
International Journal of Algebra, Vol. 6, 2012, no. 3, 123 - 134

On Euler Polynomials and Rabinowitsch Polynomials

Shaoji Xu

xu.shaoji@gmail.com

Abstract. We investigate Euler polynomials and Rabinowitsch polynomi-
als, their properties, equivalent conditions and their prime-production length.
We present sharp bounds for Rabinowitsch polynomials being primes or ±1.
Our results improve that are given by Mollin [10]. The concept of the least
prime quadratic residue is also introduced to characterize a property of Euler
polynomials and Rabinowitsch polynomials.
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Introduction

Euler published a result in 1772 saying that the polynomial x2 − x + 41
produces prime numbers for all integer values of x from 0 to 40 [3]. The
number 41 is called “Lucky Number of Euler” by Flannery and Flannery [4],
which is defined as the positive integer p such that x2 − x + p is a prime for
x = 0, . . . , p − 1.

Similarly, Rabinowitsch polynomials are formally defined in [13] as the fol-
lowing:

Let m be a positive integer and fm(x) be a polynomial of the form fm(x) =
x2 + x − m. We call a polynomial fm(x) a Rabinowitsch polynomial if for
t = [

√
m] and consecutive integers x = x0, x0 + 1, . . . , x0 + t − 1, |f(x)| is

either 1 or a prime for some integer x0.
For convenience, we adopt the following convention:
The polynomial f(x) = x2−x+p is called an Euler-like polynomial. If f(x)

is always a prime for x = 0, . . . , p− 1, f(x) is then called an Euler polynomial
[7].

Notice that the definition of Euler polynomial here is different from the
original definition of Euler polynomial given by Appell sequence. We hope
that this will not cause confusion.

In 1801, Gauss proved that if d = 1, 2, 3, 7, 11, 19, 43, 67, 163, then the field
Q(

√−d) has class number 1. Rabinowitsch [13] showed that an Euler-like
polynomial x2 − x + p is an Euler polynomial if and only if the complex field
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Q(
√

1 − 4p) has class number one. Heegner [5], Baker [1] and Stark [15] proved
that there are only nine numbers with class number 1, and of these, only 7,
11, 19, 43, 67, and 163 are of the required form.

Theorem 0.1. The only lucky numbers p that make f(x) = x2 − x + p to be
primes for x ∈ [0, p − 1] are 2, 3, 5, 11, 17, and 41.

Let Δ be the discriminant of Rabinowitsch polynomial f(x) = x2 + x − m,

Δ = 4m + 1 and hΔ be the class number of the real field Q(
√

Δ). Mollin and
Williams [11], Byeon and Stark [2] and Mollin [10] have proved the following
Theorem:

Theorem 0.2. If Δ = 4m + 1, m �= 2, then the followings are equivalent.

1. |f(x)| = |x2 + x − m| is 1 or a prime for x ∈ [1,
√

m].
2. hΔ = 1 and Δ is one of the following forms:

(a) p(p+4) for a prime p in N,
(b) p2 + 4 for a prime p > 2,
(c) 4p2 + 1 for a prime p.

3. Δ is in the set {5, 13, 17, 21, 29, 37, 53, 77, 101, 173, 197, 293, 437, 677}.
The Euler-like polynomials and Rabinowitsch polynomials are two kinds of

well-known examples of prime-generating polynomials. There are other prime-
generating polynomials considered by Euler,

2x2 + p

and by Hendy [4],

px2 + px + n

The prime-production length of a quadratic polynomial was defined as fol-
lowing in [9].

Definition 0.3. Consider F (x) = ax2 +bx+c(a, b, c ∈ Z), a �= 0, and suppose
|F (x)| are primes for all integers x = 0, 1, . . . , l − 1. If l ∈ N is the smallest
value such that |F (l)| is composite, |F (l)| = 1, or |F (l)| = |F (x)| for some
x = 0, . . . , l − 1, then F (x) is said to have prime - production length l.

Here x = 0 means that c itself is a prime.
For Euler-like polynomial F (x) = x2+x+A, and Δ = 1−4A, [9] has proved

the following:

Proposition 0.4. If l ∈ N is the prime-production length of FΔ(x), then
l < A−1, where Δ = 1−4A. If p is the least odd prime such that Δ ≡ x2 (mod
p) for some x ∈ Z , then l < p. Furthermore, if Δ �= −7, and l ≥ (A − 1)/2,
then A = p.

In the next two sections we study Euler polynomials and Rabinowitsch poly-
nomials. We develop their properties, derive some equivalent conditions and
obtain their prime-production lengths.
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1. Rabinowitsch polynomials

In this section, we consider Rabinowitsch polynomials. Let’s fix the following
notation: f(x) = x2 + x − m, Δ = 4m + 1, and g(x) = 4x2 − Δ.

We improve each of the three cases in Theorem 0.2 by obtaining sharp
bounds of prime-generating length, and provide some equivalent conditions.

Lemma 1.1. 4x2 − Δ and (2x + 1)2 − Δ have the same quadratic residues
modulo any odd prime pi. Thus either (2x + 1)2 −Δ ≡ 0 (mod pi) and 4(x2 +
x − m) ≡ 0 (mod pi) are both solvable, or are both not solvable, for any odd
prime number pi.

Theorem 1.2. Let Δ = p2+4 for some prime p and m = (p2+3)/4. Let pj be
the largest prime less than p/2. The following five statements are equivalent.

1. f(x) is −1 or a prime for all integers |x| ≤ (pj − 1)/2.
2. f(x) is −1 or a prime for all integers |x| ≤ (3p − 5)/2.
3. g(x) is a prime for all integers x ∈ [2, (pj − 1)/2].
4. g(x) is a prime for all integers x ∈ [2, p − 2].
5. Δ is a prime and p is the least prime such that p is also a quadratic

residue modulo Δ (the least prime residue of Δ).

Notice that f((p − 1)/2) = −1, f((p − 3)/2) = −p, f((p + 1)/2) = p and
f((3p − 3)/2) = p(2p − 3). Also notice that g(1) = 4 − (p2 + 4) = −p2

and g(p − 1) = 4(p − 1)2 − (p2 + 4) = p(3p − 8). Let Δ = 5, m = 1, and
p = 1. f(x) = −1, 1, 5, 11, 19, 29, 41, when x = 0, 1, . . . , 6, are ±1 or primes
and f(7) = 55 = 5 × 11. g(x) = −5,−1, 11, 31, 59, when x = 0, 1, 2, 3, 4 are
−1 or primes, and g(5) = 95 = 5 × 19. Let Δ = 13, m = 3, and p = 3.
f(x) = −1, 3, 9 when x = 1, 2, 3, and g(x) = −9, 3, 23, 51, when x = 1, 2, 3, 4.

Proof. We first prove the following three claims.
Claim 1. If f(x) is -1 or a prime for all integers x ∈ [1,

√
m], then m is a

prime.
Suppose m is not a prime and pi is a factor of m, where pi < p/2. When x

is in [1, pi], there is at least one x1 such that f(x1) can be divided by pi. Since
the two least values of |f(x)| for x ∈ [1, pi] are 1 achieved at x = (p−1)/2, and
p achieved at x = (p − 3)/2 or (p + 1)/2, f(x1) cannot be pi itself and hence
f(x1) must be a composite number, which is a contradiction. This means
that if f(x) is a prime or -1 for x ∈ [1,

√
m], then f(x) is a prime or -1 for

x ∈ [0,
√

m],
Claim 2. If f(x) is -1 or a prime for all integers x ∈ [0,

√
m], then Δ is a

prime.
Suppose Δ is not a prime and let pi|Δ for some prime pi < p. Then g(x) ≡ 0

(mod pi) is solvable. Hence f(x) ≡ 0 (mod pi) is solvable. Suppose pi|f(x1)
for some 0 ≤ x1 < p. Since the two least values of |f(x)| are 1 and p, f(x1)
cannot be pi itself and must be a composite number, which is a contradiction.

Claim 3. For any odd integers x and y such that y = x2 +4, x is a quadratic
residue modulo y, since (y − x − 2)2/4 = y(y − 2x − 3)/4 + x.
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In our case Δ = p2 + 4, p is a quadratic residue modulo Δ.
Notice that we don’t need to prove (2) implies (1) and (4) implies (3). In

the following we prove that (1) implies (2), (2) implies (4), (4) implies (2), (5)
implies (1), (4) implies (5) and (3) implies (1).

We first prove that assume (1) is true, then we have (2). First, let pi be a
prime in [3, pj]. We prove that f(x) cannot be divided by pi. Since f(x) is a
prime for all integers x ∈ [−(pj +1)/2, (pj −1)/2], and f(x) cannot be pi, f(x)
cannot be divided by pi.

Next, let pi be a prime in [pj + 1, p − 1]. We prove that f(x) cannot be
divided by pi. Consider the equation f(x) = p2

i .
The equation has two roots. It is easy to see that there are more than pi

integers x between these two roots. All values of |f(x)| when x are between
these two roots are less than p2

i . The two least values of |f(x)| are 1 and p, so
f(x) cannot be pi, and f(x) ≡ 0 (mod pi) has no solution.

Third, let pi be a prime in [p + 1, 2p − 4]. We prove that f(x) cannot be
divided by pi. Consider the equation f(x) = p2

i .
The equation has two roots. It is easy to see that there are more than pi

integers x between these two roots. The only possible prime factor of f(x) less
than pi is p. However we can see that the two least values of f(x) that can be
divided by p are f((p + 1)/2) = p and f((3p − 3)/2) = p(2p − 3). Therefore
there is no x between the two roots such that ppi|f(x). The three least values
of |f(x)| are 1, p and 2p − 3. Hence |f(x)| cannot be pi itself, and f(x) ≡ 0
(mod pi) has no solution.

f(x) cannot be divided by any prime < 2p − 3, except by p. So f(x) is -1
or a prime when 0 ≤ x ≤ (3p − 5)/2.

We now prove that assume (2) is true, then we have (4). Suppose g(x1) is
not a prime and pi|g(x1) for some x1 in [2, p − 2]. We have p2

i < p(3p − 8)
and pi <

√
3p. f(x) can be divided by pi for some x. There must be one x2

between −(3p−3)/2 and (3p−5)/2 such that pi|f(x2). The three least values
of |f(x)| are 1, p and 2p − 3. Hence |f(x2)| cannot be pi itself and is not a
prime.

We now prove that assume (4) is true, then we have (2). Suppose f(x1) is
not a prime and pi|f(x1) for some x1 in [−(3p − 3)/2, (3p − 5)/2]. We have
p2

i < p(2p − 3) and pi <
√

2p. g(x) can be divided by pi for some x. There
must be one x between −(p − 1) and p − 1 such that pi|g(x). The least value
of |g(x)| is 2p − 3. Hence g(x) cannot be pi and is a composite number.

We now prove that assume (5) is true, then we have (1). If p is the least
prime quadratic residue modulo Δ, then there is no solution for Δ|(x2 − pi)
for any pi < p.

By the law of quadratic reciprocity, (pi/Δ) = (Δ/pi)(−1)(pi−1)(Δ−1)/4 where
(*/*) is the Legendre symbol. Note that pi−1 is even and Δ−1 is multiple of
4. Hence (pi/Δ) = (Δ/pi). Since p is the least prime quadratic residue of Δ,
(pi/Δ) = −1 for all pi < p. Therefore (Δ/pi) = −1 for all pi < p, i.e., pi|g(x)
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has no solution. So pi|f(x) has no solution for pi < p. Then f(x) is always a
prime when 0 ≤ x < p.

We now prove that assume (4) is true, then we have (5). Suppose p is not
the least prime quadratic residue of Δ. There is a prime pi < p and pi is a
prime quadratic residue of Δ. By the law of quadratic reciprocity Δ is a prime
quadratic residue of pi. g(x) ≡ 0 (mod pi) has solution for some pi < p. Then
g(x) is not a prime.

At last we prove that assume (3) is true, then we have (1). Suppose (1) is
not true and f(x1) is not a prime, where x1 ≤ (pj − 1)/2 and pi|f(x1). Notice
that |f(x1)| < (p + 1)2/2. Therefore pi ≤ pj . Then pi|g(x) has solutions,
and there exists x2 ≤ (pj − 1)/2 such that g(x2) is not a prime. This is a
contradiction.

Theorem 1.3. Suppose Δ = p(p+4) and m = (p(p+4)− 1)/4. Let pj be the
largest prime less than p/2. The following four statements are equivalent.

1. f(x) is a prime for all integers x ∈ [0, (pj − 1)/2].
2. f(x) is 1 or a prime for all integers x ∈ [0, (3p − 3)/2].
3. g(x) is a prime for all integers x ∈ [1, (pj − 1)/2].
4. g(x) is a prime for all integers x ∈ [1, p − 1].

Notice that f((p + 1)/2) = 1, f((p − 1)/2) = −p, f((p + 3)/2) = p + 4 and
f((3p−1)/2) = p(2p−1). Also notice that g(0) = p(p+4) and g(p) = p(3p−4).

Proof. Claim. Suppose f(x) is 1 or a prime for all integers x ∈ [0,
√

m]. Then
both p and p + 4 are primes, and p + 2 is multiple of 3 and is not a prime.

Notice that we don’t need to prove (2) implies (1) and (4) implies (3). In
the following we prove that (1) implies (2), (2) implies (4), (4) implies (2), and
(3) implies (1).

We first prove that assume (1) is true, then we have (2). First, let pi be a
prime in [3, pj]. We prove that f(x) cannot be divided by pi. Since f(x) is
always a prime for all integers x ∈ [−(pj + 1)/2, (pj − 1)/2], and f(x) cannot
be pi, f(x) cannot be divided by pi.

Next, let pi be a prime in [pj + 1, p − 1]. We prove that f(x) cannot be
divided by pi. Consider the equation f(x) = p2

i .
The equation has two roots. It is easy to see that there are more than pi

integers x between these two roots. All values of |f(x)| for these x are less
than p2

i . The three least values of |f(x)| are 1, p and p+4. Hence f(x) cannot
be pi and f(x) ≡ 0 (mod pi) has no solution.

Third, let pi be a prime in [p + 5, 2p − 2]. We prove that f(x) cannot be
divided by pi. Consider the equation f(x) = p2

i .
The equation has two roots. It is easy to see that there are more than pi

integers x between these two roots. All values of |f(x)| for these x are less
than p2

i . The only prime factors of f(x) less than pi are p and p + 4. However
we can see that f((p − 1)/2) = −p and the next f(x) that can be divided by
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p is f((p− 1)/2 + p) = p(2p− 3), f((p + 1)/2) = p + 4 and the next f(x) that
can be divided by p + 4 is f((p + 1)/2 + p + 4) = p(2p + 9). Therefore there
is no solution for ppi|f(x), or (p + 4)pi|f(x). The three least values of |f(x)|
are 1, p and 2p − 3. Hence |f(x)| cannot be pi and f(x) ≡ 0 (mod pi) has no
solution.

f(x) cannot be divided by any prime ≤ 2p − 3, except p and p + 4. Thus
f(x) is 1 or a prime for all integers x ∈ [0, (3p − 3)/2].

We now prove that assume (2) is true, then we have (4). Suppose g(x1) is
not a prime and pi|g(x1) for some 1 ≤ x1 ≤ p − 1. We have p2

i ≤ |g(x1)| =
|4x2

1 − p(p + 4)| < p(3p− 4) and pi <
√

3p. f(x) can be divided by pi for some
x. There are total 3p − 1 integers between −(3p − 1)/2 and (3p − 3)/2. The
three least values of |f(x)| are p, p + 4, and 2p − 1. Hence f(x) cannot be pi

itself and is not a prime.
We now prove that assume (4) is true, then we have (2). Suppose that f(x1)

is not a prime and pi|f(x1) for some x1 in [−(3p − 1)/2, (3p− 3)/2]. We have
p2

i < p(2p − 3). Among 2p − 1 integers x from −(p − 1) to p − 1, there must
be one x such that g(x) can be divided by pi. But the least value of |g(x)| is
2p − 1. Hence g(x) is not a prime.

At last we prove that assume (3) is true, then we have (1). Suppose (1) is
not true and f(x1) is not a prime, where x1 ≤ (pj − 1)/2 and pi|f(x1). Notice
that |f(x1)| < (p + 1)2/2. Therefore pi ≤ pj . Then pi|g(x) has solutions,
and there exists x2 ≤ (pj − 1)/2 such that g(x2) is not a prime. This is a
contradiction.

Since ((p−1)(p+4)/2)2−(p+4) = p(p+4)(p2−p−7)/4, p+4 is a quadratic
residue of p(p + 4). We have the following conjecture:

Conjecture 1.4. Each statement in Theorem 1.3 is equivalent to the following
statement:

p + 4 is the least prime quadratic residue of p(p + 4).

Theorem 1.5. Suppose Δ = 4p2 + 1, m = p2. Let pj be the largest prime less
than p. The following five statements are equivalent:

1. f(x) is always a prime for all integers x ∈ [1, (pj − 1)/2].
2. f(x) is always a prime for all integers x ∈ [1, 2p − 2].
3. g(x) is -1 or a prime for all integers x ∈ [0, (pj − 1)/2].
4. g(x) is -1 or a prime for all integers x ∈ [0, (3p − 3)/2], except when

x = (p − 1)/2 and x = (p + 1)/2.
5. Δ is a prime and p is the least prime quadratic residue of Δ.

Notice that f(p) = p, f(p− 1) = −p, f(p− 2) = −(3p− 2), and f(2p− 1) =
p(3p−2). Also notice that g(p) = −1, g((p−1)/2) = −p(3p+2), g((p+1)/2) =
−p(3p − 2), and g((3p − 1)/2) = p(5p − 6). Let Δ = 17, m = 4 and p = 2.
g(x) = −13,−1, 19, 47, 83, 127, 179, 239, 307, 383, 467, when x = 1, 2, 3 . . . , 11,
are primes or −1, and g(12) = 559 = 13 × 43.
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Proof. We first prove the following two claims.
Claim 1. If f(x) is always a prime for all integers x ∈ [1,

√
m], then Δ is a

prime.
Suppose Δ is not a prime and pi|Δ for some prime pi < 2p. pi|g(x) is

solvable and pi|f(x) is solvable. There are 4p − 4 integers between −(2p − 2)
and 2p− 3. There must be some x1 such that f(x1) can be divided by pi. The
two least values of |f(x)| are p and 3p−2. Hence |f(x)| cannot be pi and f(x1)
is a composite, which is a contradiction.

Claim 2. p is a prime quadratic residue of Δ since ((Δ − (2p + 1))/2)2 =
Δ(Δ − 4p − 1)/4 + p.

Notice that we don’t need to prove (2) implies (1) and (4) implies (3). In
the following we prove that (1) implies (2), (2) implies (4), (4) implies (2), (5)
implies (1), (4) implies (5) and (3) implies (1).

We first prove that assume (1) is true, then we have (2). First, let pi be
a prime in [1, p − 1]. Since f(x) is always a prime from x = −(pj + 1)/2 to
x = (pj − 1)/2 and f(x) cannot be pi, f(x) cannot be divided by pi.

Next, let pi be a prime in [p + 1, 2p − 2]. We prove that f(x) cannot be
divided by pi. Consider the equation f(x) = p2

i . The equation has two roots.
It is easy to see that there are more than pi integers x between these two roots.
All these x satisfy |f(x)| ≤ p2

i . The only prime factor of f(x) less than pi is p.
However we can see that f(p − 1) = −p, f(p) = p and f(2p − 1) = p(3p − 2).
Therefore there is no solution for ppi|f(x). The three least values of |f(x)| are
1, p and 3p − 2. Hence |f(x)| cannot be pi and f(x) ≡ 0 (mod pi) has no
solution.

f(x) cannot be divided by any prime ≤ 2p − 3, except by p. Thus f(x) is
always a prime for all integers x ∈ [1, 2p − 2].

We now prove that assume (2) is true, then we have (4). Suppose g(x) is not
a prime and pi|g(x) for some x ∈ [−(3p−1)/2, (3p−3)/2]\{(p−1)/2, (p+1)/2}
and p2

i < p(5p + 6). Among 4p − 2 integers x from −(2p − 1) to 2p − 2, there
must be one f(x) that can be divided by pi. However, the two least values of
|f(x)| are p and 3p − 2. Therefore |f(x)| is not pi and f(x) is composite.

We now prove that assume (4) is true, then we have (2). Suppose f(x) is
not always prime and pi|f(x1), where 1 ≤ x1 ≤ 2p−2. We have p2

i < p(3p−2).
Among 3p − 1 integers from −(3p − 1)/2 to (3p − 3)/2, there must be one x
such that g(x) can be divided by pi. The two least values of |g(x)| are 1 and
8p + 3. So g(x) cannot be pi itself and is not a prime.

We now prove that assume (5) is true, then we have (1). If p is the least
prime quadratic residue of Δ, then there is no solution for Δ|(x2 − pi) for any
pi < p.

By the law of quadratic reciprocity (pi/Δ) = (Δ/pi)(−1)(pi−1)(Δ−1)/4 where
(*/*) is the Legendre symbol. Note that pi−1 is even and Δ−1 is multiple of 4.
Hence (pi/Δ) = (Δ/pi). Since p is the least prime residue of Δ, (pi/Δ) = −1
for all pi < p. Therefore (Δ/pi) = −1 for all primes pi < p, i.e., pi|g(x) has
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no solution. So pi|f(x) has no solution for pi < p. This implies that f(x) is
always a prime when x < p.

We now prove that assume (4) is true, then we have (5). Suppose p is not
the least prime residue of Δ. There is a prime pi < p such that pi is a quadratic
residue of Δ. By the law of quadratic reciprocity Δ is a prime quadratic residue
of pi. Hence g(x) ≡ 0 (mod pi) has solution, which implies that g(x) is not
always a prime.

At last we prove that assume (3) is true, then we have (1). Suppose (1) is not
true and f(x1) is not a prime, where x1 ≤ (pj −1)/2 and pi|f(x1). Notice that
|f(x1)| < (p + 1)2. Therefore pi ≤ pj. Then pi|g(x) has solutions, and there
exists x2 ≤ (pj − 1)/2 such that g(x2) is not a prime. This is a contradiction.

The following corollary follows from the above theorems and Theorem 0.1

Corollary 1.6. Let Δ = 4m +1, f(x) = x2 + x−m and g(x) = 4x2 −Δ. Let
l(f) and l(g) be the prime-production length of f(x) and g(x) respectively.

1. Suppose Δ = p2 + 4, where p is an odd integer.
(a) Suppose p is in {1, 3, 5, 7, 13}

(i) If p is 1, then l(f) = 7, otherwise l(f) = (3p − 3)/2.
(ii) If p is 1, then l(g) = 4, and if p = 3, then g(x) is prime for

x ∈ [2, 3], otherwise g(x) is a prime for all integers x ∈ [2, p− 2].
(iii) p is the least prime residue of Δ.

(b) Suppose p is not in {1, 3, 5, 7, 13}
(i) l(f) < p/4.
(ii) There exists an integer k with 1 < k < (p + 2)/4 such that g(k)

is not a prime.
(iii) p is not the least prime residue of Δ.

2. Suppose Δ = p(p + 4), where p > 1 is an odd integer.
(a) Suppose p is in {3, 7, 19}.

(i) l(f) = (3p − 1)/2.
(ii) g(x) is a prime for all integers x ∈ [1, p − 1].

(b) Suppose p is not in {3, 7, 19}.
(i) l(f) < (p + 2)/4.
(ii) There exists an integer k with 1 < k < (p + 2)/4 such that g(k)

is not a prime.
3. Suppose Δ = 4p2 + 1.

(a) Suppose p is in {2, 3, 5, 7, 13}.
(i) f(x) is prime for x in [1, 2p − 2].
(ii) g(x) is -1 or a prime for all integers x ∈ [0, (3p − 3)/2], except

when x = (p − 1)/2 and x = (p + 1)/2.
(iii) p is the least prime residue of Δ.

(b) Suppose p is not in {2, 3, 5, 7, 13}.
(i) There exists an integer k with 1 < k < (p − 1)/2 such that f(k)

is not a prime.
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(ii) There exists an integer k with 1 < k < (p − 1)/2 such that g(k)
is not a prime.

(iii) p is not the least prime residue of Δ.

In the following we consider m in a general case.

Theorem 1.7. Let f(x) = x2 +x−m and m be a prime. Let pj be the largest
prime less than

√
m. If f(x) is a prime or ±1 for each x ∈ [0, (pj − 1)/2],

then f(x) is a prime or ±1 for each x ∈ [0,
√

2m].

Proof. f(x) is a prime or ±1 for each x ∈ [0, (pj − 1)/2] implies that f(x)
is a prime for all integers x ∈ [−(pj + 1)/2, (pj − 1)/2]. For convenience
we consider function |f(x)| instead. |f(x)| reaches local maximum at x =
−1/2 and minimum 0 at x = ±(

√
4m + 1)/2 − 1/2. |f(x)| is increasing in

((−√
4m + 1)/2 − 1/2,−1/2) and (

√
4m + 1)/2 − 1/2,∞), and decreasing in

(−∞, (−√
4m + 1)/2 − 1/2) and (−1/2, (

√
4m + 1)/2 − 1/2).

Now we first prove that for any prime pi ≤ pj , pi|f(x) has no solution. In
fact, we only need to prove that pi|f(x) has no solution for −(pj +1)/2 ≤ x ≤
(pj − 1)/2. f(x) < ((pj − 1)/2)2 + (pj − 1)/2 − m.|f(x)| > 3m/4 > pj > pi.
Since f(x) is a prime or ±1 in this range and f(x) cannot be pi, pi|f(x) has
no solution.

For x ∈ [−(
√

4m + 1)/2−1/2, (
√

4m + 1)/2−1/2], we have |f(x)| ≤ m+1/4.
Therefore within this range, f(x) is a prime or ±1.

Now consider x ∈ [−(
√

m/2+2),
√

m/2+1]. There are more than {√m+1}
integers. |f(

√
m/2 + 1)| = 3m/4 − 3

√
m/2 − 2 ≥ √

m + 1. The inequality
holds when m ≥ 19. Therefore pi|f(x) has no solution for pi <

√
m + 1.

When x is in [0,
√

2m], |f(x)| is less than m +
√

2m < (
√

m + 1)2. Hence
f(x) is either a prime or ±1.

The following theorem provides a conclusion when m is a square of a prime.

Theorem 1.8. Suppose m = p2, where p is a prime, and f(x) is a prime or
±1 for x ∈ [1, (p − 1)/2]. Then f(x) is a prime or ±1 for x ∈ [1,

√
2m].

Proof. Notice that when x = 0, f(0) = p2 is not a prime. However, for each
non-zero x ∈ [−(p + 1)/2, (p − 1)/2], f(x) cannot be divided by pi for pi < p
since f(x) is always a prime and is not pi. Also f(p − 1) = −p and f(p) = p.
For each x between 1 and

√
2m , |f(x)| is less than (p + 1)2. Hence f(x) is

either a prime or ±1 for x ≤ √
2m.

The following examples demonstrate the strength of Theorem 1.6 and Theo-
rem 1.7. Consider the Rabinowitsch-like polynomials f(x) = x2+x−m, where
m is prime or a square of a prime, and let l(m) be the prime-production length
of f . Let pj = 7. Then for m = 53, 59, 61, 67, 71, 79, 83, 89, 97, 101, 103, 107,
and 113, we have l(m) ≤ 3. Let pj = 11. Then for m = 121, 127, 131, 139, 149, 151, 157, 163,
and 167, we have l(m) ≤ 5.
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Corollary 1.9. Suppose m is either a prime or a square of prime not in the
list of Theorem 0.2. Then l(m) <

√
m/2

2. Euler polynomials

Similar results can be obtained for Euler-like polynomials. The following
results were reported in 1982 [16].

Theorem 2.1. Let f(n) = n2 − n + p, where p is a prime and g(n) = 4n2 +
4p − 1.

1. Let pj be the largest prime less than 2
√

p/3. The following four state-
ments are equivalent.
(a) f(n) are primes for all positive n < p.
(b) f(n) ≡ 0 (mod pi) has no solution for pi < p.
(c) f(n) are primes for all positive n ≤ (pj + 1)/2.
(d) f(n) ≡ 0 (mod pi) has no solution for pi ≤ pj.

2. If f(n) are primes for all positive n < p, then 4p − 1 is prime.
3. f(n) are primes for all positive n < p if and only if g(n) are primes for

all positive n < (p − 1)/2.
4. f(n) are primes for all positive n < p if and only if p is the least prime

quadratic residue of 4p − 1.

Let p = 2. Then f(n) = n2 − n + 2 is a prime only if n = 0 or n = 1, but
g(n) = 4n2 +7 = 7, 11, 23, 43, 71, 107, 151, when n=0,1,2,3,4,5,6, are all primes
and g(7) = 203 = 7 × 29. This is because 2 is an even prime and it is similar
to the case in the note of Theorem 1.4. Combining Theorem 2.1 and 0.1, we
can get the following Corollary.

Corollary 2.2. Let Δ = 4p − 1, f(n) = n2 − n + p and g(n) = 4n2 − Δ. Let
l(f) and l(g) be the prime-production length of f(n) and g(n) respectively.

1. Suppose p is in {2, 3, 5, 11, 17, 41}.
(a) l(f) = p − 1
(b) If p = 2, then l(g) = 6, otherwise l(g) = (p − 3)/2.
(c) p is the least prime residue of Δ

2. Suppose p is not in {2, 3, 5, 11, 17, 41}
(a) l(f) <

√
p/3 + 1/2.

(b) l(g) <
√

p/3 + 1/2.
(c) p is not the least prime residue of Δ.

In 1987, the above Corollary (part b) was an IMO competition problem
(problem 6). In 2008, three high school students in China independently found
this result. Their thesis including other results won the golden award of Shing-
Tung Yau High School Math Award [17].

Let pj = 7. After solving the inequality 2
√

p/3 < 11 we get p < 90.75. It
implies that for any p < 90 not in {2, 3, 5, 11, 17, 41}, the prime-production
length of f(n) = n2 − n + p is less than 4.
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3. A conjecture

Finally, the author would like to make the following conjecture:

Conjecture 3.1. Let n be an integer with n ≡ 3 (mod 4). Let x be an integer
between 1 and the biggest integer y such that f(y) = y2 − y + s < n, where
s = (n + 1)/4. Precisely, 1 ≤ x <

√
3n/2 + 1/2. Let S be the set of all factors

of these f(x). Let T be the set of quadratic residues of n. Then n is prime if
and only if S ⊆ T .

The following two examples demonstrate that the conjecture is true for some
cases. First we consider integer 51, and f(x) = x2−x+13 = {13, 15, 19, 25, 33, 43}.
We have S = {3, 5, 7, 11, 13, 19, 25, 33, 43},
T = {1, 4, 9, 13, 15, 16, 18, 19, 21, 25, 30, 33, 34, 36, 42, 43, 49} and S is not in-
cluded in T . Now Consider integer 47, and f(x) = x2−x+12 = {12, 14, 18, 24, 32, 42}.
We have S = {2, 3, 4, 6, 7, 8, 9, 12, 14, 16, 18, 21, 24, 32, 42},
T = {1, 2, 3, 4, 6, 7, 8, 9, 12, 14, 16, 17, 18, 21, 24, 25, 27, 28, 32, 34, 36, 37, 42} and
S ⊂ T .

Note: the conjecture is proved by Professor Carl Pomerance.

Acknowledgment. The author would like to thank Professors Carl Pomer-
ance, Renling Jin and Bo Yuan for their helpful suggestions and comments.
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