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Abstract

Assume that y2 = x3 +8px is an elliptic curve where p is a prime of
the form p = u8+24u4v4+16v8 that is a result of Spearman’s treatment
([3]). Then we consider the rank of this curve.
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1 Introduction

In [3], Spearman treated rank of an elliptic curve y2 = x3 − 2px where p is a
prime such that 2p = (u2 +2v2)4 +(u2−2v2)4 where u and v are some integers.
If we compute (u2 + 2v2)4 + (u2 − 2v2)4 then, it is (u4 + 4u2v2 + 4v4)2 + (u4 −
4u2v2 + 4v4)2 = u8 + 16u4v4 + 16v8 + 8u6v2 + 32u2v6 + 8u4v4 + u8 + 16u4v4 +
16v8− 8u6v2− 32u2v6 + 8u4v4 = 2u8 + 32v8 + 48u4v4 = 2(u8 + 24u4v4 + 16v8).
Namely, p is p = u8 + 24u4v4 + 16v8. And the form what he considered was
y2 = x3 − 2px. Thus the curve E8p : y2 = x3 + 8px is just used for computing
the rank of y2 = x3− 2px. Practically, it is not widely used because the range
of rank of E8p is same to that of E2p. Hence, it doesn’t feel the need seriously
to treat the rank of another elliptic curve. But in this paper, we consider the
rank of this curve y2 = x3 + 8px where p is an odd prime such that p ≡ 1(mod
8) and p = u8 + 24u4v4 + 16v8.

Before calculating the rank, we have to treat several notations which are
in [2].
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Put E as an elliptic curve y2 = x3 + ax2 + bx and suppose that Γ is the
set of rational points on E then, it is a finitely generated abelian group by
Mordell′s theorem. Furthermore, it is isomorphic to Etors(Q) ⊕ Zr. Here,
Etors(Q) denotes a torsion subgroup and r is the Mordell-Weil rank. Assume
that Q× is the set of nonzero rational numbers then, this is a multiplicative
group. And Q×2 is the subgroup of squares of elements of Q×.

Let α be a homomorphism from Γ to Q×/Q×2 that satisfies the following
condition:

α(O) = 1(mod Q×2)
α(0, 0) = b(mod Q×2)
α(x, y) = x(mod Q×2)

In the above, O is infinity point and x 6= 0.
For Γ, we call that N2 = b1M

4 + aM2e2 + b2e
4 is the relating equation and

the coefficients b1, b2 should be b1b2 = b and b1 6≡ 1, b(mod Q×2). Let (M, e,N)
be the solution of above relating equation then it must be M 6= 0 and e 6= 0.
In addition, gcd of (M,N), (b1, e), (b2,M), (N, e), (M, e) is 1 in all cases.

In the next step, we must treat the curve of the form E : y2 = x(x2 −
2ax+ a2 − 4b). Suppose that Γ is the set of rational points on E. Let α be a
homomorphism from Γ to Q×/Q×2 which satisfies the following:

α(O) = 1(mod Q×2)
α(0, 0) = a2 − 4b(mod Q×2)
α(x, y) = x(mod Q×2)

In the above, O is infinity point and x is nonzero.
Now for Γ, let N2 = b1M

4 − 2aM2e2 + b2e
4 be the relating equation and

two numbers b1 and b2 also satisfy that b1b2 = a2− 4b and b1 6≡ 1, a2− 4b(mod
Q×2). Put (M, e,N) as the solution of relating equation for Γ. Then, other
conditions are the same to the case of Γ.

Next, 2r = #α(Γ)#α(Γ)
4

holds where r is the rank of an elliptic curve E.

2 Considering the Rank

Now, we compute the rank of an elliptic curve y2 = x3 + 8px where p is a
prime of the form p ≡ 1(mod 8) and p = u8 + 24u4v4 + 16v8 with integers u
and v and (u, v) = 1 which were induced from Spearman’s result([3]) by the
method in [2]. In the following theorem, we denote rank(E8p(Q)) as the rank
of an elliptic curve E8p : y2 = x3 + 8px.
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Theorem 2.1 Suppose that E8p is an elliptic curve y2 = x3 + 8px which
satisfies that odd prime p is of the form p ≡ 1(mod 8) and p = u8+24u4v4+16v8

with integers u and v and (u, v) = 1 then, we conclude that rank(E8p(Q)) = 3.

Proof. Assume that E8p is an elliptic curve y2 = x3 + 8px which satisfies
that odd prime p is of the form p ≡ 1(mod 8) and p = u8 + 24u4v4 + 16v8 with
integers u, v and (u, v) = 1. Suppose that p = 8k + 1 with integer k then, the
relating equations for Γ are as follows:

1)N2 = M4 + 8(8k + 1)e4,

2)N2 = 2M4 + 4(8k + 1)e4,

3)N2 = 4M4 + 2(8k + 1)e4,

4)N2 = 8M4 + (8k + 1)e4.

The values α(P ) in 1) are α(P ) = 1, 8k + 1(mod Q×2) and these were
defined already in previous section, thus we can omit to check the solvability
of 1) .

Two relating equations 2) and 3) cannot take a solution since reducing these
by 4 leads to 2)0 ≡ N2 ≡ 2M4 ≡ 2(mod 4) and 3)0 ≡ N2 ≡ 2e4 ≡ 2(mod
4) respectively and both right and left hand sides do not match and hence a
contradiction happens.

In case of 4), the right hand side is 8M4 + (u8 + 24u4v4 + 16v8)e4. For
finding the solution of this equation, we need to consider the coefficient of
e4. There are two squares u8 and 16v8 in u8 + 24u4v4 + 16v8 and thus the
condition that emerging the square of polynomial of u and v is given. Next,
we needed to treat the term 24u4v4. It is factored as 2 · 1 · 12u4v4 and hence
there should be emerged the term 144v8. Namely, after replacing some values
into M and e respectively and computing with 8M4, there has to be shown
144v8 as a part of polynomial. Hence, we must treat 8M4 + 16v8e4. Because
M can be an even, here we choose M as 2v2 and also take e = 1 then, we face
that 8 · (2v2)4 + 16v8 = 8 · 16v8 + 16v8 = 144v8. We get the result what we
wanted. In sum, if we substitute 2v2 and 1 into M and e respectively then,
there induced that 144v8 + 24u4v4 + u8. Therefore, the value N is gotten as
u4 +12v4. Accordingly, relating equation 4) takes a solution (2v2, 1, u4 +12v4).

Henceforth, we face that #α(Γ) = 4.
Now from E8p, E8p is the curve y2 = x3 − 32(8k+ 1)x and thus there exist

several relating equations for Γ as follows:

1)N2 = M4 − 32(8k + 1)e4,
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2)N2 = −M4 + 32(8k + 1)e4,

3)N2 = 2M4 − 16(8k + 1)e4,

4)N2 = −2M4 + 16(8k + 1)e4,

5)N2 = 4M4 − 8(8k + 1)e4,

6)N2 = −4M4 + 8(8k + 1)e4,

7)N2 = 8M4 − 4(8k + 1)e4,

8)N2 = −8M4 + 4(8k + 1)e4,

9)N2 = 16M4 − 2(8k + 1)e4,

10)N2 = −16M4 + 2(8k + 1)e4,

11)N2 = 32M4 − (8k + 1)e4,

12)N2 = −32M4 + (8k + 1)e4.

The values α(P ) in relating equation 1) are α(P ) = 1,−32(8k + 1) ≡
1,−2(8k + 1)(mod Q×2). But it were defined already in the previous and so
we need not to investigate the solvability of 1).

After reducing relating equations from 2) to 4) by 4, we get the relations
as 2)1 ≡ N2 ≡ −M4 ≡ 3M4 ≡ 3(mod 4) and 3), 4)0 ≡ N2 ≡ 2M4 ≡ 2(mod
4). Since both left and right hand sides don’t match in these calculations, we
cannot find a solution in these relating equations.

Using 32 in reducing relating equation 5) then, we meet that 0, 4, 16 ≡
N2 ≡ 4M4− 8e4 ≡ 4M4 + 24e4 ≡ 4 + 24 = 28(mod 32). Thereby, we arrive at
a contradiction and so possessing a solution is impossible in this equation.

In relating equation 6), there is a coefficient 8(u8 + 24u4v4 + 16v8) = 8u8 +
192u4v4+128v8 of e4 in right hand side. This is not a form of square of variables
u and v. Thus the important thing is finding the value M . In detail, the form
−4M4 is considerable thing. Since the degree of 8u8 + 192u4v4 + 128v8 is 8
for u and for v, when replacing the polynomial of u and v into M , its degree
should be 2 for both u and v. And in determining the value M , we don’t have
to consider the term u4v4 since the symbol of 192u4v4 is positive and that of
−4M4 is negative and so we can guess that there will be emerged the term u4v4

from computation of −4M4 with 192u4v4 without choosing a term u4v4. Now
coefficients of M4 and e4 are both even in equation 6), thus the value M should
be an odd. In detail, if we guess that the value M will be expressed as a sum
of term of u′s and that of v′s then, the parity of term of u and that of v must
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be different. Namely, if the coefficient of one part is an even then the other one
should be an odd. Here we choose u2 +2v2. Then, replacing u2 +2v2 and 1 into
M and e respectively induces the result −4(u2 +2v2)4 +8(u8 +24u4v4 +16v8) =
−4(u4 +4u2v2 +4v4)2 +8(u8 +24u4v4 +16v8) = −4(u8 +16u4v4 +16v8 +8u6v2 +
32u2v6 +8u4v4)+8(u8 +24u4v4 +16v8) = −4u8−32u6v2−128u2v6−96u4v4−
64v8 + 8u8 + 192u4v4 + 128v8 = 4u8 − 32u6v2 − 128u2v6 + 96u4v4 + 64v8 =
4(u8− 8u6v2− 32u2v6 + 24u4v4 + 16v8) = 4(u4− 4u2v2 + 4v4)2. Consequently,
we conclude that (u2 + 2v2, 1, 2(u4− 4u2v2 + 4v4)) is a solution of equation 6).

Reducing equations from 8) to 11) by 32 and 4 leads to 8)0, 4, 16 ≡ N2 ≡
−8M4 + 4e4 ≡ 24M4 + 4e4 ≡ 24 + 4 = 28(mod 32) and 9)0 ≡ N2 ≡ −2e4 ≡
2e4 ≡ 2(mod 4) and 10)0 ≡ N2 ≡ 2e4 ≡ 2(mod 4) and 11)0 ≡ N2 ≡ −e4 ≡
3e4 ≡ 3(mod 4) respectively. Thereby, we find unmatch result in each case,
thus there cannot exist a solution in these four equations.

Next, relating equation 12) can be rewritten as −32M4 + (u8 + 24u4v4 +
16v8)e4. The terms u8 and 16v8 are squares of u4 and 4v4. Thus, we can
guess that there has to be emerged the term 8u4v4 or −8u4v4 because of the
multiplication ±2 · u4 · 4v4 from u4 and 4v4 in the above. Now if we substitute
uv and 1 into M and e respectively then, −32u4v4 + (u8 + 24u4v4 + 16v8) is
induced. And it is u8 − 8u4v4 + 16v8 = (u4 − 4v4)2, hence (uv, 1, u4 − 4v4) is
a solution of 12).

Finally, since relating equations 6) and 12) has a solution we face that
α(P )6) · α(P )12) = −4 · (−32) ≡ 8 ≡ 2 ∈ α(Γ)(mod Q×2)(α(P )6) denotes
the value α(P ) of relating equation 6) and α(P )12) denotes the value α(P )
of relating equation 12) respectively) and this value α(P ) = 2 in Q×/Q×2 is
that of relating equation 7)N2 = 8M4− 4(8k+ 1)e4(−4(8k+ 1) can be shown
similarly), thus 7) takes a solution.

Henceforth, we say that #α(Γ) = 8 and from 2r = 4·8
4

= 8, we conclude
that rank(E8p(Q)) = 3.

In [2], Spearman suggested the solution of equation 4)N2 = 8M4+(8k+1)e4

for Γ as (u2, 1, 3u4 +4v4), but I computed it as (2v2, 1, u4 +12v4). The number
of solution of relating equation is not related to the value #α(Γ). Even though
there exist many solutions, the value #α(Γ) is not changed. This can also be
applied to case of relating equation for Γ.

3 Examples

Here, we suggest examples of elliptic curve y2 = x3 +8px which was considered
in theorem 2.1. In [3], Spearman suggested examples only 2p and not integers
u, v. Those numbers 2p and prime p are as follows([3]):
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2p p
82 41

8962 4481
17042 8521
83522 41761
213842 106921
811282 405641
2109442 1054721
3421202 1710601

The corresponding integers u and v to above results are the followings:

(u, v)
(1, 1)
(1, 2)
(3, 1)
(3, 2)
(1, 3)
(5, 1)
(1, 4)
(5, 3)

Here I add more examples. The followings are prime p and integers u,
v(The primality is checked in [1]):

p (u, v)
5822441 (7, 1)
6690881 (7, 2)
45570241 (9, 2)
826702241 (13, 2)
992258081 (13, 4)
2564105641 (15, 1)
7007833601 (17, 2)
17033610401 (19, 2)
39018799201 (21, 4)
282633613921 (27, 2)
504592996001 (29, 4)
852913201961 (31, 1)

16815223805641 (45, 1)
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