination number of G. In this paper, we study the DTDS of
the generalized Petersen graphs.
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1 Introduction

We only consider the finite and undirected graphs without loops or multiple
edges.

Let G = (V (G), E(G)) be a graph with the order of vertex set |V (G)| and
the order of edge set |E(G)|. The open neighborhood and the closed neighbor-
hood of a vertex v ∈ V are denoted by N(v) = {u ∈ V (G) : vu ∈ E(G)} and
N [v] = N(v)∪{v}, respectively. For a vertex set S ∈ V (G), N(S) =

∪
v∈S

N(v),
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and N [S] =
∪
v∈S

N [v], a set S ∈ V (G) is a domination set if and only if

N [S] = V (G). The domination number γ(G) is the minimum cardinality of
minimal dominating sets.

Harary etc. [1] defined a subset S of V is a k-tuple dominating set of G
if for every vertex v ∈ V , |N [v] ∩ S| ≤ k. The k-tuple domination number
γ×k(G) is the minimum cardinality of a k-tuple dominating set of G. A k-tuple
dominating set where k = 2 is called a double dominating set (DDS).

Henning etc. [2] defined a subset S of V is a k-tuple total dominating set
of G if for every vertex v ∈ V , |N(v) ∩ S| ≤ k. The k-tuple total domination
number γt×k(G) is the minimum cardinality of a k-tuple total dominating set
of G. A k-tuple total dominating set where k = 2 is called a double total
dominating set (DTDS).The concept of k-tuple total domination has been
studied by several authors (see, for example, [3, 4], and elsewhere).

The generalized Petersen graph P (n, k) is defined to be a graph on vertices
with V (P (n, k)) = {vi, ui : 0 ≤ i ≤ n− 1} and E(P (n, k)) = {vivi+1, viui, uiui+k :
0 ≤ i ≤ n− 1, subscripts module n}.

Now we define the graph which is constituted by the vertex set V1 =
{vi : 0 ≤ i ≤ n− 1} and the edge set E1 = {vivi+1 : 0 ≤ i ≤ n− 1, subscripts
module n} as the outside cycle and the the graph which is constituted by the
vertex set V2 = {ui : 0 ≤ i ≤ n − 1} and the edge set E2 = {uiui+k : 0 ≤ i ≤
n− 1, subscripts module n} as the inner cycle.

In this paper, we study the double total domination number of the gener-
alized Petersen graph P (n, k).

2 The Exact Value of γt×2(P (n, k))

Let S be a double total dominating set of P (n, k) and let vS be the dominated
times of the vertex v by S. Let S0 = {ui, ui+1, vi, vi+1|i ≡ 0 (mod 3), 0 ≤ i ≤
n− 3}.

Theorem 2.1 γt×2(P (n, k)) ≥ ⌈4n/3⌉.

Proof. Let S is a double total dominating set. The dominated times of
every vertex of P (n, k) by S is at least two, then

∑
v∈V

vS ≥ 4n. Because

P (n, k) are cubic graphs, 3|S| ≥
∑
v∈V

vS ≥ 4n, then |S| ≥ ⌈4n/3⌉. Thus,

γt×2(P (n, k)) ≥ ⌈4n/3⌉. 2

Theorem 2.2 If k ̸≡ 0 (mod 3) and n ≡ 0 (mod 3), then γt×2(P (n, k)) =
4n/3.
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Proof. If k ̸≡ 0 (mod 3) and n ≡ 0 (mod 3), then S0(see the black vertices
in Figure 1) is a double total dominating set of P (n, k) and |S0| = 4n/3. Thus,
γt×2(P (n, k)) ≤ 4n/3, from Theorem 2.1, we have γt×2(P (n, k)) = 4n/3. 2

un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5

vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5

Figure 1. The proof of Theorem 2.3

Theorem 2.3 γt×2(P (n, 1)) =

{
⌈4n/3⌉, (n ≡ 0, 1, 3, 4, 5 (mod 6))
⌈4n/3⌉+ 1, (n ≡ 2 (mod 6))

.

Proof. We consider four cases as below:
Case 1. n ≡ 0 (mod 3). By Theorem 2.2, γt×2(P (n, 1)) = ⌈4n/3⌉.
Case 2. n ≡ 1 (mod 3). Let S ′ = S0 ∪ {un−2, un−1}(see Figure 2). Note
that S ′ is a double total dominating set of P (n, 1) and |S ′| = |S0| + 2 =
4⌊n/3⌋ + 2 = ⌈4n/3⌉. Thus, γt×2(P (n, 1)) ≤ ⌈4n/3⌉, from Theorem 2.1,
γt×2(P (n, 1)) = ⌈4n/3⌉.

un−5 un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5

vn−5 vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5

Figure 2. The case n ≡ 1 (mod 3) for the proof of Theorem 2.3

un−6 un−5 un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5

vn−6 vn−5 vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5

(1)
un−6 un−5 un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5 u6 u7

vn−6 vn−5 vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5 v6 v7

(2)

Figure 3. The case n ≡ 2 (mod 3) for the proof of Theorem 2.3

Case 3. n ≡ 5 (mod 6). (see Figure 3.(2)), let

S ′ = {ui, ui+1, ui+2, ui+3|i ≡ 0 (mod 6), 0 ≤ i ≤ n− 1}
∪ {vi, vi+1, vi+2, vi+3|i ≡ 3 (mod 6), 0 ≤ i ≤ n− 6}
∪ {v0, vn−1, vn−2}.
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Note that S ′ is a double total dominating set of P (n, 1) and |S ′| = |S0|+3 =
4⌊n/3⌋ + 3 = ⌈4n/3⌉. Thus, γt×2(P (n, 1)) ≤ ⌈4n/3⌉, from Theorem 2.1,
γt×2(P (n, 1)) = ⌈4n/3⌉.
Case 4. n ≡ 2 (mod 6), Let S ′ = S0 ∪ {un−1, vn−1, un−2, vn−2}(see Fig-
ure 3.(1)). Note that S ′ is a double total dominating set of P (n, 1) and
|S ′| = |S0| + 4 = 4⌊n/3⌋ + 4 = ⌈4n/3⌉ + 1. from Theorem 2.1, we have
⌈4n/3⌉ ≤ γt×2(P (n, 1)) ≤ ⌈4n/3⌉+ 1.

Assume that γt×2(P (n, 1)) = ⌈4n/3⌉. Let S be the minimum double total
dominating set and |S| = ⌈4n/3⌉ = ⌈4(6m + 2)/3⌉ = 8m + 3. Hence every
vertex of P (n, 1) is dominated twice by S at least, the whole vertices of P (n, 1)
are dominated 2|V | = 4n = 24m+8 times. While

∑
v∈V vS = 3|S| = 24m+9,

there is only one vertex, denoted as u0, that be dominated three times(see
Figure 4).

un−2 un−1 u0 u1 u2

vn−2 vn−1 v0 v1 v2

Figure 4. The case n ≡ 2 (mod 6) for the proof of Theorem 2.3

Case 4.1. u0 /∈ S. Since u1 is dominated twice by S, {v1, u2} ⊂ S(see
Figure 5.(1)). Then {u2, u3, u4, v4, v5} ⊂ S, otherwise, there has a vertex
dominated more than twice. {u1, u2, u3, u4, v0, v1, v4, v5} ⊂ S can be viewed
as a repetend(loop part). Therefore, {un−1} ∪ {ui+1, ui+2, ui+3, ui+4|i ≡ 0
(mod 6), 1 ≤ i ≤ n−2}∪{vi, vi+1, vi+4, vi+5|i ≡ 0 (mod 6), 1 ≤ i ≤ n−2} ⊂ S
(see Figure 5.(2)). Note that un−3 /∈ S, otherwise, un−4 is dominated three
times. Since un−2 is dominated by un−1, then vn−2 ∈ S. But vn−1 is dominated
three times, contradiction.

un−2 un−1 u0 u1 u2

vn−2 vn−1 v0 v1 v2

(1)
un−6 un−5 un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5 u6 u7 u8 u9

vn−6 vn−5 vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5 v6 v7 v8 v9

(2)

Figure 5. The Case 4.1 for the proof of Theorem 2.3

Case 4.2. u0 ∈ S. Since u1 is dominated twice by S, v1 ∈ S or u2 ∈ S.
Case 4.2.1 v1 ∈ S(see Figure 6(1)). We can use the same argument as
Case 4.1. Note that {u3, v3, u4, v4} ⊂ S, otherwise, there has another vertex
dominated three times. Then we will find {ui, ui+1, vi, vi+1|i ≡ 0 (mod 3)} ∩
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{un−1} ⊂ S(see Figure 6(2)) and there is no vertex dominated three times. But
{un−2} is dominated only once and there will lead to some vertex dominated
three times if we add another neighborhood of {un−2} into S. A contradiction.

un−2 un−1 u0 u1 u2

vn−2 vn−1 v0 v1 v2

(1)
un−6 un−5 un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5

vn−6 vn−5 vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5

(2)

Figure 6. The Case 4.2.1 for the proof of Theorem 2.3

Case 4.2.2. u2 ∈ S(see Figure 7.(1)). We can use the same argumen-
t as Case 4.1. Note that {u3, v3, v4, v5} ⊂ S, otherwise, there has anoth-
er vertex dominated three times. Then we find {ui, ui+1, ui+2, ui+3|i ≡ 0
(mod 6), 0 ≤ i ≤ n − 3} ∩ {vi, vi+1, vi+2, vi+3|i ≡ 3 (mod 6), 0 ≤ i ≤ n −
6} ∩ {un−1, v0, vn−5, vn−4, vn−3} ⊂ S(see Figure 7(2)) and there is no vertex
dominated three times. But {un−2} is dominated only once and there will lead
to someone vertex dominated three times if we add another neighborhood of
{un−2} into S. A contradiction.

un−2 un−1 u0 u1 u2

vn−2 vn−1 v0 v1 v2

(1)
un−6 un−5 un−4 un−3 un−2 un−1 u0 u1 u2 u3 u4 u5 u6 u7 u8 u9

vn−6 vn−5 vn−4 vn−3 vn−2 vn−1 v0 v1 v2 v3 v4 v5 v6 v7 v8 v9

(2)

Figure 7. The Case 4.2.2 for the proof of Theorem 2.3

By Cases 4.1 and 4.2, we have γt×2(P (n, 1)) ̸= ⌈4n/3⌉, then γt×2(P (n, 1)) =
⌈4n/3⌉ + 1.

By Cases 1-4, the proof is completed.2

Theorem 2.4 γt×2(P (n, 2)) =

{
⌈4n/3⌉, (n ≡ 0, 1 (mod 3))
⌈4n/3⌉+ 1, (n ≡ 2 (mod 3))

.

Proof. We consider three cases as below:
Case 1. n ≡ 0 (mod 3). By Theorem 2.2, γt×2(P (n, 2)) = ⌈4n/3⌉.
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Case 2. n ≡ 1 (mod 3). Let S1 = S0 ∪ {vn−2, vn−1}(see Figure 8). Note
that S ′ is a double total dominating set of P (n, 2) and |S1| = |S0| + 2 =
4⌊n/3⌋ + 2 = ⌈4n/3⌉. Thus, γt×2(P (n, 2)) ≤ ⌈4n/3⌉, from Theorem 2.1,
γt×2(P (n, 2)) = ⌈4n/3⌉.

vn−7 vn−5 vn−3 vn−1 v1 v3 v5

vn−8 vn−6 vn−4 vn−2 v0 v2 v4

un−8

un−7

un−6

un−5

un−4

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

Figure 8. The case n ≡ 1 (mod 3) for the proof of Theorem 2.4

Case 3. n ≡ 2 (mod 3), let n = 3m+ 2.

vn−8 vn−6 vn−4 vn−2 v0 v2 v4

vn−9 vn−7 vn−5 vn−3 vn−1 v1 v3 v5

un−9

un−8

un−7

un−6

un−5

un−4

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

Figure 9. The case n ≡ 2 (mod 3) for the proof of Theorem 2.4

Let S2 = S0∪{un−3, vn−3, vn−2, vn−1}(see Figure 9). Note that S2 is a double
total dominating set of P (n, 2) and |S2| = |S0|+ 4 = 4⌊n/3⌋+ 4 = ⌈4n/3⌉+1.
From Theorem 2.1, we have ⌈4n/3⌉ ≤ γt×2(P (n, 2)) ≤ ⌈4n/3⌉+ 1.

Assume that γt×2(P (n, 2)) = ⌈4n/3⌉. Let S be the minimum double total
dominating set and |S| = ⌈4n/3⌉ = ⌈4(3m+2)/3⌉ = 4m+3. Since every vertex
of P (n, 2) is dominated twice by S at least, the whole vertices of P (n, 2) are
dominated 2|V | = 4n = 12m + 8 times. While

∑
v∈V vS = 3|S| = 12m + 9.

Therefore, there is only one vertex that is dominated one more time, i.e.,
dominated three times(see Figure 4). And this vertex belongs to cycle outside
or inner cycle. Then we consider two cases.
Case 3.1. If the vertex belongs to outside cycle, denoted as u0(see Figure 10),

vn−2 v0 v2

vn−3 vn−1 v1 v3

un−3

un−2

un−1

u0

u1

u2

u3

Figure 10. The Case 3.1 for the proof of Theorem 2.4

Case 3.1.1. u0 ∈ S. Since u1 is dominated twice by S, u2 ∈ S, v1 /∈ S or
v1 ∈ S, u2 /∈ S.
Case 3.1.1.1.u2 ∈ S, v1 /∈ S(see Figure 11.(1)). Since v2 is dominated twice,
v4 /∈ S. v1 /∈ S, then u3 ∈ S and v5 ∈ S. Since u2 is dominated twice, v2 /∈ S.
v4 is dominated twice, then u4 ∈ S and v6 ∈ S. Hence u4 is dominated twice,
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vn−2 v0 v2 v4 v6 v8

vn−3 vn−1 v1 v3 v5 v7

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

u6

u7

u8

vn−2 v0 v2 v4 v6 v8

vn−3 vn−1 v1 v3 v5 v7

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

u6

u7

u8

(1) (2)
vn−8 vn−6 vn−4 vn−2 v0 v2

vn−9 vn−7 vn−5 vn−3 vn−1 v1

un−9

un−8

un−7

un−6

un−5

un−4

un−3

un−2

un−1

u0

u1

u2

vn−8 vn−6 vn−4 vn−2 v0 v2

vn−9 vn−7 vn−5 vn−3 vn−1 v1

un−9

un−8

un−7

un−6

un−5

un−4

un−3

un−2

un−1

u0

u1

u2

(3) (4)

Figure 11. The Case 3.1.1 for the proof of Theorem 2.4

u5 ∈ S. u5 has been dominated twice by S, then u6 /∈ S.(see Figure 11.(2)).
Note that v6 is dominated only once by S, a contradiction.
Case 3.1.1.2.v1 ∈ S, u2 /∈ S.(see Figure 11.(3)). v1 ∈ S, then vn−3 /∈ S. Since
un−3 is dominated twice, un−2 ∈ S and un−4 ∈ S. un−1 has been dominated
twice by S, then vn−1 /∈ S. vn−2 has been dominated twice by S, then vn−4 /∈
S. Since vn−3 is dominated twice, un−3 ∈ S and vn−5 ∈ S. un−2 has been
dominated twice by S, then vn−2 /∈ S. Hence un−4 is dominated twice, un−5 ∈
S. Since vn−6 is dominated twice, un−6 ∈ S and vn−8 ∈ S.(see Figure 11.(4)).
Note that un−5 is dominated three times by S, a contradiction.
Case 3.1.2.u0 /∈ S. Then {v1, u2} ⊂ S(see Figure 12.(1)). {v1, u2} ⊂ S,
then v4 /∈ S. Since u4 is dominated twice, u3 ∈ S and u5 ∈ S. u2 has been
dominated twice by S, then v2 /∈ S. Hence v4 is dominated twice, u4 ∈ S and
v6 ∈ S. v6 is dominated twice, u6 ∈ S and v8 ∈ S. u3 has been dominated
twice by S, then v3 /∈ S. u5 has been dominated twice by S, then v5 /∈ S. u6

has been dominated twice by S, then u7 /∈ S.(see Figure 12.(2)). Then v7 is
dominated only once, a contradiction.

vn−2 v0 v2 v4 v6 v8

vn−3 vn−1 v1 v3 v5 v7

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

u6

u7

u8

vn−2 v0 v2 v4 v6 v8

vn−3 vn−1 v1 v3 v5 v7

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

u6

u7

u8

(1) (2)

Figure 12. The Case 3.1.2 for the proof of Theorem 2.4

vn−2 v0 v2 v4

vn−3 vn−1 v1 v3 v5

un−3

un−2

un−1

u0

u1

u2

u3

u4

u5

Figure 13. The Case 3.2 for the proof of Theorem 2.4

Case 3.2. If the vertex belongs to inner cycle, denoted as v1(see Figure 13),
then we can use the same argument as Case 3.1 to obtain the contradiction.
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By Cases 3.1 and 3.2, we have γt×2(P (n, 2)) = ⌈4n/3⌉+ 1.
Then the proof is completed. 2

3 Further Research

By the proof of double total domination number of P (n, 1) and P (n, 2), for
any positive integer m, we conjecture :

Conjecture 3.1 γt×2(P (n, 3m+ 1)) =

{
⌈4n/3⌉, (n ≡ 0, 1, 3, 4, 5 (mod 6))
⌈4n/3⌉+ 1, (n ≡ 2 (mod 6))

.

Conjecture 3.2 γt×2(P (n, 3m+ 2)) =

{
⌈4n/3⌉, (n ≡ 0, 1 (mod 3))
⌈4n/3⌉+ 1, (n ≡ 2 (mod 3))

.

It is difficult to obtain the exact value of the double total domination
number of P (n, k) with k ≡ 0 (mod 3). This problem need further works.
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