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Abstract 

 
      The paper addresses the issue of free vibrations of axially functionally graded 

(FG) Euler-Bernoulli beams with elastically restrained ends. The boundary 

conditions are considered in general form covering classical supporting conditions 

of the beam. The method of initial parameters in differential form is treated for the 

numerical solution of the problem. It is shown that the numerical method 

proposed has fourth order of accuracy and the Richardson extrapolation of results 

with different step sizes gives solutions of the sixth order of accuracy. The 

numerical method proposed is validated against exact and numerical solutions 

found in literature.  

 

Keywords: Vibrations of axially functionally graded beams; Method of initial 

parameters in differential form; Richardson extrapolation 
 

1. Introduction 
 

Vibration of non-uniform and/or functionally graded (FG) Euler-Bernoulli beam 

is widely observed in the fields of mechanical and civil engineering.  
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Extensive researches are carried out to analyze the free vibration of these kinds of 

beams with general boundary conditions, which aims to avoid harmful vibrations 

in these structures. The analytical solutions of this problem exist only for certain 

particular cases of the distributions of flexural rigidity and masses [3, 4, 8, 10, 17, 

18]. Efficient numerical procedures for analysis of the free vibration of non-

uniform and FG beams have been proposed in [1, 6, 7, 13, 14].  

During last decade, the Haar wavelet based discretization methods (HWDM) 

have been developed for numerical analysis of the various solid mechanics 

problems [9]. In [5, 9] the HWDM is adopted for free vibration analysis of non-

uniform and axially FG beams. In [11] the authors have performed theoretical and 

numerical convergence analysis of HWDM for fourth order ODE which describes 

free vibrations of axially FG beams. It has been shown in [11] that the order of 

convergence of the HWDM for these problems can be increased from two to four 

by applying Richardson extrapolation method.  

In authors paper [15] the method of initial parameter in differential form is 

used for numerical solution the buckling problems of axially functionally graded 

(FG) Euler-Bernoulli beams with elastically restrained ends on elastic foundation. 

The Richardson extrapolation method is employed to improve the accuracy of 

results. 

     In the current study, the method of initial parameter in differential form for 

analysis of free vibrations of non-uniform and/or axially FG beams is proposed. 

The boundary conditions are considered in general form covering widely used 

classical supporting conditions. Numerical results confirm that the method 

proposed has a fourth order of accuracy. The Richardson extrapolation of results 

with different step sizes gives solutions of the sixth order of accuracy.  

 

2. Formulation of the problem 
 

     Let us consider axially functionally graded (FG) beam of length 𝐿 = 1, having 

a non-uniform cross section area 𝐴(𝑥), moment of inertia 𝐼(𝑥), variable Young’s 

modulus of elasticity 𝐸(𝑥) and material density 𝜌(𝑥). Applying the Euler-

Bernoulli law of bending states, the equation of free vibrations of the FG beam 

can be is given by [3,8]: 

 

.]1,0[,0)())(( 2  xyxmyxD                                                 (1) 

 

Where 𝑥 stands for the axial coordinate, 𝑦 for the transverse deflection, ω for the 

angular frequency; 𝐷(𝑥) = 𝐸(𝑥)𝐼(𝑥) is the flexural rigidity; 𝑚(𝑥) = 𝜌(𝑥)𝐴(𝑥) 

represents the mass at position 𝑥. 
     The general boundary conditions are given by                             
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Here 𝐶1 is a rotational spring constant on left end of the beam (𝑥 = 0), 𝐶2 𝑎𝑛𝑑 𝐶3 
are the rotational and translational spring constants on the right end of the 

beam (𝑥 = 1), as shown in Fig. 1. In the limit of zero or infinity spring constants, 

some of classical boundary conditions will be recovered [8, 17]. For example, we 

have 𝐶1 = ∞, 𝐶2 = 0, 𝐶3 = 0 for clamped-free boundary conditions and 𝐶1 =
0, 𝐶2 = 0, 𝐶3 = ∞ for pinned-pinned beam. 

 

 
Figure 1. The beam with general elastically end constraints 

 

     Instead of the spring constants iC  the new stiffness parameters 𝑐𝑖 = 𝐶𝑖/(𝐶𝑖 +

1), 𝑖 = 1,2,3 are introduced [15]. Thus, when iC  takes the values from 0 𝑡𝑜 ∞,  𝑐𝑖 

varies from 0 𝑡𝑜 1. As a result, using an inverse equations 𝐶𝑖 =  𝑐𝑖 /(1 − 𝑐𝑖), 𝑖 =
1,2,3 the boundary conditions (2) can be written as       

 

,0)0()0()1()0(,0)0( 11  yDcycy                                   (3)
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These equations for boundary conditions are more convenient to use because 

different classical supporting conditions of the beam can be obtained for finite 

values of 𝑐𝑖 = 0 𝑜𝑟 𝑐𝑖 = 1, 𝑖 = 1,2,3. The values of coefficients 𝑐𝑖, 𝑖 = 1,2,3 for 

classical boundary conditions are shown in Table 1. 
 

 

Table 1. Realization of the classical boundary conditions (C – clamped, P – 

pinned, F – free, G – guided) 
 

     C-C C-P C-G C-F P-C P-P P-G
 

𝒄𝟏 1 1      1 1 0 0 0 

𝒄𝟐 1 0      1 0 1 0 1 

𝒄𝟑 1 1      0 0 1 1 0 
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3. The method of initial parameters in differential form 
 

     In order to solve the boundary value problem (1),(3) the following notation 

should be introduced: 

 

 
.))((,)(,, 4321
 yxDyyxDyyyyy

                                    (4) 

 

Thus, the equations (1), (3) are reduced to the normal system of linear differential 

equations 
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2
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with boundary conditions: 

 

 ,0)0()1()0(,0)0( 31211  ycycy                                                    (6)          

 .0)1()1()1(,0)1()1()1( 43133222  ycycycyc                                       (7) 

 

For solution of boundary value problem (5)-(7) let us consider two families of 

linearly independent solutions 

 

   TT
yyyyxYyyyyxY 242322212141312111 ,,,),(,,,,),(   ,            (8) 

 

which satisfy Eqs.(5) and the following initial conditions for left end of the beam: 

 

    .1,0,0,0),0(,0,,1,0),0( 2111

TT
YccY                               (9) 

 

     The particular solutions (8) can be found by numerical integration of the two 

initial value problems (5), (9) for fixed value of the parameter 𝜔 using standard 

fourth-order Runge-Kutta method [2,15]. As a result, the general solution of the 

linear system of Eqs. (5) automatically satisfying the boundary conditions (6) on 

the left end of the beam can be composed as follows: 

 

.),(),(),( 2211  xYAxYAxY 
                                                                  (10) 

 

Here the integration constants 21, AA  should be evaluated by imposing the 

boundary conditions (7) on the right end of the beam.  

     Substituting Eq. (10) into Eqs. (7) yields two homogeneous linear algebraic 

equations for determining integration constants :, 21 AA  
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where the coefficients 𝑎𝑖𝑗(𝜔), 𝑖 = 1,2 
 
are 

 

,),1()1(),1()( 13212211  ycyca 
 
,),1()1(),1()( 23222212  ycyca 

      (12)     
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For obtaining a nontrivial solution to the constants 𝐴1, 𝐴2 the determinant of the 

resulting coefficient matrix of the second order is set equal to zero: 
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Thus, the characteristic equation (13) for the determination of naturally frequency 

𝜔 = 𝜔∗ is derived. The secant method [2,15] can be used for the solution of this 

nonlinear equation. In each iteration step, the two initial value problems (5), (9) 

are solved for obtained particular solutions (8) and the values of the functions 

 𝑎𝑖𝑗(𝜔), 𝑖 = 1,2 in characteristic equation (13) are calculated by use of formulas 

(12).  

     Since the eigenfunctions are defined up to a constant, the corresponding 

expressions can be obtained from Eq. (10) as  
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Here constant 
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A


 is obtained from the first equation of Eqs. (11) 

for 𝜔 = 𝜔∗. It follows from Eqs. (9) and (14) that the values of eigenfunctions 

𝑌(𝑥, 𝜔∗) at the points 𝑥 ∈ [0,1] may be calculated by numerical integrating of the 

Eqs. (5) under obtained value 𝜔 = 𝜔∗ and following initial conditions: 
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     It is should be pointed out, that in the case of uniform homogeneous beams, the  
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Eqs. (1) and (5) have constant coefficients. As a result, the particular solutions (8), 

resulting characteristic equation (13) and vibration shapes Eq. (14) have exact 

closed-form expressions in terms of widely known transcendental Krylov-Duncan 

functions [3, 8, 18]. Such an approach for obtaining analytical solutions is known 

as the method of initial parameters [3, 8]. In general case of non-uniform and/or 

axially FG beams, particular solutions (8) are obtained numerically. Therefore, 

this method is known as the method of initial parameters in differential form [3, 

15]. 

Current method covers cases where the cross-section does not vary 

continuously (for example stepped axially FG beam). In these cases, the 

integration should be performed sequentially for each continuous section of the 

beam.  

 

4. Richardson extrapolation and observed order of accuracy 
 

     The Richardson extrapolation is an efficient method for error estimation and 

increase of the accuracy of finite difference and finite element solutions of 

different problems of mathematical physics [2, 12, 16]. This method is based on 

the linear combination of lower degree approximations for increasing the accuracy 

of numerical solutions. To be able to apply the Richardson extrapolation it is 

necessary to know the asymptotic error expansion in powers of the step size ℎ: 

 

lkhOhFhF lk  0,)()0()(                                      (16)
 

 

Here 𝐹(ℎ) denote the value obtained by any numerical method with step size ℎ, 

𝐹(0) is an unknown exact value, 𝛼 is unknown does not depend on ℎ constant and 

𝑘 is theoretical order of accuracy of the numerical method. Such expansions have 

been proven for a wide range of finite difference and finite element solutions [12]. 

     Denote two numerical solutions found on nested grids ℎ𝑖−1, ℎ𝑖 = ℎ𝑖−1 /2 as 

follows 𝐹𝑖−1 = 𝐹(ℎ𝑖−1), 𝐹𝑖 = 𝐹(ℎ𝑖).  By applying Eq. (16) these solutions can be 

expressed as 
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Using linear combination of these two solutions a new approximation of
 
the value  

𝐹(0) denoted by 𝑅𝑖 can be obtained as: 
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                                 (18) 

 

     Formula (18) is a Richardson extrapolation formula [2, 12]. In the other words, 

the approximate solutions 𝑅𝑖 have error with higher order in relation to ℎ than 𝐹𝑖 .  
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Therefore, if numerical solutions of the problem for two grids and the theoretical 

order of accuracy of the numerical method are known, a simple linear 

extrapolation formula (18) eliminates the leading term from error expansion Eq. 

(16) and leads to reasonably accurate results [2,12,16].  

The Richardson extrapolation formula (18) can be applied even when an exact 

value of the theoretical order of accuracy 𝑘 is unknown. In the latter case, the 

theoretical order of accuracy can be estimated using three solutions on a sequence  

of nested grids 
 

2//,,, 11212   iiiiiii hhhhFFF . The following ratio can be 

obtained from three equations similar to Eqs. (17):
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Further, from Eq. (19) the theoretical order of accuracy can be easily estimated as 

[2, 16]:
 
 

 

).2log(/)log( iikk              (20) 

 

Here 𝑘𝑖 is the value of the observed order of accuracy and the Eq. (20) gives an 

experimental method for determining or verifying the value of theoretical order of 

accuracy 𝑘 of the numerical method. Obviously, the Eq. (20) can be used only for 

𝜆𝑖 > 0, i.e. three successive values 𝐹𝑖−2, 𝐹𝑖−1, 𝐹𝑖 must be monotonic. The 

proximity of obtained values of ratio 𝜆𝑖 or observed order of accuracy 𝑘𝑖    
respectively to theoretical values 2𝑘 or 𝑘 is a confirmation of asymptotic error 

expansion (16) with leading term 𝛼ℎ𝑘. This fact substantiates the possibility of 

using extrapolation formula (18) for improving the accuracy of the numerical 

solution. In practice, the quantitative criterion of applicability of the Richardson 

extrapolation is [16]: 

 

.10/2 ii
k  

                                                                                             (21)

              
 

     The Richardson extrapolation formula (18) is recommended to use only if this 

inequality holds good [16].  

     As it was suggested in the previous section, the method of initial parameters in 

differential form uses the classical fourth-order Runge-Kutta method for 

numerical integration of the initial value problems. Therefore, it can be assumed 

that the theoretical order of accuracy of resulting numerical solutions (values of 

frequency) is equal to four (𝑘 = 4) and Richardson extrapolation formula (18) 

becomes: 
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Moreover, the following formula can be used to estimate the accuracy order of the 

improved values  𝑅𝑖 : 
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This formula follows from the Eq. (18) and can be obtained similarly to Eq. (20). 

 

5. Numerical results and discussion 
      

     Next, let us introduce dimensionless quantity of the natural frequency Ω =

𝜔𝐿2√𝑚0/𝐷0 of the non-uniform and axially functionally graded beam in order to 

examine the effectiveness of the suggested numerical method and to compare 

numerical results with results of other authors. Here 𝐷0 and 𝑚0 are the values of 

the flexural rigidity 𝐷(𝑥) and mass 𝑚(𝑥), respectively, on the left end of the 

beam (𝑥 = 0). 

     As the first example, let us consider the free bending vibrations of clamped-

clamped beam with a cross-section of constant width and linearly varying height, 

i.e. 𝐷(𝑥) = 𝐷0 (1 − 𝑎𝑥)3, 𝑚(𝑥) = 𝑚0(1 − 𝑎𝑥) [1, 6, 17]. The numerical results 

for third frequency of the non-uniform beam (a = −0.2) are shown in Table 2.  

 

Table 2.  Numerical results for Ω3 of the clamped-clamped non-uniform (𝑎 =
−0.2) beam 

 

    
  𝑖     𝑁𝑖 𝐹𝑖 

𝜆𝑖 
𝑘𝑖 

𝑅𝑖 
𝑙𝑖 

      1 10 134.756273    - - - -    

      2 20 132.906262    - - 132.782927    -    

      3 40 132.736341    10.887     3.445    132.725012    -    

      4 80 132.724765    14.680 3.876    132.723994     5.829      

      5 160 132.724026    15.661    3.969 132.723977     5.931       

      6 320 132.723980    15.915    3.992   132.723977     5.981       

Here 𝐹𝑖 are the numerical solutions (values of the third frequency) on a sequence 

of nested grids  ℎ𝑖+1 = ℎ𝑖/2, 𝑖 = 1,2,3, … and  Ni = 1/hi is a number of divisions 

of the grid.  

 

     As it could have been expected, the ratio λi and the observed order of accuracy 

ki convergence to 16 and 4, respectively. As it can be seen from the fourth column 

of this table, starting with N4 = 80, the inequality (21) is satisfied, which allows 

to use the Richardson extrapolation formula (22). The values R5 for N5 = 160 

and R6 for N6 = 320 in the table practically coincide. Thus, it can be confirmed 

that all the digits of the obtained numerical value R5 in this table are correct. It is 

obvious, that the value 𝑅5 = 132.723977 found is more accurate than 

corresponding numerical value 132.724068 given in paper [6] and is in a good  
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agreement with the value 132.72398 given in paper [1]. To estimate the order of 

accuracy of refined values Ri, the values of  li are proposed in the last column of 

Table 2.  As it can be seen from the last column of this table, the values of li tends 

to six (l = 6). Thus, the improved values of Ri have sixth order of accuracy.  

     The numerical results (R5) for the first five frequencies of the clamped-

clamped non-uniform beams and corresponding results obtained in the papers [6, 

17] are given in Table 3.  
 

Table 3. Numerical results for first five frequencies of the clamped-clamped non-

uniform beam 

 

  
  𝑎

 
       Ω1       Ω2         Ω3       Ω4       Ω5 

   0.9
 

Present 9.884557 27.008421    52.707962 86.932828 129.697994 

 [17] 9.8846   27.008 52.708 86.933 129.70 

       

  0.5
 

Present 16.335570 44.980643 88.138187 145.664690 217.571845 

 [17] 16.336    44.981 88.138 145.67 217.57 

       

  0.1     Present 21.240978 58.550055 114.780242 189.736595 283.432952 

 [17] 21.241 58.550 114.78 189.74 283.43 

 [6] 21.240978 58.550055 114.780278      -      - 

       

 –0.2     Present 24.563418 67.704755     132.723977     219.396099   327.737197 

       [6] 24.563418 67.704755 132.724068      -     - 

 

 

     All digits of the presented values of R5 are correct. As it can be seen from 

Table 3, the obtained numerical results are in a good agreement with the 

numerical and analytical solutions proposed in [6, 17]. Similarly to the results 

shown for a = −0.2, the numerical value R5 found for third frequency in the case 

a = 0.1 is more accurate than corresponding numerical value given in paper [6] 

(see Table 3). The similar results were obtained for the first five frequencies of the 

non-uniform beams with other classical boundary conditions (C-P, C-F, C-G, P-C, 

P-P, P-G). These results are consistent with analytical solutions presented in [17].   

     Let us consider free vibrations of axially FG beam with exponential functions 

𝐷(𝑥) = 𝐷0𝑒2𝑏𝑥, 𝑚(𝑥) = 𝑚0𝑒2𝑏𝑥, where 𝑏 is the dimensionless gradient 

parameter [7,10]. The characteristic equations for this problem in the case of 

classical boundary conditions was derived in closed form in [10] and numerical 

solutions were obtained in [7] for certain values of the parameter 𝑏.  

     Table 4 shows the numerical results (𝑅5 for 𝑁5 = 160) for first five 

frequencies of the pinned-pinned, clamped-pinned, and clamped-clamped 

exponentially FG beams for 𝑏 = 2  and corresponding results obtained in the 

papers [7, 10]. As it can be seen from Table 4, the obtained numerical results are 

in a good agreement with the analytical solutions proposed in [10].  
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Table 4. Results for the first five frequencies of the exponentially functionally 

graded (𝑏 = 2) beams 
 

        Ω1       Ω2       Ω3       Ω4       Ω5 

P-P
 

Present 8.4104757        41.070558 91.179582 160.664589 249.734716 

   [10] 8.41048 41.07056 91.17958 160.66459 249.73472 

   [7] 8.4104757 41.070558 91.179581 160.663830 249.947699 

       

C-P
 

Present 11.182783 48.260668 103.074921 177.375146 271.306884 

   [10] 11.18278 48.26067 103.07492 177.37515 271.30688 

         [7] 11.182783 48.260664 103.074943 177.371286 271.662989 

       

C-C     Present 24.789550 64.709434 124.195826 203.303511 302.098130 

   [10] 24.78955 64.70943 124.19583 203.30351 302.09813 

         [7] 24.789550 64.709434 124.195876 203.293974 303.194887 

 

     Table 5 shows the typical numerical results illustrating the convergence the 

proposed method for fourth frequency of the clamped-pinned axially FG beam.  

 

Table 5. Numerical results for Ω4 of the exponentially functionally 

graded clamped-pinned beam 
 

    
  𝑖     𝑁𝑖 𝐹𝑖 

𝜆𝑖 
𝑘𝑖 

𝑅𝑖 
𝑙𝑖 

      1 10 181.607293    - - - -    

      2 20 177.847019    - - 177.596334    -    

      3 40 177.408299 8.571     3.099    177.379051    -    

      4 80 177.377279 14.143 3.822    177.375211   5.822       

      5 160 177.375280 15.520    3.956 177.375146   5.906       

      6 320 177.375154 15.879    3.989   177.375146   5.974       

 

All numerical solutions 𝑅5 given in Table 4 are obtained from the iterations 

similar to one shown in Table 5. The values of 𝑅5 for 𝑁5 = 160 and 𝑅6 for 𝑁6 =
320 in this table practically coincide. Obviously, the accuracy of obtained 

numerical solutions for Ω3, Ω4 and Ω5 outperforms those given in [7]. Moreover, 

the numerical results for all examples prove the fact that theoretical order of 

convergence of the presented numerical method is equal to four (𝑘 = 4) and the 

extrapolated values (𝑅𝑖) have sixth order of accuracy(𝑙 = 6). 

 

6. Conclusions 
 

     The free vibrations analysis of non-uniform and/or axially functionally graded 

(FG) Euler-Bernoulli beams with elastically restrained ends is performed. The 

method of initial parameter in differential form is applied for numerical solution.  
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The Richardson extrapolation method is employed to improve the accuracy of 

results. It is shown that the numerical method proposed has fourth order of 

accuracy and the extrapolation of results with different step sizes gives solutions 

of the sixth order of accuracy.  
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