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Abstract

The Dirac equation for an uncharged massive particle is studied in
the Reissner-Nordström space-time by means of the Newman Penrose
formalism. The time and angular dependence are separated and inte-
grated. The separated radial dependence is finally reduced to the study
of a single differential equation of Fuchs class. The behavior of the
solutions is obtained by standard series integration near the regular sin-
gularities and by asymptotic representation for large distances. In case
of massless particle the radial equation reduces to a special case of the
confluent Heun equation that has an explicit global solution.
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1 Introduction

The study of field equations in curved space-time is of interest for physical
considerations. The effect of space-time curvature on the behavior of micro
systems gives information in a general as well in a strong gravitational field.
The knowledge of the solution of field equations makes possible the evaluation
of the physical effects of the gravitational field (see, e. g., [2]). In particular
this allows an evaluation of Hawking evaporation of black holes [6]. In turn this
may be of relevance for the study of galaxy formation [4]. A space-time model,
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meaningful in that sense, is the one given by the Reissner-Nordström (R-N)
metric. It represents an intermediate situation between the Schwarzschild and
the Kerr one [5]. Accordingly the study of spin 1/2 field equation in R-N
space-time seems a good candidate where to develop the above considerations.
To that end the knowledge of the solutions of the field equation represents an
unavoidable prerequisite. Such object has been indeed provided in the existing
literature (e. g., [14, 12, 10, 7] and References therein). The procedure of
solution is often in the line of Chandrasekhar separation of Dirac equation in
Kerr metric [5]. By that method the problem is reduced to a Schrödinger like
radial eigenvalue problem with a suitable effective potential [5]. In any case
an explicit closed analytical solution reveals a difficult task.

The object of the present paper is to propose again a possible solution of
the Dirac equation in R-N space-time. to that end the Newman Penrose for-
malim [13] is employed that is based on the null tetrad frame reported in [5].
Accordingly the time and angular dependence of the spinor wave function is
obtained by explicit integration. As to the radial dependence one is finally
left with an ordinary differential equation of Fuchs type. The integration of
the equation is performed near the regular singularities by convergent series
expansions and at r = ∞ by asymptotic series expansion. For massless par-
ticle the radial equation reduces to a special confluent Heun equation. For
this equation a global solution is given that is locally coherent with the local
solutions of the massive case.

2 Dirac equation in Reissner-Nordström met-

ric.

The object is to study the Dirac equation in the context of the Reissner-
Nordström space-time of line element

ds2 =
f(r)

r2
dt2 − r2

f(r)
dr2 − r2[dθ2 + dϕ2 sin2 θ] (1)

f = r2 − 2Mr +Q2
∗ = (r − r2)(r − r1) > 0 (2)

r2,1 = M ±
√
M2 −Q2

∗; r2 > r1. The two spinor form of the Dirac equation
for an uncharged particle of mass m0 can be written in the form adopted in
[5] (see also [8]). By using the Newman Penrose formalism [13] the equation
can be written in terms of directional derivatives and spin coefficients. In a
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normalized spinor basis it reads [18]

(D + ε− ρ)P1 − (δ∗ + π − α)P0 + iµ?Q̄0′ = 0 (3)

(δ + β − τ)P1 − (∆ + µ− γ)P0 + iµ?Q̄1′ = 0 (4)

(D + ε− ρ)Q1 − (δ∗ + π − α)Q0 + iµ?P̄0′ = 0 (5)

(δ + β − τ)Q1 − (∆ + µ− γ)Q0 + iµ?P̄1′ = 0 (6)

√
2µ? = m0 and ∇AA′ is the covariant spinorial derivative. The object is to

solve as far as possible the equation (3)-(6) in the R-N metric. The assumed
null tetrad frame {li, ni,mi,m∗i} relative to the metric (1) is the one considered
in [5]. The corresponding directional derivatives and non zero spin coefficients,
here reported for reader’s convenience, are

D = li∂i =
r2

f(r)
∂t + ∂r, ∆ = ni∂i =

1

2
∂t −

f(r)

2r2
∂r (7)

δ = mi∂i =
1

r
√

2
(∂θ + i csc θ∂ϕ), δ∗ = δ̄ (8)

ρ = −1

r
, µ = −f(r)

2r3
, β = −α =

cot θ

2r
√

2
(9)

γ = µ+
r −M

2r2
=
Mr −Q2

∗
2r3

(10)

By using (7)-(10) in (3)-(6) and by further setting

r PA ≡
(
H1(r, t)S1(θ), H2(r, t)S2(θ)

)
eimϕ (11)

r Q̄A′ ≡
(
−H1(r, t)S2(θ), H2(r, t)S1(θ)

)
eimϕ (12)

(for convenience it is assumed m = 0,±1,±2, ...) one is left, after some calcu-
lations, with the separated angular and (r, t) equations respectively

L−S2 = λS1, L+S1 = −λS2, (13)

r
√

2DH1 = (im0r − λ)H2, r
√

2(∆− γ)H2 = (im0r − λ)H1 (14)

λ the separation constant, L± = ∂θ ∓ m csc θ + (1/2) cot θ. The angular
equations are typical of the spin 1/2 equation in, e. g., Robertson-Walker,
Schwarzschild and Lemâıtre Tolman Bondi space-time and have been already
solved under the boundary condition Si(0) = Si(π) = 0, i = 1, 2 (e.g., [11, 17]).
There results that λ2 = (l+1/2)2, l = 0, 1, 2, .. and the Si ≡ Silm(θ), (i = 1, 2)
are essentially given by Jacoby polynomials [1].

By the substitution Hi(r, t) → Hi(r) exp(iσt), σ ∈ R, i = 1, 2, the time
dependence factors out in (11) and one obtains, by using also (7), (10)-(12),
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the radial equations

H ′1 + i
σr2

f
H1 =

(
iµ∗ −

λ

r
√

2

)
H2 (15)

H ′2 + i
(Mr −Q2

∗
irf

− σr2

f

)
H2 = −2

r2

f

(
iµ∗ +

λ

r
√

2

)
H1 (16)

The eqs. (15), (16) could be easily disentangled by substitution, but it seems
better to preliminary perform another reduction. By setting

Hj = Fj(r) e
−i

∫
dr σr

2

f(r) , j = 1, 2 (17)

= Fj(r) e
−iσr ·

∣∣r − r2∣∣−iσr22/(r2−r1) · ∣∣r − r1∣∣iσr21/(r2−r1) (18)

the equations (15), (16) give

F2 =
rF ′1

iµ∗r − λ
(19)

F ′′1 +
( b2
r − r2

− b1
r − r1

− 1

r − a
− 2iσ

)
F ′1 −

2(µ2
∗r

2 + λ2)

(r − r1)(r − r2)
F1 = 0 (20)

b2 =
Mr2 −Q2

∗
r2(r2 − r1)

− 2iσr22
r2(r2 − r1)

=
1

2
− 2iσr22
r2 − r1

(21)

b1 =
Mr1 −Q2

∗
r1(r2 − r1)

− 2iσr21
r1(r2 − r1)

= −1

2
− 2iσr21
r2 − r1

(22)

a = λ/(iµ∗) (23)

The final equation (20) is of Fuchs class with regular singularities at r =
r2, r1, a with exponents (0, 1− b2), (0, 1 + b1), (0, 2) respectively, while r =∞
is a singularity that is not regular.

3 Solutions near the singularities

Independent solutions of eq. (21) near the singularity r = ξ are of the form

F
(j)
1 = (r − ξ)αj

∞∑
0

c(j)n (r − ξ)n, j = 1, 2 (24)

where the αj’s are the solutions of the indicial equation relative to ξ. The c
(j)
n ’s

(c0 6= 0, n ≥ 1) are determined by the recurrence relation obtained by inserting
(24) into the eq. (20). The series has a non trivial radius of convergence [16, 3]

F
(1)
1 , F

(2)
1 are linearly independent, α2−α1 not being an integer for ξ = r1, r2.
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The explicit calculations for ξ = r1 and ξ = r2 are similar. The behavior of
the solutions near the singularities are the following.

Case ξ = r1, α1 = 0, α2 = 1 + b1

F
(j)
1

r→r1∼ c(1)o (j = 1); c(2)o (r − r1)1/2−2iσr
2
1/(r2−r1) (j = 2) (25)

F
(j)
2

r→r1∼ (F
(j)
1 )′

r→r1∼ c
(1)
1 (j = 1); (26)

r→r1∼ (r − r1)−1/2−2iσr
2
1/(r2−r1), (j = 2) (27)

P 0(j) r→r1∼ Q̄0(j) r→r1∼ H
(j)
1 (28)

r→r1∼ |r − r1|iσr
2
1/(r2−r1) (j = 1) (29)

r→r1∼ |r − r1|1/2−iσr
2
1/(r2−r1) (j = 2) (30)

P 1(j) r→r1∼ Q̄1(j) r→r1∼ H
(j)
2 (31)

r→r1∼ |r − r1|iσr
2
1/(r2−r1) (j = 1) (32)

r→r1∼ |r − r1|−1/2−iσr
2
1/(r2−r1) (j = 2) (33)

Case ξ = r2, α1 = 0, α2 = 1− b2

F
(j)
1

r→r2∼ c(2)o (j = 1); (r − r2)1/2−2iσr
2
1/(r2−r1) (j = 2) (34)

F
(j)
2

r→r2∼ (F
(j)
1 )′

r→r2∼ c21 (j = 1) (35)
r→r2∼ (r − r2)−1/2+2iσr21/r2−r1 , (j = 2) (36)

P 0(j) r→r2∼ Q̄0(j) r→r2∼ H
(j)
1 (37)

r→r2∼ |r − r2|−iσr
2
2/r2−r1 (j = 1) (38)

r→r2∼ |r − r2|1/2 − σr22/(r2 − r1) (j = 2) (39)

P 1(j) r→r2∼ Q̄1(j) r→r2∼ H
(j)
2 (40)

r→r1∼ |r − r2|−iσr
2
2/(r2−r1) (j = 1) (41)

r→r2∼ |r − r2|−1/2+iσr
2
2/(r2−r1) (j = 2) (42)

There are therefore convergent as well divergent solutions by approaching both
r1 and r2. The point r = ∞ is not a regular point for (16). Asymptotic
representation of the solution is possible by standard method. In the present
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case eq. (20) can be put into the form

F ′′1 + p(r)F ′1 + q(r)F1 = 0 (43)

p =
∞∑
n=0

p−n
rn

= −2iσ +
1

r

( ∞∑
n=0

[
b2r

n
2 − b1rn1 − an

] 1

rn

)
(44)

= −2iσ − 4iσM

r
+
[
M − 2iσ(4M2 −Q2

∗) +
iλ

µ2
∗

] 1

r2
+ ... (45)

q =
∞∑
n=0

q−n
rn

=
−2

r2 − r1

∞∑
n=0

(rn2 − rn1 )
( µ2

∗
rn−1

+
λ2

rn+1

)
(46)

= −2µ2
∗ − 4µ2

∗M
1

r
− 2µ2

∗(4M
2 −Q2

∗ + 2λ2)
1

r2
+ .. (47)

The solutions can be asymptotically represented by

F1 = rα eχr
∑
0

c−nr
−n (48)

χ2 + p0χ+ q0 = 0, χ± = iσ ±
√

2µ2
∗ − σ2 (49)

α± = −p−1χ± + q−1
p0 + 2χ±

= 2iσM ± 2M(µ2
∗ − σ2)√

2µ2
∗ − σ2

(50)

Once conditions (49) are satisfied the c−n’s are determined by the recurrence
relation obtained by inserting (48) into (43). One has now

F±1
r→∞∼ rα± eχ±r (51)

r→∞∼ e±r
√

2µ2∗−σ2
r
±2M(µ2∗−σ

2)

(µ2∗−σ2)1/2 (σ2 < 2µ2
∗) (52)

r→∞∼ eir(σ±
√
σ2−2µ2∗) r

i
[
2σM+∓ 2M(µ2∗−σ

2)

(σ2−2µ2∗)1/2

]
(σ2 > 2µ2

∗) (53)

F±2
r→∞∼ F±1 (r) (54)

One has then that the solutions are bounded in r = 0 while in general they are
divergent in r = r1, r2. For → r∞ they are oscillating for σ2 > 2µ2

∗. For σ2 <
2µ2
∗ they are may be vanishing or diverging exponentially For mathematical as

well physical reasons the results are not completely satisfactory. It would be
desirable to have global solution of the equation to cover all the local behaviors.
This can be partially done in the mass less case.

4 The massless case

An open problem in the previous Sections is of determining a global solution
of the equation (20) and possibly the general solution. The result can be be
achieved in case of massless particle. To that end, note that, by setting

r = (r2 − r1)x+ r1, µ∗ = 0 (55)
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the equation (20) becomes a special case of the confluent Heun equation [15]

F ′′1 (x) +
[
4p+

γ

x
+

δ

x− 1

]
F ′1(x)− χ

x(x− 1)
F1(x) = 0 (56)

The parameters γ, δ, χ (not to be confused with the ones previously consid-
ered) are given by

4p = −2i(r2 − r1)σ, γ = −b1, δ = b2, χ = 2λ2 (57)

A discussion of the solution of the confluent Heun equation can be found in [15]
in terms of Heun’s functions. As shown in [9], a solution can be as well given in
terms of incomplete beta-functions [1], and hence in terms of hypergeometric
functions, the parameter α considered in [9] being zero in the present case.
Proceeding formally, a solution can be accordingly written in the form

F1 =
∞∑
n=0

anBx(a, b) (a = 1− γ + n, b = 1− δ) (58)

=
∞∑
n=0

an
a
xa(1− x)bF (1, a+ b; 1 + a;x) (59)

=
( r2 − r
r2 − r1

)1−b2 ∞∑
n=0

an
1 + n+ b1

( r − r1
r2 − r1

)1+n+b1 ×
×F (1, 2 + b1 − b2 + n; 2 + b1 + n;

r − r1
r2 − r1

) (60)

The an’s are determined by a 3-term recurrence relation [9]. Bx(a, b) is the in-
complete beta-function and F the hypergeometric function [1]. If x→ 0 (r →
r1) the equation (60) gives results coherent with (25). If x → 1 (r → r2)
the equation (60) gives results coherent with (34). It seems difficult to make
explicit the sum of the series, even fot r →∞.

5 Comments

In the previous Sections the Dirac equation for massive uncharged particle has
been studied in the Reissner-Nordström space time. On account of previous
results on the separation of Dirac equation, the problem has been reduced
to find the solution of the single radial equation (20) that is of Fuch type.
The behavior of the solutions in the neighborhood of the regular singularities
and the asymptotic behavior for large r have been determined. What lacks is
the knowledge of the global solution. In case of massless particle the radial
equation reduces to a special case of the confluent Heun equation. In such case
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a global solution can be given. Its behavior is locally coherent with the results
of the massive case when specialized to the massless one.

The scheme could be extended to consider massive charged particle by
considering an interaction of the form e0Q∗/(r − r0) (some r0). A term of the
form e0Q∗/(r − r0) is then expected to appear in equation (20).

The knowledge of the general global solution of (20) should give indications
to solve also the massive charged particle case. This is of interest to determine
the normal modes in view of a quantization of the Dirac field.
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