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Abstract

In this paper we introduce the notion of (α, β)∗−derivation (resp.
Jordan (α, β)∗−derivation) and prove the following result: Let R be a
6−torsion free semiprime ∗−ring and let α be an endomorphism of R
and β an automorphism of R. Then an additive mapping d : R → R is
a Jordan (α, β)∗−derivation on R if and only if d(xyx) = d(x)α(y∗x∗)+
β(x)d(y)α(x∗) + β(xy)d(x) for all x, y ∈ R. As an application of this
result we establish that on a 6−torsion free semiprime ∗−ring every
Jordan triple left (resp. right) α∗−centralizer is a Jordan left (resp.
right) α∗−centralizer.
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1 Introduction

Throughout, R will represent an associative ring. Let n ≥ 2 be an integer.
A ring R is said to be n−torsion free if for x ∈ R, nx = 0 implies x = 0.
Recall that R is prime if aRb = {0} implies a = 0 or b = 0. A ring R is called
semiprime if aRa = {0} implies a = 0. An additive mapping x �→ x∗ satisfying
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(xy)∗ = y∗x∗ and (x∗)∗ = x for all x, y ∈ R is called an involution. A ring
equipped with an involution is called a ∗−ring or a ring with involution.

An additive mapping d : R → R is called a derivation (resp. Jordan
derivation) if d(xy) = d(x)y +xd(y) (resp. d(x2) = d(x)x+xd(x)) holds for all
x, y ∈ R. Let α and β be endomorphisms of R. An additive mapping d : R →
R is said to be a (α, β)−derivation (resp. Jordan (α, β)−derivation) if d(xy) =
d(x)α(y)+β(x)d(y) (resp. d(x2) = d(x)α(x)+β(x)d(x)) holds for all x, y ∈ R.
Note that for IR, the identity map on R, the (IR, IR)−derivations (resp. Jordan
(IR, IR)−derivations) are derivations (resp. Jordan derivations) on R. One
can easily prove that every derivation is a Jordan derivation, but converse
is in general not true. A famous result due to Herstein [8, Theorem 3.3]
asserts that a Jordan derivation on a 2−torsion free prime ring is a derivation.
A brief proof of Herstein’s result can also be found in [4]. This result was
extended to a 2−torsion free semiprime rings by Cusack [6] (see [1] for an
alternative proof). An additive mapping d : R → R is called a Jordan triple
derivation if d(xyx) = d(x)yx+xd(y)x+xyd(x) holds for all x, y ∈ R. One can
easily prove that every Jordan derivation of a 2−torsion free ring is a Jordan
triple derivation. In [2] Brešar proved that every Jordan triple derivation on a
2−torsion free semiprime ring is a derivation.

Let R be a ∗−ring. An additive mapping d : R → R is said to be a
∗−derivation (resp. Jordan ∗−derivation) if d(xy) = d(x)y∗ + xd(y) (resp.
d(x2) = d(x)x∗ + xd(x)) holds for all x, y ∈ R. By our knowledge the
concept of Jordan ∗−derivations appears for the first time in the work of
Brešar and Vukman [5]. The notion of Jordan ∗−derivations arise naturally
in the theory of representability of quadratic functionals with sesquilinear
functionals (see Šemrl’s work [10] and [11]). For results concerning this the-
ory we refer to [12], [13], and [16]. More results on Jordan ∗−derivations
can be found in [3], [14], and [16]. The work of Brešar and Zalar [3] and
Šemrl [11] inspired us to introduce and study more general concept of Jor-
dan ∗−derivations. Let α, β be endomorphisms of R. An additive mapping
d : R → R is said to be a (α, β)∗−derivation (resp. Jordan (α, β)∗−derivation)
if d(xy) = d(x)α(y∗) + β(x)d(y) (resp. d(x2) = d(x)α(x∗) + β(x)d(x)) holds
for all x, y ∈ R. Note that if α and β are automorphisms of R, the mapping
x �→ aα(x∗)−β(x)a, where a is a fixed element, is called a Jordan (α, β)∗−inner
derivation. Of course, for IR the identity map on R, (IR, IR)∗−derivation (resp.
Jordan (IR, IR)∗−derivation) is a ∗−derivation (resp. Jordan ∗−derivation).
Obviously, every (α, β)∗−derivation is a Jordan (α, β)∗−derivation. The con-
verse is in general not true. For example, the mapping x �→ aα(x∗) − β(x)a
is a Jordan (α, β)∗−derivation but not a (α, β)∗−derivation. An additive
mapping d on a ∗−ring R is called a Jordan triple ∗−derivation if d(xyx) =
d(x)y∗x∗ + xd(y)x∗ + xyd(x) holds for all x, y ∈ R. We call d a Jordan triple
(α, β)∗−derivation if d(xyx) = d(x)α(y∗x∗) + β(x)d(y)α(x∗) + β(xy)d(x) is
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fulfilled for all x, y ∈ R. Note that for IR the identity map on R, a Jor-
dan triple (IR, IR)∗−derivation is a Jordan triple ∗−derivation. Clearly, every
∗−derivation on a 2−torsion free ring is a Jordan triple ∗−derivation but not
conversely. In [14] Vukman proved the following result. Let R be a 6−torsion
free semiprime ∗−ring and let d : R → R be an additive mapping satisfying
the relation d(xyx) = d(x)y∗x∗ + xd(y)x∗ + xyd(x) for all x, y ∈ R. Then d is
a Jordan ∗−derivation.

The purpose of this paper is to extend the above mentioned result in the
setting of Jordan triple (α, β)∗−derivation.

2 Jordan (α, β)∗−derivations

Let us state the main result of the paper.

Theorem 2.1 . Let R be a 6−torsion free semiprime ∗−ring and let α be
an endomorphism of R and β an automorphism of R. An additive mapping
d : R → R is a Jordan (α, β)∗−derivation on R if and only if
d(xyx) = d(x)α(y∗x∗) + β(x)d(y)α(x∗) + β(xy)d(x) for all x, y ∈ R.

In order to prove the above theorem we need the following lemma which is
a generalization of [14, Lemma 1].

Lemma 2.2 . Let R be a 2−torsion free semiprime ∗−ring and let α be
an endomorphism of R and β an automorphism of R. If there exist elements
a, b ∈ R such that aα(x∗b∗)+β(bx)a = 0 for all x ∈ R, then aβ(b) = β(b)a = 0.
If R is prime, then either a = 0 or β(b) = 0.

Proof. By the hypothesis, we have

aα(x∗b∗) + β(bx)a = 0 for all x ∈ R. (1)

Replacing x by ybx in (1), we obtain aα(x∗b∗y∗)α(b∗) + β(b)β(ybx)a = 0 for
all x, y ∈ R. In view of (1), the last expression yields that

β(b){β(xby) + β(ybx)}a = 0 for all x, y ∈ R. (2)

Taking y = x in (2) and using the fact that R is 2-torsion free, we find that
β(bx)β(bx)a = 0 for all x ∈ R. This implies that

β(bx)aα(x∗b∗) = 0 for all x ∈ R. (3)

Now, taking y = xβ−1(a)y in (2) and using (1), we have

−β(bx)aα(x∗b∗)β(y)a + β(bx)aβ(y)β(bx)a = 0 for all x, y ∈ R.
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In view of (3), the last expression yields that β(bx)aβ(y)β(bx)a = 0 for all
x, y ∈ R. Since β is an automorphism of R, we find β(bx)aRβ(bx)a = {0} for
all x ∈ R. Thus, the semiprimeness of R forces that β(bx)a = 0 for all x ∈ R.
Hence, the last expression implies that β(b)a = 0. Similarly, we can prove that
aβ(b) = 0.

Proof of Theorem 2.1. Suppose that

d(xyx) = d(x)α(y∗x∗) + β(x)d(y)α(x∗) + β(xy)d(x) (4)

for all x, y ∈ R. Replacing y by xyx in (4) and using (4), we obtain

d(x2yx2) = d(x)α(x∗y∗)α(x∗2) + β(x)d(x)α(y∗x∗2)+ (5)

+β(x2)d(y)α(x∗2) + β(x2)β(y)d(x)α(x∗) + β(x2)β(yx)d(x)

for all x, y ∈ R. Again, replace x by x2 in (4) to get

d(x2yx2) = d(x2)α(y∗)α(x∗2) + β(x2)d(y)α(x∗2)+ (6)

+β(x2)β(y)d(x2)

for all x, y ∈ R. On combining (5) and (6), we find that

(d(x2) − d(x)α(x∗) − β(x)d(x))α(y∗)α(x∗2)+

+β(x2y)(d(x2) − d(x)α(x∗) − β(x)d(x)) = 0

for all x, y ∈ R. This can be rewritten as

A(x)α(y∗x∗2) + β(x2y)A(x) = 0 (7)

for all x, y ∈ R, where

A(x) = d(x2) − d(x)α(x∗) − β(x)d(x) (8)

for all x ∈ R. Using Lemma 2.2, we get

A(x)β(x2) = 0 (9)

and

β(x2)A(x) = 0 (10)

for all x ∈ R.
Put x = y + x in (9) to get

A(x + y)β(x2) + A(x + y)β(y2) + A(x + y)β(xy + yx) = 0 (11)
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for all x, y ∈ R.
Now, we find

A(x + y) = d(x + y)2 − d(x + y)α(x + y)∗ − β(x + y)d(x + y) (12)

= (d(x2) − d(x)α(x∗) − β(x)d(x)) + (d(y2) − d(y)α(y∗) − β(y)d(y))

+(d(xy + yx) − d(x)α(y∗) − d(y)α(x∗) − β(x)d(y) − β(y)d(x))

= A(x) + A(y) + B(x, y)

for all x, y ∈ R, where

B(x, y) = d(xy + yx) − d(x)α(y∗) − d(y)α(x∗) − β(x)d(y) − β(y)d(x)

for all x, y ∈ R.
On combining (9), (11), and (12), we find that

A(x)β(y2) + A(y)β(x2) + B(x, y)β(x2) + B(x, y)β(y2)+ (13)

+A(x)β(xy + yx) + A(y)β(xy + yx) + B(x, y)β(xy + yx) = 0

for all x, y ∈ R.
Replacing x by −x in (13) and using the fact that A(−x) = A(x) and

B(−x, y) = −B(x, y), we get

A(x)β(y2) + A(y)β(x2) − B(x, y)β(x2) − B(x, y)β(y2)− (14)

−A(x)β(xy + yx) − A(y)β(xy + yx) + B(x, y)β(xy + yx) = 0

for all x, y ∈ R.
From (13) and (14) we obtain

2{B(x, y)β(x2) + B(x, y)β(y2) + A(x)β(xy + yx) + A(y)β(xy + yx)} = 0

for all x, y ∈ R. Since R is 6-torsion free, the above relation yields that

B(x, y)β(x2) + B(x, y)β(y2) + A(x)β(xy + yx)+ (15)

+A(y)β(xy + yx) = 0

for all x, y ∈ R.
Further, replace x by 2x in (15) and use the facts that B(2x, y) = 2B(x, y)

and A(2x) = 4A(x) to get

4B(x, y)β(x2) + B(x, y)β(y2)+ (16)
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+4A(x)β(xy + yx) + A(y)β(xy + yx) = 0

for all x, y ∈ R.
On subtracting (15) from (16) and using the fact that R is 6−torsion free

we obtain

B(x, y)β(x2) + A(x)β(xy + yx) = 0 (17)

for all x, y ∈ R.
Right multiplication of equation (17) by A(x) gives

B(x, y)β(x2)A(x) + A(x)β(xy + yx)A(x) = 0 (18)

for all x, y ∈ R.
Using (10) in (18) we have

A(x)β(xy)A(x) + A(x)β(yx)A(x) = 0 (19)

for all x, y ∈ R.
Put y = yx in (19) to get

A(x)β(x)β(y)β(x)A(x) + A(x)β(y)β(x2)A(x) = 0 (20)

for all x, y ∈ R.
In view of equation (10) the last relation reduces to

A(x)β(x)β(y)β(x)A(x) = 0

which yields
β(x)A(x)β(x)Rβ(x)A(x)β(x) = {0}

for all x ∈ R.
Semiprimeness of R implies that

β(x)A(x)β(x) = 0 (21)

for all x ∈ R.
Again, multiplying (19) by β(x) from right and using (21) we find

A(x)β(x)β(y)A(x)β(x) = 0

for all x, y ∈ R.
Since β is an automorphism and R is semiprime, the last expression yields

that

A(x)β(x) = 0 (22)



On Jordan (α, β)∗−derivations 105

for all x ∈ R.
Using (22) in relation (17) we find that

B(x, y)β(x2) + A(x)β(y)β(x) = 0

for all x, y ∈ R.
Right multiplication by A(x) to above relation gives that

A(x)β(y)β(x)A(x) = 0 (23)

for all x, y ∈ R.
This implies that

β(x)A(x)β(y)β(x)A(x) = 0

for all x, y ∈ R.
Since R is semiprime and β is an automorphism of R, we conclude that

β(x)A(x) = 0 (24)

for all x ∈ R.
Replacing x by x + y in (22) and using (22) and (24) we obtain

A(y)β(x) + B(x, y)β(y) + A(x)β(y) + B(x, y)β(x) = 0

for all x, y ∈ R.
Further, replace x by −x in the above equation to get

−A(y)β(x) − B(x, y)β(y) + A(x)β(y) + B(x, y)β(x) = 0

for all x, y ∈ R.
Adding last two equations and using the fact that R is 6−torsion free we

find that
A(x)β(y) + B(x, y)β(x) = 0

for all x, y ∈ R.
Multiplying the last equation by A(x) from right and applying (24) we

arrive at
A(x)β(y)A(x) = 0

for all x, y ∈ R. Since β is an automorphism and R is semiprime the last
relation implies that A(x) = 0 for all x ∈ R. So, d(x2) = d(x)α(x∗)+β(x)d(x)
for all x ∈ R. Hence, d is a Jordan (α, β)∗−derivation on R.

Conversely, suppose that d(x2) = d(x)α(x∗) + β(x)d(x) for all x ∈ R. The
linearization of the last expression yields

d(xy + yx) = d(x)α(y∗) + β(x)d(y) + d(y)α(x∗) + β(y)d(x)
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for all x, y ∈ R. Replacing y by xy + yx and using the above equation we get
the required result.

The next corollary proved Vukman in [14] and it is a direct consequence of
Theorem 2.1.

Corollary 2.3. Let R be a 6−torsion free semiprime ∗−ring and let d :
R → R be an additive mapping satisfying the relation

d(xyx) = d(x)y∗x∗ + xd(y)x∗ + xyd(x)

for all x, y ∈ R. Then d is a Jordan ∗−derivation on R.

The following example demonstrates that Theorem 2.1 does not hold true
for arbitrary rings.

Example 2.4. Let S be a commutative ring. Next, let

R =

⎧⎪⎨
⎪⎩

⎛
⎜⎝

0 a b
0 0 c
0 0 0

⎞
⎟⎠ | a, b, c ∈ S

⎫⎪⎬
⎪⎭ .

Define maps d : R −→ R and α, β, ∗ : R −→ R as follows:

d

⎛
⎜⎝

0 a b
0 0 c
0 0 0

⎞
⎟⎠ =

⎛
⎜⎝

0 a 0
0 0 0
0 0 0

⎞
⎟⎠ , α

⎛
⎜⎝

0 a b
0 0 c
0 0 0

⎞
⎟⎠ =

⎛
⎜⎝

0 −a b
0 0 −c
0 0 0

⎞
⎟⎠ ,

β

⎛
⎜⎝

0 a b
0 0 c
0 0 0

⎞
⎟⎠ =

⎛
⎜⎝

0 −a −b
0 0 c
0 0 0

⎞
⎟⎠ ,

⎛
⎜⎝

0 a b
0 0 c
0 0 0

⎞
⎟⎠

∗

=

⎛
⎜⎝

0 c b
0 0 a
0 0 0

⎞
⎟⎠ .

Then it is straightforward to check that d satisfies the requirements of Theorem
2.1. However, d is not a Jordan (α, β)∗−derivation on R.

3 Jordan left (right) α∗−centralizers

Let α be an automorphism of R. Following [17], an additive mapping T : R →
R is called a left (resp. right) centralizer if T (xy) = T (x)y (resp. T (xy) =
xT (y)) holds for all x, y ∈ R. An additive mapping T : R → R is called a
Jordan left (resp. right) centralizer if T (x2) = T (x)x (resp. T (x2) = xT (x))
holds for all x ∈ R. Let T : R → R be an additive mapping. We call T a Jordan
left (resp. right) α−centralizer if T (x2) = T (x)α(x) (resp. T (x2) = α(x)T (x))
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holds for all x ∈ R. Now, let R be a ∗−ring and T : R → R an additive
mapping. We call T a left (resp. right) ∗−centralizer if T (xy) = T (x)y∗ (resp.
T (xy) = x∗T (y)) holds for all x, y ∈ R. An additive mapping T : R → R
is called a Jordan left (resp. right) ∗−centralizer if T (x2) = T (x)x∗ (resp.
T (x2) = x∗T (x)) holds for all x ∈ R. An additive mapping T : R → R is
called a Jordan left (resp. right) α∗−centralizer if T (x2) = T (x)α(x∗) (resp.
T (x2) = α(x∗)T (x)) holds for all x ∈ R. If T is both Jordan left as well as
Jordan right α∗-centralizer, then T is a Jordan α∗-centralizer. Furthermore,
an additive mapping T : R → R is called a Jordan triple left (resp. right)
centralizer if T (xyx) = T (x)yx (resp. T (xyx) = xyT (x)) holds for all x, y ∈ R
and if R is a ∗−ring an additive mapping T : R → R is called a Jordan triple
left (resp. right) α∗−centralizer if T (xyx) = T (x)α(y∗x∗) (resp. T (xyx) =
α(x∗y∗)T (x)) holds for all x, y ∈ R.

The following result is in the spirit of Theorem 2 in [9] which states that on
a 2−torsion free semiprime ring every Jordan triple left (resp. right) centralizer
is a left (resp. right) centralizer (see also [15]).

Theorem 3.1. Let R be a 6−torsion free semiprime ∗−ring and let α be
an automorphism of R. An additive mapping T : R → R is a Jordan left
α∗−centralizer on R if and only if T (xyx) = T (x)α(y∗x∗) for all x, y ∈ R.

Proof. In the proof of Theorem 2.1 we take β = 0.

Remark 3.2. Note that the above theorem holds true also for Jordan
right α∗−centralizers: On a 6−torsion free semiprime ∗−ring every Jordan
triple right α∗−centralizer is a Jordan right α∗−centralizer.

Corollary 3.3. Let R be a 6−torsion free semiprime ∗−ring. An additive
mapping T : R → R is a Jordan left (resp. right) ∗−centralizer if and only if
T (xyx) = T (x)y∗x∗ (resp. T (xyx) = x∗y∗T(x)) for all x, y ∈ R.
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