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Abstract 

 

The formation of multiple helical-linear segments of a polymer in a solvent is 

investigated analytically. Winding probability functions for diffusive polypeptides 

is obtained for a drift coefficient f(s) involving Fourier cosine function of the 

variable s along the chain. Applications to protein chains are explored where the 

formation of α-helices between linear segments is compared to the conformation 

of myoglobin (4mbn) found in the Protein Data Bank (PDB). The results 

generated are also comparable to the results of the well-known APSSP2 

secondary structure prediction server of Raghava which employed a sophisticated 

Example Based Learning (EBL) approach with a combination of neural network 

and nearest neighbour algorithm. Considering the large amount of data from 

Protein Data Bank (PDB), we can conveniently predict or mimic the structure of  
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other α-helical proteins in solvents with much less computing times which can be 

used to explore the protein folding problem.  

 

Keywords: drift coefficient, winding probability, diffusive polypeptides, 

secondary structure, helix-turn-helix 

 

 

1 Introduction 
 

Predicting, modeling, and understanding the dynamics of the native structure of 

proteins have been topics of intense interdisciplinary investigation. The primary 

goal has been to gain a deeper understanding of why and how proteins acquire 

specific conformations that allow them to perform various biological functions. 

For instance, the application of computational methods has shown successes in 

simulating the folding of proteins [1, 2]. However, employing more realistic 

potentials or an all-atom simulation for the folding process is constrained by 

computing time and resources which often limit the study to short polypeptide 

chains [3, 4]. The daunting task of understanding and predicting conformations of 

thousands of proteins requires that a variety of approaches to understand protein 

folding be explored. 

A newly synthesized protein starts as an unfolded linear chain of amino acids. 

The transition from a randomly coiled polypeptide to a unique three-dimensional 

structure, however, normally occurs in a crowded living cell where each amino 

acid in the chain has to diffuse through the aqueous environment before attaining 

a specific position in the protein’s native state. Aside from interactions among 

amino acids of a protein, the role of the solvent is also crucial [5, 6]. Since a 

monomer may be hydrophobic or hydrophilic, and positively or negatively 

charged, among other properties, the value of the drift coefficient varies from 

segment to segment for a polypeptide chain diffusing in an aqueous medium. 

This paper investigate the problem by viewing the conformation of 

myoglobin (4mbn) as arrays of diffusion paths modulated by Fourier cosine 

function (Eq. (12)) as drift coefficient in order to predict the structure of this 

α-helical protein and at the same time also identify the amino acid sequence on 

the helical segments. 

 

2 Probability Density for Winding Polypeptides 
 

The solution of the Fokker-Planck equation for small intervals of time, τ <<1, is 

given by the conditional probability density [7, 8, 9] 

P ( 𝒓, 𝑡 + 𝜏 │ 𝒓𝟎, 𝑡)= (
1

2𝜋𝐷𝜏 
)

3/2

 exp{−
1

2𝐷
[(

∆𝒓

𝜏
) − 𝑨]

2

𝜏} .         (1)                                                  

Where A (𝑟0, t) is the drift vector, and D a constant diffusion coefficient. Denoting 

the length travelled in time τ <<1 as ∆𝑠 =  𝜈𝜏, where ν is the average speed of the 

random motion [10], Eq. (1) acquires the form, 
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P (𝒓, 𝑠0 + ∆𝑠 |𝒓𝟎, 𝑠0) = (
𝜈

2𝜋𝐷∆s 
)

3/2

 exp{−
𝜈

2𝐷
[(

∆𝑟

∆s
) −

𝑨

𝜈
]

2

 ∆𝑠 } ,       (2) 

 

with,  ∆s << 1. Application of the Chapman-Kolmogorov equation leads to a 

conditional probability density given by the path integral, 

        P (𝒓1, L | 𝒓𝟎, 0)= ∫ 𝑒𝑥𝑝 {−
3

2𝑙
∫ [

𝑑𝑟

𝑑𝑠
−  

𝑙

3𝐷
 𝑨]

2

 𝑑𝑠 
𝐿

0
}  𝐷[𝒓] ,        (3) 

where, l= 3D/ν, which has a dimension of length, L is the total path length and the 

integral is taken over all paths r(s) starting at r(0) = 𝑟0  and ending at r(L) = 𝑟1 , 

with 0 ≤ 𝑠 ≤ 𝐿. 

 We shall now use the path integral, Eq. (3), to model a polypeptide chain 

where various paths with endpoints at  𝑟0   and 𝑟1  are viewed as possible 

conformations of a biopolymer with the same endpoints. For the chain-like 

macromolecule, N would be the number of amino acids, each taken to be of length 

l. Trajectories of the path integral would consist of N steps each of length l, such 

that L= Nl is the length of the polymer [11, 12, 13]. The path of Eq. (3) can be 

parametrized as, 

 r (s) = 𝒓𝒄 + κ B (s),                       (4) 

where 𝒓𝒄 is the classical path, and B (s) are the Brownian fluctuations about 𝒓𝒄 

with κ a constant. The derivative of the path r (s) is given by, dr/ds = 𝜅 𝜔(𝑠), 

where 𝜔(𝑠) = dB/ds is  a Gaussian random white noise variable [14, 15, 16]. The 

evaluation of this variable makes use of the method introduced by Hida and Streit 

[14, 15, 16, 17] for the quantum mechanical propagator. 

 

3 Winding Probability for Helical Conformations 
 

It is convenient to use circular cylindrical coordinates in discussing helical 

structures where r = ( 𝜌, 𝜗, 𝑧 ). In a discussion of a polymer represented by a random 

walk, F. W. Wiegel [13] showed that a potential V(𝜌) induces a polymer to wind 

around the z-axis at a distance 𝜌 = 𝑅, where R is  a minimum of the potential. A 

close look at 𝛼 −helix does show that the amino acid side chains extend outward 

from the helical backbone, the interaction of the side chains with the aqueous 

environment may contribute to a radial potential V(𝜌). 

 In view of the axial symmetry, we can simplify the study of the winding 

behavior of a biopolymer by projecting the paths on the 𝜌 – 𝜗 plane.  One then 

considers a chain which lies on the plane perpendicular to the z-axis, with endpoints 

at 𝜌0 = (𝜌0, 𝜗0) and 𝜌1 = (𝜌1, 𝜗1). From this scenario, a polymer which winds 

around the z-axis due to a potential V(𝜌) with a minimum at 𝜌 = 𝑹 , projects a 

circular structure on the 𝜌 – 𝜗 plane. In this case, a conditional probability density 

with 𝜌 = (𝑹, 𝜗), can be given by: 
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          P (𝜗1, 𝜗0) = ∫ 𝑒𝑥𝑝 {−
1

𝑙
∫ [

𝑑𝜗

𝑑𝑠
−  

𝑙

2𝐷
 𝑓 (𝑠)]

2

 𝑑𝑠 
𝐿

0
}  𝐷[𝝑],             (5) 

We let A = (0, f(s), 0) where f(s) is the 𝜗 - component of the drift vector. To reflect 

the varying interactions of the different amino acids in an aqueous environment, the 

value of the drift coefficient f(s), with 0 ≤ 𝑠 ≤ 𝐿, can also vary at each length 

segment along the chainlike molecule. Corresponding to Eq. (4),  𝜗  can be 

parametrized as 

     𝜗 (𝑠) = 𝜗𝑐 + (√𝑙/R) B (s)                             (6) 

where 𝜗𝑐 is the classical trajectory, and B the Brownian fluctuation. 

 Eq. (5) deals with paths confined to a circular topology. The paths can be 

classified topologically and characterized by winding numbers [10, 11, 12], 

[19]-[22] n= 0, ±1, ±2, … where, n > 0 signifies n turns counterclockwise around 

the origin; n < 0 means |𝑛| turns clockwise, and n = 0 signifies no winding [23]. 

An evaluation of Eq. (5) yields the result [7, 18],  

P (𝜗1, 𝜗0) = ∑ 𝑃𝑛
+∞
𝑛= −∞ ,                          (7) 

where, 

              𝑃𝑛= √
𝑅2

𝜋𝑙𝐿
 exp [−

𝑅2

𝑙𝐿
(𝜗0 − 𝜗1 +  2𝜋𝑛 +

𝑙

2𝐷𝑅
 ∫ 𝑓 (𝑠)𝑑𝑠

𝐿 

0
)

2

] .          (8) 

 

Eq. (8) is just the probability function for n-times winding of a path around the 

z-axis. Alternatively, the probability function can be written as, 

P(𝜗1, 𝜗0) =        
1

2𝜋
∑ exp (−

𝑙𝐿

4𝑅2  𝑚2) × exp {−𝑖𝑚 [(𝜗0 − 𝜗1) ++∞
𝑚= −∞

1

2𝐷𝑅
 ∫ 𝑓 (𝑠)𝑑𝑠

𝐿 

0
]}                                                             (9) 

The probability that a helical conformation has a polypeptide winding n-times 

about the z-axis is given by, W (n, L) = 𝑃𝑛/P. For an arbitrary initial point, we let 

 𝜗0 = 𝜗1, and with Eqs. (8) and (9) we obtain, 

     𝑊(𝑛, 𝐿)= 𝑅√
4𝜋

𝑙𝐿
 

𝑒𝑥𝑝 [−
𝑅2

𝑙𝐿
( 2𝜋𝑛+

𝑙

2𝐷𝑅
 ∫ 𝑓 (𝑠)𝑑𝑠

𝐿 
0 )

2

]      

𝜃3(
1

4𝐷𝑅
∫ 𝑓 (𝑠)𝑑𝑠

𝐿 
0 )

 ,              (10) 

where 𝜃3 (𝑢) is the theta function [24]. We note that Eq. (10) is a full and exact 

result obtained by evaluating Eq. (5). The interaction of each amino acid with the 

aqueous environment as well as with other monomers would be reflected in the drift 

coefficient f(s), as s ranges from 0 to L along the length of a biopolymer. The f(s) in 

turn serves as a modulating function affecting the winding probability W (n, L) that 

describes a specific winding conformation. 

 The winding probability of a very long polymer chain; that is L >> 1, 

𝜃3(𝑢) ≈ 1, on the x-y plane that winds n-times around the z-axis (that is, forming 

a helical configuration) is given by  
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            𝑊(𝑛, 𝐿) = √
4𝜋𝑅2

𝑙𝐿
exp {−

𝑅2

𝑙𝐿
(2𝑛𝜋 +

𝑙

2𝐷𝑅
∫ 𝑓(𝑠)𝑑𝑠

𝐿

0
)

2

}            (11) 

where R is the radius of the helix and L = Nl, the length of the polymer with 

monomer length l and number of monomer N, and n is the number of helical turns. 

The function f(s) is called the drift coefficient and D, the diffusion constant.  

The winding probability Eq. (11) explicitly depends on the drift coefficient 

f(s), as s ranges from 0 to L along the length of the polymer. The length-dependent 

drift function f(s) can take any integrable function. It has different forms of 

function that had been considered so far, such as f(s) = Kcos(νs) [25, 26] which 

was used to model a sequence of bases where the purines alternate with the 

pyrimidines along the DNA strand were approximated with this sinusoidal 

function, where ν is the frequency of the repeating unit and K is constant;  f(s) = 

KL2(νs) [26, 28] which was used to model sequence of monomers in a polymer; 

and the Besselian drift coefficient f(s) = 𝐾𝐽2𝑝+1(𝑣𝑠) [27, 28, 30] which was used 

to model the structures of several alpha-helical proteins  to obtain an empirical 

formula that can predict the diffusion coefficients of alpha-helical proteins in 

solvents.   

 

4 Drift Coefficient 
 

The drift coefficient f(s) can simulate the interaction of each monomer of a protein 

with its aqueous environment as well as with other monomers. Which means that 

f(s) also acts as a modulating function affecting the winding probability W(n, L) 

which in turn describes a specific winding conformation. We present in this paper 

a drift coefficient that can closely predict the structure of alpha helical proteins 

and can also closely identify the amino acid sequence on the helical segments that 

is of the form, 

            𝑓(𝑠) = 𝑘 ∑ cos(𝑞𝑣𝑠)𝑝
𝑞=1,3,5,…                         (12)      

 

where k and v are constants. Integrating Eq. (12) over ds, we get 

 

              ∫ 𝑓(𝑠)𝑑𝑠 =
𝑘

𝑣
∑

sin(𝑞𝑣𝐿)

𝑞

𝑝
𝑞=1,3,5,…

𝐿

0
.                        (13) 

 

Hence; if we substitute Eq. (13) into Eq. (11), the winding probability can be 

written in the form, 

 

          𝑊(𝑛, 𝐿) = √
4𝜋𝑅2

𝑙𝐿
exp {−

𝑅2

𝑙𝐿
(2𝑛𝜋 +

𝑙𝑘

2𝑣𝐷𝑅
∑

sin(𝑞𝑣𝐿)

𝑞

𝑝
𝑞=1,3,5,… )

2

}.     (14) 
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As an application, we will consider the α-helical protein myoglobin (4mbn) 

as example to demonstrate that with the correct choice of drift function such as Eq. 

(12) we can predict the structure of α-helical proteins and can also identify the 

amino acid sequence on the helical segments.     

Myoglobin (4mbn) has a total length of 153 residues, α-helical segments is 

about 80% of its length or about 123 residues, and has 11 helices [29]. For the 

values R = 0.25 nm, l = 0.15 nm, and 3.6 residues/turn typical of an α-helix, we will 

then know that 4mbn has n = -(123 residues)/(3.6 residues/turn) ≈ -34 helical turns 

and a length of L = 0.15(153) nm ≈ 23 nm. Then plotting the winding probability Eq. 

(14) using the above data and with k/D = 1346/nm, v = 1.527/nm, and choosing p = 

89 gives us a helix-turn-helix graph presented in Figure 1. The negative value for 

the number of turn n signifies that this protein is right-handed. Take note also that 

the values for k/D and v were generated using the empirical formula that we have 

established and the technique that we have develop on our earlier work on diffusion 

of proteins in solvents [30].    

  

 
 

 

Figure 1: 4MBN: Graph of W(-n, L) versus length (L) were each dot represent an 

amino acid 

  

On the other hand, myoglobin (4mbn) has the following sequence of 

amino acids [31]:  

 

(VLSEGEWQLVLHVWAKVEADVAGHGQDILIRLFKSHPETLEKFDRFKHLKTEAEMKASE
DLKKHGVTVLTALGAILKKKGHHEAELKPLAQSHATKHKIPIKYLEFISEAIIHVLHSRHPGDFGA

DAQGAMNKALELFRKDIAAKYKELGYQG) 

And in Figure 1, the helix-turn-helix structure we predicted for this protein is 

presented. The helical segments are the amino acids (sequence of amino acids)  
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with none-zero winding probability and the turn segments are the amino acids 

(sequence of amino acids) with winding probability W(-n, L) = 0. As can be seen 

in the figure above, there are about six major helical segments with amino acid 

sequence:  

 

1)LSEGEWQLVLHV 2)DILIRLFKSHPET 3)AEMKASEDLKKHGVT 4)HEAELKPLAQSHATKH     
5)AIIHVLHSRHPGDFG      6)LFRKDIAAKYKELGY.  

 

Or the helix-turn-helix structure will look like this one:  

   

 
.hhhhhhhhhhhh.............hhhhhhhhhhhhh.............hhhhhhhhhhhhhhh...... 

VLSEGEWQLVLHVWAKVEADVAGHGQDILIRLFKSHPETLEKFDRFKHLKTEAEMKASEDLKKHGVTVLTALG 

 

........hhhhhhhhhhhhhhhh............hhhhhhhhhhhhhhh............hhhhhhhhhh 

AILKKKGHHEAELKPLAQSHATKHKIPIKYLEFISEAIIHVLHSRHPGDFGADAQGAMNKALELFRKDIAAKY 

 

hhhhh.. 

KELGYQG 

 

In some way or another, this is similar to the structure of myoglobin 

(4mnb) in the Protein Data Bank [32] given below:   

 

 
....hhhhhhhhhhhhhhhh.hhhhhhhhhhhhhhhhhhhhhhh........hhhhhhhhhhhhhhhhhhhhh 

..VLSEGEWQLVLHVWAKVEADVAGHGQDILIRLFKSHPETLEKFDRFKHLKTEAEMKASEDLKKHGVTVLTA 

..1         11        21        31        41        51        61       71 

 

hhhhhh........hhhhhhhhhh....hhhhhhhhhhhhhhhhhhh.....hhhhhhhhhhhhhhhhhhhhh 

LGAILKKKGHHEAELKPLAQSHATKHKIPIKYLEFISEAIIHVLHSRHPGDFGADAQGAMNKALELFRKDIAA 

          81       91          101        111        121         131        141 

hhhhh.... 
KYKELGYQG 

      151 

 

Where Blue-are hydrophilic and Violet-are hydrophobic amino acids. 

Also for another comparison, we have run the sequence of myoglobin 

(4mbn) in the protein secondary structure prediction server APSSP2 of Raghava 

[32] and obtained the helix-turn-helix results in Figure 2 after we have considered 

the strand and coil states of Raghava’s output as turns, that is, considering their 

helical probability equal to zero.    
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Figure 2: 4MBN: APSSP2 Results: Helical probability versus length where each 

dot represent an amino acid 

 

 
 

 

Figure 3: 4MBN: Helical probability versus length where each dot represents an 

amino acid 

 

In order to give the reader a better idea of what we are trying to point out, 

we presented in Figure 3 a modified helix-turn-helix plot of our prediction (red 

curve) together with a modified helix-turn-helix prediction of APSSP2 (blue 

curve). In that figure, we replaced the non-zero values of helical probability with 

0.9 for our prediction and replaced the non-zero values of helical probability with 

1.0 for the APSSP2 prediction to show a rough comparison. As can be seen, 

APSSP2 predicted seven helical turns, which compared to literature APSSP2 has 

better and more realistic prediction because it employs a sophisticated Example 

Based Learning (EBL) approach together with a combination of neural network 

and nearest neighbour algorithm.   
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Our model, on the other hand predicted six equally spaced helical turns 

using Eq. (12) as the drift coefficient. Our present result does not quietly matched 

with the APSSP2 prediction but if we can correctly identify the right form of the 

drift coefficient for our model, we can have a faster and better prediction accuracy 

that is comparable to APSSP2 and other secondary structure prediction software 

or server. The main advantage of our model is that it can predict the structure of 

alpha helical protein in solvents very fast compared to other prediction methods. 

Especially we now have enormous amount of available data for proteins deposited 

in the Protein Data Bank. We can use the available data to constrain the form of 

the drift function. At the moment, with our chosen drift function (Eq. (12)), we 

closely predicted the structure of myoglobin (4mbn) and closely identified the 

amino acid sequence on the helical segments. To improve our prediction, we need 

to modify the form of Eq. (12), such as adding terms that account for the type of 

solvents where the protein is being immersed or another term that accounts for the 

properties of each amino acid (such as hydropathy index, charge, etc.) which are 

the focus of our future studies. 

 

5 Conclusion 
 

In conclusion, our results reveal the application of the winding probability 

function using the drift coefficient, 𝑓(𝑠) = 𝑘 ∑ cos(𝑞𝑣𝑠)𝑝
𝑞=1,3,5,… . The 

helix-turn-helix structure of myoglobin (4mbn) and the amino acid sequence we 

predicted are comparable to the prediction of APSSP2 secondary structure 

prediction server and to PDB structure. The difference can be attributed to the 

drift coefficient used and can be improved with much less computing time 

compared to other computational methods. The results can be used to explore 

other α-helical proteins. The formation of helical and non-helical segments had 

been explored, and the question why this specific conformation is achieved for a 

protein to be biologically functional remains to be addressed however. 
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