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Abstract

This paper concerns the study of the numerical approximation for
the following initial-boundary value problem:

wherep > 1,1 = % Under some assumptions, we prove that the solution
of a semidiscrete form of the above problem blows up in a finite time
and estimate its semidiscrete blow-up time. We also show that the
semidiscrete blow-up time in certain cases converges to the real one when
the mesh size tends to zero. Finally, we give some numerical experiments
to illustrate our analysis.
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1 Introduction

We consider the following initial-boundary value problem:

() = g, 1) + (u(0,6))7, (2,1) € (=1,1) x (0,T), (1)
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u(=l,t) =0, wu(l,t)=0, te(0,7T), (2)

u(z,0) =up(x) >0, ze (=11, (3)

where p > 1, [ = %, up(z) is a function which is bounded and symmetric. In
addition, ug(z) is nondecreasing on the interval (—I,0) and u,(x)4+u?(0,t) > 0
on (—[,1). Here (0,7) is the maximal time interval of existence of the solution
u. The time T" may be finite or infinite. When 7' is infinite, we say that the
solution w exists globally. When T is finite, then the solution u develops a
singularity in a finite time, namely

lim JJu(, t) e = 400,

where ||u(z,t)]|oc = maxg<,<i |u(x,t)|. In this case, we say that the solution
u blows up in a finite time and the time 7' is called the blow-up time of the
solution wu.

The above problem represents a model in physical phenomena where the re-
action is driven by the temperature at a single site. This kind of phenomena
is observed in biological systems and in chemical reaction diffusion processes
in which the reaction takes place only at same local sites. For more physical
motivation see for instance [4] and [7].

In this paper, we are interesting in the numerical study of the above prob-
lem. Let I be a positive integer, and consider the grid x; = th, 0 < < [,
where h = 2[/I. We approximate the solution u of (1)-(3) by the solution
Un(t) = (Uo(t), Ui (t), ..., Ur(t))" of the following semidiscrete equations

d

%m@:5wmyuﬁw,1g¢g1—Lteme, (4)
Up(t) =0, Ui(t)=0, te (0,1}, (5)

where k is the integer part of the number /2,

Upir () — 2U3() + Uiy (1)

62Uz(t) = h2 )

1<i<I-—1,

0o=0, ©r=0, @i=¢ry 0<i<I, §7p; >0, 0<i<k-—1,

5t = (;Oi—l—l_(pi'
7 I
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Here (0,7}) is the maximal time interval on which ||Up ()]s < +oo with
|Un(#)]|oo = maxg<i<s |Ui(t)|. When the time T}" is finite, we say that Uy (t)
blows up in a finite time and the time 7}* is called the blow-up time of the
solution Uy(t).

The theoretical study of blow-up solutions for semilinear parabolic equa-
tions has been the subject of investigations of many authors (see [3],[5], [8], [9]
and the references cited therein). In particular in [5], [8] and [9], the authors
have proved that under some assumptions, the solution of (1)—(3) blows up
in a finite time and the blow-up time is estimated. Here we are interesting
in the numerical study using a semidiscrete form of (1)—(3). We give some
assumptions under which the solution of (4)-(6) blows up in a finite time and
estimate its semidiscrete blow-up time. We also show that the semidiscrete
blow-up time converges to the theoretical one when the mesh size goes to zero.
A similar study has been undertaken in [1] and [6] where the authors have con-
sidered the problem (1)—(3) in the case where the reaction term (u(0,?))? is
replaced by (u(z,t))P. In the same way in [2] the numerical extinction has been
studied using some discrete and semidiscrete schemes (a solution u extincts in
a finite time if it reaches the value zero in a finite time).

Our paper is written in the following manner. In the next section, we prove
some results about the discrete maximum principle. In the third section, we
show that the solution of the semidiscrete problem blows up in a finite time
and estimate its semidiscrete blow-up time. In the fourth section, we give a
result about the convergence of the semidiscrete blow-up time in some cases
where the blow-up occurs. Finally, in the last section, we give some numerical
results to illustrate our analysis.

2 Properties of the semidiscrete scheme

In this section, we give some lemmas which will be used later.
The following lemma is a semidiscrete version of the maximum principle.

Lemma 2.1 Let a,(t) € C°([0, T], R and let Vi,(t) € CH([0, T], R such

that
%I/;(t) _ Vi) 4 aVat) 20, 1<i<I—1, teO.T), (7)
Vo(t) >0, Vi(t) >0, te(0,T), (8)
Vi(0)>0, 0<i<I. (9)

Then we have Vi(t) >0,0<i<1I,te (0,T).
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x4,V SU S

Vi(t) is a continuous function, there exists tg € [0,75] such that m = V,(to)
for a certain ig € {0, ..., I'}. Assume that m < 0. If io = 0 or ip = I, we have a
contradiction because of (8). For ig € {1, ..., — 1}, it is not hard to see that

dt k—0 k
Vigs1(to) — 2Viy (o) + Vig—1(to)
0V (t) = = > 0, (11)

Define the vector Z,(t) = eV, (t) where X is large enough that ay(to)Vi(to) —

Am < 0. Use (10) and (11) to obtain dzigt(to) < 0 and 6%Z;,(ty) > 0, which
implies that

dZ;,(t

% — 52Zi0(t0) -+ eAtO (ak(to)vk(to) — )\m) < 0. (12)

On the other hand, from (7), we derive the following inequality

dz;, (t
% — 52Zio (to) + 6>\t0 (ak(to)vk(to) - /\m) Z 0.
Therefore, we have a contradiction because of (12).
Another form of the maximum principle for semidiscrete equations is the com-

parison lemma below.

Lemma 2.2 Let Vi (t), Uy(t) € CY([0,T],R"™) and f € C*(R x R,R) such
that fort € (0,T)

M vt + a0 2 D s+ .0, 1<i<1-13)
Vo(t) = Un(t), Vi(t) = Us(t), (14)
Vi(0) > Ui(0), 0<i<T. (15)

Then we have Vi(t) > Ui(t), 0 <i <1, t € (0,T).
Proof. Introduce the vector Z,(t) = V},(t) — Ux(t). A direct calculation yields

dZi(t)
dt

- 622@‘@) + fy(‘gk(t)7t)Zk(t) Z 07

Zo(t) >0, Z(t) >0,
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where 0, is an intermediate value between U, and Vj and f, is the par-
tial derivative of f with respect to the second variable. Since f € C' then
fy(0x(t),t) is bounded on (0,7"). Use Lemma 2.1 to complete the rest of the
proof.

The lemma below shows that when ¢ is between 1 and I — 1, then U;(¢) is
positive where Uy (t) is the solution of the semidiscrete problem.

Lemma 2.3 Let U, be the solution of (4)—-(6). Then we have
U(t) >0, 1<i<I-—1.

Proof. Let a = min;<;<;_; ¢; and introduce the vector V}, defined by V; =

ae Mtsin(irh), 0 <i < I, where \; = %05(}”) It is not hard to see that
dU; dV;
— —8°U; > — 6%V, =0,
dt dt

Uo(t) = Vo(t), Ur(t) =Vi(t) =0,

U(0) > Vi(0), 1<i<I—1.

We deduce from Lemma 2.2 that U;(t) > ae *!sin(irh), 0 < ¢ < I. This
implies that U;(t) > 0, 1 <i < I — 1, and the proof is complete.

The following lemma reveals that the solution Uy, (t) of the semidiscrete problem
is symmetric and 0TU;(t) is positive when i is between 1 and & — 1.

Lemma 2.4 Let Uy, be the solution of (4)-(6). Then we have for t € (0,1}
Uri(t) =Us(t), 0<i< I, 6tU(t)>0,0<i<k-—1 (16)

Proof. Introduce the vector V}, defined as follows V;(t) = U;_;(t) for 0 < i < [.
It is not hard to see that V}(t) is a solution of (4)—(6). It follow from Lemma
2.2 that Vj,(t) = Up(t). Now, define the vector Z,(t) such that

and let ¢y be the first ¢ > 0 such that Z;(t) > 0 for t € [0,1) but Z;,(ty) = 0.
Without loss of the generality, we assume that iy is the smallest integer which
guarantees the equality. If 4p = 0 then we have U, (ty) = Up(ty) = 0, which is
a contradiction because from Lemma 2.3, U;(to) > 0. It is easy to see that

7—5222-0(150):0, if 1<ipg<k-—1. (17)
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On the other hand, we observe that

AZylt) _ o Zullo) = Zla =) _
dt k—0 k
Zi 1 (te) — 27 (o) + Zi 1 (t ,
62Zi0(t0): 0+1( 0) 22( 0)+ 0 1( 0) >O, 1§Zo§k’—2,

and we know that if ig = k — 1,

(SQZk,l(to) == 52Uk(t0) - (SQUk,l(to)

Uky1(to) — 2Uk(to) + Up—1(to) — Ur(to) + 2Ux_1(t0) — Ur_2(to)
h? '

Since k is the integer part of the number /2, using the fact that the discrete

solution is symmetric, we have either Uy, 1(t) = Ug_1(t) or Ug41(t) = Uk(t). In

both cases, we find that

Zi—2(to)

o > 0.

52Zk,1(t0) ==

The above inequalities imply that dz’git(to) — 0%Z;,(to) < 0, which is a contra-

diction because of (17) and the proof is complete.
A discrete version of the Green’s formula is the following

Lemma 2.5 Let Uy(t) and Vi (t) two vectors such that Uy(t) = 0, U;(t) = 0,
Vo(t) =0, Vi(t) = 0. Then we have

-1 -1
> WUV =Y hVisUs. (18)
i=1 =1

Proof. A routine calculation yields
-1 -1
D UV =Y hVisU; +

i=1 i=1

ViU, = UVioy + VoU, — Ui
h

and the result follows using the assumptions of the lemma.
To end this section, let us state a result on the operator §2.

Lemma 2.6 Let U, € C°([0,T], R"™*") such that Uy, > 0. Then we have
S2UP > pUP'8%U; for 1<i<I—1.
Proof. Using Taylor’s expansion, we get

Zp(p+1)
2h2

p—2  epletl) p—2
Qi + (Ul_l UZ) 2h2 7

if 1<i<I-—1,

S2UP = pUP™'6%U; 4 (Upyy — Uy)

where 6; is an intermediate value between U; and U;;; and 7; the one be-
tween U; and U;_;. The result follows taking into account the fact that U, is
nonnegative.
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3 Blow-up solutions

In this section, under some assumptions, we show that the solution of the
semidiscrete problem blows up in a finite time and estimate its semidiscrete
blow-up time.

The statement of our first result on blow-up is the following

Theorem 3.1 Suppose that there exists a positive constant A such that the
initial data at (6) obeys

8o+ @i > Al 0<i< I (19)
Then the solution Uy, blows up in a finite time T}* with the following estimation

n_ L llenllss?”
T Ap-1)

(20)

Proof. Since (0, 7}) is the maximal time interval on which ||Uy,(#)]| is finite,
our aim is to show that T}" is finite and satisfies the above inequality. Introduce
the vector J,,(t) defined as follows

A direct calculation yields
d d, d d
—J; = 8% J; = —(=-U; — 6°U;) — ApUP™' — U, + AS*U?.
dt i i dt(dt Ui Ui) = ApUi dt Uit AC;

From Lemma 2.6, 62U > pUP~'62U; which implies that

d . o _dd , . d |
— 7] — > (. — N — ApUP U —82UN. 1<i<T—1.
dtJZ 0°J; > dt(dtUZ 5°U;) pU, (dtUZ 0°U;), 1 <i <

Use (4) to obtain

d

d
127 > p—1 % . p—lp
i = 0% > pULT = Uy — ApUP U
> pUP ' (Jy + AUP) — ApUP~'U?
> pUP ' Jp + AUP(UP = UP ).

From Lemma 2.4, U, > U;. We deduce that

d
%Ji — 8T > pUP g, 1<i<T—1.
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Obviously, we have Jy(t) = 0, J;(t) = 0 and the relation (19), implies that
Jp(0) > 0. It follows from Lemma 2.1 that J,(t) is nonnegative, which implies
%Ui > AU!, 0 <i < I. We observe that

dU;
Up

0<i<l. (22)

Integrating this inequality over (¢,7}"), we arrive at
1 (Ui(t)'?
TA (p-1) 7

Since ||Upn(t)]|ooc = Uk(t), if we replace i by k and the time ¢t by 0, we get

the following estimation 7} < %% which implies that 7}" is finite and

T —t < (23)

verifies (20). Thus the proof is complete.
Remark 3.1 The inequality (23) implies that

1 ||Un(to) 5"
A (p-1)

The proof of the above theorem allows us to establish the estimation in Remark
3.1 which is crucial to prove the convergence of the semidiscrete blow-up time.
Unfortunately because of the restriction on the initial data, this theorem is
not optimal to determine blow-up solutions. The following theorem is more
acceptable to have blow-up solutions.

T —to < if 0<ty<Ty.

1

Theorem 3.2 Assume that the initial data at (4) satisfies v(0) > A\I~" where
v(0) = Ztan(gh) sin(imh)e;,

with )\, = 2=2csTh) 2‘;;5(7”1)
Then the solution Uy(t) of (4)—(6) blows up in a finite time T}* which is esti-
mated as follows

1
(P = D((w(0)P~" = An)’
Proof. Since (0,7}") is the maximal time interval on which ||U},(t)|| is finite,

our goal is to prove that T} is finite and obeys the above inequality. Introduce
the function v(t) defined as follows

Ty <

o(t) = Ztan(gh) sin(irh)Uy(t).
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Take the derivative of v with respect to ¢ and use (4) to obtain

-1
V() = Ztan(gh) sin(imh) (62U (t) + UP(t)).
i=1
We observe that §?sin(imh) = —\,sin(irh). From the above equality and

Lemma 2.5, we arrive at
v (t) = —\po(t) + UP(t Ztan ) sin(imh).

By a routine calculation, we find that > 1_/ tan(5h) sin(irh) equals one. Due
to the fact that UP is bigger than vP(t), we get v'(t) > vP(t)(1 — Up—l(t))
It is easy to see that v(t) is an increasing function. Indeed, let ¢, be the
first ¢+ > 0 such that v'(t) > 0 for t € [0,%,) but v'({;). This implies that
0 > vP(to)(1 — }7}‘)) > 0, which is impossible. Hence v'(t) > 0 for t €

vp—1 (to

[0,T}). Therefore we have v(t) > v(0) and v'(t) > vP(t)(1 — w,)‘—{‘(o)) The

above inequality may be rewritten in the following form % > (1 — —2 (0))dt

Integrating this inequality over (0,7}), we find T}* < (pfl)((v([)l))?_lf)\h) We

conclude that T} is finite and the proof is complete.

Remark 3.2 Since Uy (t) = ||Up(t)||0o, it is easy to see that

Ugs1(t) — 2Uk(t) + U1 (1)
12
Therefore, using (4), we get % > U} which implies that dU’“ > dt. Integrating
AT
p—1

S2UL(t) =

<0.

this inequality over (0,T}), we arrive at T > . Thus we have a lower

bound of the semidiscrete blow-up time.

Remark 3.3 Consider the following semidiscrete scheme

d

ZVilt) = Vi) + V1), 1<i<I—1, te(0,Th),

Vo(t) =0, Vi(t) =0, te(0,Tp),

Vi(0) =, 0<1<1,

where (0,T},) is the mazimal time interval on which ||V, (t)||e is finite. We
observe that the above scheme is a semidiscretization of the continuous problem
below

u(,t) = uge(x,t) + (u(z, )P, (z,t) € (—1,1) x (0,7T),
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u(=l,t) =0, wu(l,t)=0, te(0,7T),

u(z,0) = up(x) >0, =€ (=11).
Let Uy(t) be the solution of (4)-(6). We know from Lemma 2.4 that U, > U;
for 1 <i < I —1, which implies that

d
@Ui(t) > U (t) +UP(t), 1<i<I—1, te(0, T},

UO(t) = 07 Ul(t) = 07 te (OaTbh):

Setting Zn(t) = Un(t) — Vi(t), it is not hard to see that

d
2= 02 —pel T 2,20, 1<i< -1, 1€ (0,T}),

where Ty = min{Ty, T}'}, & is an intermediate value between U(t) and Vi(t).
Modifying slightly the proof of Lemma 2.1, we find that Z,(t) > 0 for t €
(0,TF). In other words, we have Uy(t) > Vi (t) fort € (0,1}) and we conclude
that T} <T,.

4 Convergence of semidiscrete blow-up times

In this section, under some assumptions, we show that the semidiscrete blow-
up time for the solution of the semidiscrete problem converges to the real one
when the mesh size goes to zero. In order to prove this result, firstly, we prove
the convergence of the semidiscrete scheme by the following

Theorem 4.1 Assume that (1)-(3) has a solution v € C*'([0,1] x [0,T]) and
the initial condition at (6) satisfies

lon = un(0)[loo = o(1) as h—0, (24)

where uy(t) = (u(zg, t),...,u(zr,t))T. Then, for h sufficiently small, the prob-
lem (4)-(6) has a unique solution Uy, € C1([0,T], R"*1) such that

max [|Un(t) — un(t)lloo = Ollln — un(0)[lo + 1*) as h—0.  (25)

0<t<T
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Proof. Since u € C*!, there exist two positive constants K and M such that

W <K, ule <K, p(K 4177 <M. (26)

The problem (4)—(6) has for each h, a unique solution U, € C*([0, T}*), RI*1).
Let t(h) the greatest value of ¢ > 0 such that

NUR(t) — up(t)]|oo <1 for t e (0,t(h)). (27)

The relation (24) implies that ¢(h) > 0 for h sufficiently small. Let t*(h) =
min{¢(h),T}. Use the triangle inequality to obtain
1Un(®)lloo < llu(@, t)lloo + [[Un(t) = un(t)lloe for ¢ € (0,£°(h)).

From (26) and (27), we see that ||Uy(t)||s is bounded from above by the
constant 1 + K. Let e,(t) = Un(t) — up(x,t) be the error of discretization.
Using Taylor’s expansion, we find that

d h? . _
Teilt) - S2ei(t) = g Uazra(Tir ) + PE] Yep(t), 1<i<I—1, te(0,t*(h)),

where & is an intermediate value between Uy (t) and u(xy,t). From (26), we
derive the following inequality

%ei(t) —8%;(t) < pelep(t) + Kh?, 1<i<I—1, te(0,t°(h)). (28)

Let zj, the vector defined by
zi = eMIV (|l — up(0)||oo + KR?), 0<i<I.

Since Uy (t) is bounded from above by 1+ K and & is an intermediate value
between Uy(t) and u(zy,t), from (26), we see that M is bigger than pg’~'.
Hence by a straightforward computation, we observe that

= 2> pg a0 H KW, 1< <T—1 te (0,(h),

2o > €y, Ry > €j,

It follows from Lemma 2.2 that z, > e,(t) for t € (0,t*(h)). By the same way,
we also prove that z, > —ep(t) for t € (0,¢*(h)), which implies that

1U(8) = un(®)loo < M4 (llon = un(0)[loo + KH?), ¢ € (0,87(h)).
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Let us show that t*(h) = 7. Suppose that 7" > ¢(h). From (27), we obtain
L= [|Un(t(h)) = un(t(h))lloe < €V (ln — un(0)l|oo + KA. (29)

Since the term on the right hand side of the inequality in (29) goes to zero
as h tends to zero, we deduce that 1 < 0, which is impossible. Consequently
t*(h) =T, and we obtain the desired result.

Now, we are in a position to prove the main theorem of this section.

Theorem 4.2 Suppose that the problem (1)-(3) has a solution u which blows
up in a finite time Ty, such that u € C*'([0,1] x [0,T})) and the initial condition
at (6) satisfies

lon — un(0)||oo = 0(1) as h — 0.

Under the assumption of Theorem 3.1, the problem (4)—(6) has a solution Uy(t)
which blows up in a finite time Tbh and limy,_g Tbh =1T.

Proof. Let £ > 0. There exists a positive constant N such that

1 xtP

Alp-1)

Since u blows up at the time T}, there exists a time 7 such that [Ty —T;| < §
and |Ju(z, )|l > 2N for t € [T1,T;). Letting 7 = BF we see that u is
bounded on the interval [0, T3]. It follows from Theorem 4.1 that the problem
(4)-(6) has a solution Up(t) which obeys sup;epr,) [|Un(t) — un(t)][ec < N.
Applying the triangle inequality, we get ||Un(t)|looc = ||un(t)|lo — [|Un(t) —
up(t)|loo, which leads to ||Un(t)|lcc = N for t € [0,73]. From Theorem 3.1,
Uy (t) blows up at the time 7}*. We deduce from Remark 3.1 and (30) that

g% for =z €[N, +o00). (30)

1 U (TH)||1-P
T, — T} <|T, — To| + |1} — T <E+_M

<
=274 (p-1 —°

and we have the desired result.

5 Numerical results
In this section, we consider the following explicit scheme.

ey, 1<,

UM =0, UM =o,
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UY =20 *sin(mhi), 0<i <1,
and the following implicit scheme

U'(n—i—l) . U(n) U(n—&-l) i 2U(n+l) U(n+1) .
7 N 7 — 41 ;12 + i—1 +(Uk(: ))p’ 1 SZSI_L

Ui =0, Ut =y,

U =20 *sin(mhi), 0<i <1,

where n Z O, k= é, Atn = W,
h [eS]

In the following tables, in rows, we present the numerical blow-up times, the
numbers of iterations, CPU times and the orders of the approximations cor-
responding to meshes of 16, 32, 64, 128, 256. The numerical blow-up time
T = Z?:_Ol At; is computed at the first time when |77+t — 7™ < 107'%. The
order(s) of the method is computed from

6= log((Tyn — Ton)/ (Ton — Th))
log(2)

Ate = min{Z, At }, T" = Y1) At;.

First case: p = 2.

Table 1: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds), and orders of the approximations obtained with the explicit Euler

method
I ™ n CPU time | s
16 | 0.061364 | 7343 - -
32 | 0.061150 | 27905 - -
64 | 0.061097 | 105895 |1 2.02
128 | 0.061083 | 400822 1.93
256 | 0.061080 | 1512394 | 44 2.23

Table 2: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the implicit Euler

method
I ™ n CPU time | s
16 | 0.061385 | 7343 - -
32 | 0.061155 | 27905 - -
64 | 0.061098 | 105895 | 3 2.02
128 | 0.061084 | 400822 | 19 2.03
256 | 0.061080 | 1512394 | 151 1.81
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Second case: p = 3.

Table 3: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds), and orders of the approximations obtained with the explicit Euler

method
I ™ n CPU time | s
16 | 0.012702 | 3248 - -
32 10.012645 | 12261 | - -
64 | 0.012632 | 46184 | - 2.14
128 | 0.012629 | 173362 | 3 2.12
256 | 0.012628 | 648006 | 22 1.59

Table 4: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the implicit Euler

method
I ™ n CPU time | s
16 | 0.012701 | 3248 - -
32 10.012643 | 12261 | - -
64 | 0.012630 | 46184 |1 2.16
128 | 0.012627 | 173362 | 9 2.12
256 | 0.012626 | 648006 | 65 1.59

From Remark 3.3, we have seen that the blow-up time of the solution of our
problem is smaller that the one of the problem where the reaction term is not
local. In order to verify this assertion, we do the same experiments when the
reaction term is not local and is replaced by (Ui("))p

First case: p = 2.

Table 5: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds), and orders of the approximations obtained with the explicit Euler

method
I UG n CPU time | s
16 | 0.082331 | 7658 - -
32 | 0.082411 | 29260 - -
64 | 0.082431 | 111589 |1 2.01
128 | 0.082436 | 424450 2.01
256 | 0.082437 | 1609727 | 42 2.33

Table 6: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the implicit Euler
method



Numerical blow-up solutions

I ™ n CPU time | s
16 | 0.082447 | 7659 - -
32 | 0.082440 | 29261 - -
64 | 0.082438 | 111590 | 3 1.81
128 | 0.082437 | 424451 | 21 1.00
256 | 0.082436 | 1609728 | 157 1.00

Second case: p = 3.
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Table 7: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds), and orders of the approximations obtained with the explicit Euler

method
I ™ n CPU time | s
16 | 0.012861 | 3257 - -
32 | 0.012827 | 12314 | - -
64 | 0.012819 | 46455 | - 2.09
128 | 0.012817 | 174655 | 4 2.01
256 | 0.012809 | 653960 | 19 2.01

Table 8: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the implicit Euler
method

[

TTZ

n

CPU time

16

0.012863

3257

32

0.012829

12314

64

0.012821

46455

2.09

128

0.012819

174655

1
2
9

2.01

256

0.012818

653960

64

1.00
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