
International Journal of Algebra, Vol. 10, 2016, no. 6, 265 - 282

HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ija.2016.6325

On the Homogenous Ideal of General Points in P5

Ben Obiero

Department of Pure and Applied Mathematics

Technical University of Kenya, Kenya

Damian Maingi

School of Mathematics

University of Nairobi, Kenya

Copyright c© 2016 Ben Obiero and Damian Maingi. This article is distributed under

the Creative Commons Attribution License, which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.

Abstract

In this paper, we show that the map,

H0
(
P5,ΩP5(d + 1)

)
−→

s⊕
i=1

ΩP5(d + 1)|Pi ,

is of maximal rank using the method of Horace. This implies that the

number of generators of degree d+1 of IS , the ideal of {P1, · · · , Ps} ⊂ P5

is
∣∣h0(P5,ΩP5(d + 1))− 5s

∣∣. That is, the betti numbers a0 and b0 of the

minimal free resolution of IS satisfy a0b0 = 0.

Keywords: maximal rank, minimal free resolution, method of Horace

1 Introduction

Given a set of s points in Pn, the Hilbert Syzygy theorem asserts that the

ideal defined by these points has a resolution of the form 0 −→ Fp −→
· · · −→ F0 −→ IX −→ 0 where p ≤ n − 1. If the points under considera-

tion are in general position, then the minimal resolution conjecture gives the
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prescribed form that this minimal free resolution assumes. More Precisely, let

X = {P1, . . . , Ps} ⊆ Pn, with s ≥ n+ 1, be points in general position, and

S be the sub-scheme supported at these points. Then the homogeneous ideal

of this sub-scheme, IS ⊂ R = k[x0, . . . , xn], where k is an algebraically closed

field and R the homogeneous polynomial ring of Pn, has the following expected

form;

0 −→ Fn−1 · · · −→ Fp · · · −→ F0 −→ IS −→ 0,

where Fp = R(−d − p)ap−1
⊕

R(−d − p − 1)bp , d being the smallest integer

satisfying s ≤ h0(Pn,OPn(d)) with s in the dth binomial interval. The non-

negative integers ap and bp are the graded betti numbers, and they satisfy;

ap = max
{

0, h0
(
Pn,Ωp+1

Pn (d+ p+ 1)
)
− rk

(
Ωp+1

Pn (d+ p+ 1)
)
s
}
,

and

bp = max
{

0, rk
(
Ωp+1

Pn (d+ p+ 1)
)
s− h0

(
Pn,Ωp+1

Pn (d+ p+ 1)
)}
.

It has been shown in [11] that the problem of existence of the minimal free

resolution of the form above can be reduced to proving that the evaluation

map below is of maximal rank for all 0 ≤ p ≤ n− 2.

H0(Pn,Ωp+1
Pn (d+ p+ 1)) −→

s⊕
i=1

Ωp+1
Pn (d+ p+ 1)|Pi

. (1.1)

The minimal resolution conjecture has been proved for P2 (see [8],[9]), for P3

(see [1],[2]), for P4, (see [13], [14], [15]) and also for Pn whenever the points

in consideration s satisfy n + 1 ≤ s ≤ n + 4, or s =
(
n+2

2

)
− n (see [6] and

[10]). The conjecture is also known to hold in general whenever the number

of points s, is sufficiently large compared to the dimension of the projective

space, that is, s >>> n. It is shown in [7] however that the minimal resolution

conjecture does not hold in general for Pn, where n ≥ 6, with n 6= 9. For n = 9,

computational work which has been presented in [4] shows that there are no

counterexamples for 50 or fewer points.

The expected form of the minimal free resolution for sufficiently many points
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in general position in P5 is;

R(−d− 3)b2 R(−d− 2)b1 R(−d− 1)b0⊕
−−−→

⊕
−−−→

⊕
−−−→ IS −−−→ 0

R(−d− 2)a1 R(−d− 1)a0 R(−d)(
d+5
5 )−sx

R(−d− 4)b3 R(−d− 5)s−(d+4
5 )⊕

←−−−
⊕

←−−− 0

R(−d− 3)a2 R(−d− 4)a3

.

In this paper, we show that the betti numbers a0 and b0 cannot both be

non-zero by showing that the evaluation map 1.1 is of maximal rank for the

case when p = 0. We do so inductively using the method Horace. By proving

maximal rank for this case, we shall have shown that the ideal IS of s general

points in P5 has
∣∣h0(P5,ΩP5(d+1))− 5s

∣∣ generators of degree d+ 1.

This paper is organized as follows; in section 2, we describe the method

of Horace and put it in the context of the minimal resolution conjecture for

P5. We then give the variants of the method of Horace used in the inductive

hypotheses. In section 3, we use these variant methods to prove our case of

the maximal rank for P5.

2 The Method of Horace.

The method of Horace was introduced by A. Hirschowitz in a letter to R.

Hartshorne in 1984 (which was never published). Hirschowitz in his letter

showed maximal rank for the case of 28 points in P3, that is, the map below

is of maximal rank.

H0
(
P3,ΩP3(5)

)
−→

28⊕
i=1

ΩP(5)|Pi
.

The method has since been used by different authors in different areas. To men-

tion but a few, Maingi [14] used it in proving the minimal resolution conjecture

for points in general position in P4, Ida [12] used it in studying the minimal

resolution conjecture for a general set X of points on a smooth quadric in P3,

Ballico and Fontanari [3] used it in error correcting codes among others.

The version of the method of Horace we apply in our work makes use of

elementary transformation of vector bundles. We now present the inductive
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statements of this method as presented in [11] before putting them into the

context of our problem.

2.1 General hypotheses for maximal rank.

Suppose X is a smooth projective variety and X ′ a non-singular divisor of X.

Let F be a locally free sheaf on X and

0 −→ F ′′ −→ F|X′ −→ F ′ −→ 0

be an exact sequence of locally free sheaves on X ′. The kernel E of F −→ F ′
is a locally free sheaf on X and we have another exact sequence of locally free

sheaves on X ′

0 −→ F ′(−X ′) −→ E|X′ −→ F ′′ −→ 0,

and as well exact sequences of coherent sheaves on X

0 −→ E −→ F −→ F ′ −→ 0

and

0 −→ F(−X) −→ E −→ F ′′ −→ 0.

We then have the following hypotheses.

Hypothesis 2.1.1 (R(F ,F ′, y; a, b, c)). Let y, a, b and c be non-negative in-

tegers. The statement R(F ,F ′, y; a, b, c) asserts that there exists a points,

U1, · · · , Ua ∈ X and b points, V1, · · · , Vb ∈ X ′ such that for the quotients

F ′Ui
−→ Ai −→ 0,

FVi −→ Bi −→ 0

there exists the points W1, · · · ,Wc such that for the quotients

FWi
−→ Ci −→ 0

with the kernel in ker(FWi
−→ F ′Wi

) then for a non-negative integer z, there

exists y points, Y1, · · · , Yy in X and z points Z1, · · · , Zz in X ′ such that the

map below is bijective.

H0(X,F) −→ ⊕ai=1Ai ⊕⊕bi=1Bi ⊕⊕ci=1Ci ⊕⊕
y
i=1F ′Yi ⊕⊕

z
i=1FZi

.
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Hypothesis 2.1.2 (RD(F ,F ′, y; a, b, c)). Let y, a, b and c be non-negative

integers. The statement RD(F ,F ′, y; a, b, c) asserts that there exists a points,

U1, · · · , Ua ∈ X and b points, V1, · · · , V b in X ′ such that for the quotients

F ′Ui
−→ Ai −→ 0,

FVi −→ Bi −→ 0,

there exists the points W1, · · · ,Wc such that for the quotients

γ(Y ) : FWi
−→ Ci(Y ) −→ 0

with the kernel in ker(FWi
−→ F ′Wi

) then for a non-negative integer z, there

exists y points, Y1, · · · , Yy in X and z points Z1, · · · , Zz in X ′ such that the

map below is bijective.

H0(X,F) −→ ⊕ai=1Ai ⊕⊕bi=1Bi ⊕⊕ci=1Ci(Y1, · · · , Yy)⊕⊕yi=1F ′Yi ⊕⊕
z
i=1FZi

.

Hypothesis 2.1.3 (RD(E ,F ′′, y′; a,′ , b,′ , c′)). Let y′, a′, b′ and c′ be non-negative

integers. The statement RD(E ,F ′′, y′; a′, b′, c′) asserts that there exists a′

points, U1, · · · , U ′a ∈ X and b′ points, V 1, · · · , V ′b in X ′ such that for the

quotients

F ′′Ui
−→ Ai −→ 0,

EVi −→ Bi −→ 0

there exists the points W1, · · · ,W ′
c such that for the quotients

γ(Y ) : EWi
−→ Ci(Y ) −→ 0

with the kernel in ker(EWi
−→ F ′′Wi

) then for a non-negative integer z′, there

exists y′ points, Y1, · · · , Y ′y in X and z′ points Z1, · · · , Z ′z in X ′ such that the

map below is bijective.

H0(X,F) −→ ⊕a′i=1Ai ⊕⊕b
′

i=1Bi ⊕⊕c
′

i=1Ci(Y1, · · · , Yy)⊕⊕y
′

i=1F ′′Yi ⊕⊕
z′

i=1EZi
.

Remark 2.1.4. Hypothesis 2.1.2 is the same hypothesis 2.1.1, except that for

hypothesis 2.1.2, the quotient depends on Y, while for hypothesis 2.1.1, there

is no quotient dependency.
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2.2 Statements for maximal rank hypothesis for P5.

To put the method of Horace into context let X = P5, X ′ = P4, F = ΩP5 F ′ =
ΩP4 , F ′′ = OP4(1), and E = OP5(2)⊕5. Consider the short exact sequence

0 OP4(1) ΩP5|P4(2) ΩP4(2) 0.

There exists an elementary transformation of vector bundles on P5 along the

divisor P4 consisting of the following diagram of exact sequences after twisting

by d− 1;

0 0

ΩP5(d) ΩP5(d)

0 OP5(d− 1)⊕5 ΩP5(d+ 1) ΩP4(d+ 1) 0

0 OP4(d) ΩP5|P4(d+ 1) ΩP4(d+ 1) 0

0 0

From the display diagram above, we consider the sequences;

0 OP5(d− 1)⊕5 ΩP5(d+ 1) ΩP4(d+ 1) 0

and

0 ΩP5(d) OP5(d− 1)⊕5 OP4(d) 0.

We will apply the variants of the method of Horace to these sequences. We

will also prove the following statements;

Hypothesis 2.2.1 (H ′Ω,5(d+ 1; a, b, c)). The hypothesis H ′Ω,5(d+ 1; a, b, c) as-

serts that there exist A1 · · ·Aa ∈ P5 and B1 · · ·Bb ∈ P4 and a quotient Γ|C of

dimension 1, 2 or 3 if c = 1 of a point C ∈ P4, such that the map below is

bijective.

H0(P5,ΩP5(d+ 1)) −→
a⊕
i=1

ΩP5(d+ 1)|Ai
⊕

b⊕
j=1

ΩP4(d+ 1)|Bj
⊕ Γ|C .
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Hypothesis 2.2.2 (H ′O,5(d − 1; e, f, g).). Let Γ : (P4)f −→ Gr(1,ΩP4|G) ⊆
Gr(2,O⊕5

P5 |G) or

Γ : (P4)f −→ Gr(2,ΩP4(d)|G) ⊆ Gr(3,OP5(d− 1)⊕5|G) or

Γ : (P4)f −→ Gr(3,ΩP4(d)|G) ⊆ Gr(4,OP5(d−2)⊕5|G). The hypothesis H ′O,5(d−
1; e, f, g) asserts that if g = 1, then there exist E1, · · · , Ee ∈ P5 and F1, · · · , Ff ∈
P4 such that the map below is bijective.

H0(P5,OP5(d− 1)⊕5) −→
e⊕
i=1

OP5(d− 1)⊕5|Ei
⊕

f⊕
j=1

OP4(d)|Fj
⊕ Γ(F )|G.

Hypothesis 2.2.3 (H ′′O,5(d − 1; e, f, g).). Let Γ : (P4)f −→ Gr(1,ΩP4|G) ⊆
Gr(2,O⊕5

P5 |G) or

Γ : (P4)f −→ Gr(2,ΩP4(d)|G) ⊆ Gr(3,OP5(d− 1)⊕5|G) or

Γ : (P4)f −→ Gr(3,ΩP4(d)|G) ⊆ Gr(4,OP5(d−2)⊕5|G). The hypothesis H ′O,5(d−
1; e, f, g) asserts that if g = 1, then there exist E1, · · · , Ee ∈ P5 and F1, · · · , Ff ∈
P4 such that the map below is bijective.

H0(P5,OP5(d− 1)⊕5) −→
e⊕
i=1

OP5(d− 1)⊕5|Ei
⊕

f⊕
j=1

OP4(d)|Fj
⊕ Γ|G.

The last statement is similar to the second, except that in the second

statement, the quotient depends on F, while in the third the quotient does not

depend on F.

Lemma 2.2.4. a) If H ′Ω,5(d+ 1; a, b, c) is true, then we have the following;

4b+ θc ≤h0(P4,ΩP4(d+ 1)),

4b+ θc ≡h0(P5,ΩP5(d+ 1))(mod 5),

a =
1

5
h0(P5,ΩP5(d+ 1)− 4b− θc,

where θ ∈ {1, 2, 3} represents the dimension of the quotient.

b) The a defined above is non negative.
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Proof. Consider the diagram of the exact sequences below;

0 0

H0(P4,ΩP4(d+ 1))
⊕b

j=1 ΩP4(d+ 1)|Bj
⊕ Γ|C

H0(P5,ΩP5(d+ 1))
⊕a

i=1 ΩP5(d+ 1)|Ai
⊕
⊕b

j=1 ΩP4(d+ 1)|Bj
⊕ Γ|C

H0(P5,OP5(d− 1)⊕5)
⊕a

i=1OP5(d− 1)⊕5|Ai

0 0

ρ

α2

µ

β2

α1

τ

β1

Since α2 and β2 are surjective, and by bijectivity of µ, we have that ρ is

surjective. Consequently 4b+ θc ≤ h0(ΩP4(d+ 1)).

Also by bijectivity of µ, we have that,

h0(P5,ΩP5(d+ 1)) = 5a+ 4b+ θc. (2.1)

Rearranging equation 2.1, we have,

h0(P5,ΩP5(d+ 1))− (4b+ θc) = 5a, (2.2)

which is equivalent to saying that 4b + θc ≡ h0(P5,ΩP5(d + 1))(mod 5). Also

by multiplying both sides of equation 2.2 by 1
5
, we have a = 1

5
(h0(P5,ΩP5(d +

1))− (4b+ θc)).

We finaly show that a ≥ 0. Since a = 1
5
(h0(P5,ΩP5(d + 1) − (4b + θc)) and

4b+ θc ≤ h0(P4,ΩP4(d+ 1)), we have that,

a =
1

5
(h0(P5,ΩP5(d+ 1))− 4b− θc),

≥ 1

5
(h0(P5,ΩP5(d+ 1))− h0(P4,ΩP4(d+ 1))),

≥ 0.

Lemma 2.2.5. a) If H ′O,5(d− 1; e, f, g) is true, then we have the following;

f + φg ≤h0(P4,OP4(d)) and 5e+ (φ− 1)g ≥ h0(P5,ΩP5(d)),

f + φg ≡0(mod 5),

e =
1

5
h0(P5,OP5(d− 1)⊕5)− f − φg,
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where φ ∈ {0, 2, 3, 4} represents the dimension of the quotient.

b) the e defined above is non-negative.

Proof. Consider the sequences below,

0 0

H0(P4,OP4(d))
⊕f

j=1OP4(d)|Fj
⊕OP4(d)|G

H0(P5,OP5(d− 1)⊕5)
⊕e

i=1OP5(d− 1)⊕5|Ei
⊕
⊕f

j=1OP4(d+ 1)|Fj
⊕ Γ|G

H0(P5,ΩP5(d))
⊕e

i=1 ΩP5(d)|Ei
⊕ Γ′|G

0 0

ρ̄

ᾱ2

τ

β̄2

ᾱ1

µ̄

β̄1

with ᾱ2 and β̄2 surjective, ᾱ1 and β̄1 injective, and OP4(d)|G⊕ Γ′|G ∼= Γ|G. By

bijectivity of τ , ρ̄ is surjective, hence e + f ≤ h0(P4,OP4(d)). The conclusion

that 5e + (φ − 1)g ≥ h0(P5,ΩP5(d)) follows from injectivity of µ̄ and the fact

that OP4(d)|G ⊕ Γ′|G ∼= Γ|G.

Also

h0(P5,OP5(d− 1)⊕5) = 5e+ f + φg,

i.e h0(P5,OP5(d− 1)⊕5)− (f + φg) = 5e

⇒ h0(P5,OP5(d− 1)⊕5) ≡ (f + φg)(mod 5).

Since τ is bijective, we have that;

h0(P5,OP5(d− 1)⊕5) = 5e+ f + φg,

h0(P5,OP5(d− 1)⊕5)− f − φg = 5e,

1

5
(h0(P5,OP5(d− 1)⊕5)− f − φg) = e.

Finally, using the fact that e = 1
5
(P5, h0(OP5(d− 1)⊕5)− f − φg) and e+ φg ≤

h0(P4,OP4(d)), we proceed as follows to show that e is non-negative.

e =
1

5
(h0(P5,OP5(d− 1)⊕5)− f − φg),

≥ 1

5
(h0(P5,OP5(d− 1)⊕5)− h0(P4,OP4(d))),

≥ 0.
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since h0(P5,OP5(d− 1)⊕5) ≥ h0(P4,OP4(d)).

We now present the variants of the method of Horace used in proving the

maximal rank hypothesis in our case.

Lemma 2.2.6 (The ”Simple” method of Horace). Suppose we have a bijective

morphism of vector spaces µ : H0(X ′,F ′) −→ L and that we have

H1(X, E) = 0. Let µ : H0(X,F) −→ L be a morphism of vector spaces. Then

for H0(X,F) −→M⊕L to be of maximal rank it suffices that H0(X, E) −→M

is of maximal rank.

Proof. See [14] lemma 2.9.

Lemma 2.2.7 (Differential method of Horace.). Suppose we are given a sur-

jective morphism of vector spaces,

λ : H0
(
Pn−1,ΩPn−1(d+ 1)

)
−→ L,

and suppose that there exists a point Z ′ ∈ Pn−1 such that

H0
(
Pn−1,ΩPn−1(d+ 1)

)
↪→ L⊕ ΩPn−1(d+ 1),

and suppose that H1 (Pn,OPn(d− 1)⊕n) = 0. Then there exist a quotient OPn(d−
1)⊕n|Z′ → D(λ) with a kernel contained in ΩPn−1(d)|Z′ of dimension dim(D(λ)) =

rk (ΩPn(d+ 1))−dim(kerλ) having the following property. Let µ : H0 (Pn,ΩPn(d+ 1)) −→
M be a morphism of vector spaces, then there exist Z ∈ Pn−1 such that if

H0 (Pn,OPn(d− 1)⊕n)→M ⊕D(λ) is of maximal rank then

H0 (Pn,ΩPn(d+ 1)) −→M ⊕ L⊕ ΩPn(d+ 1)|Z is also of maximal rank.

Proof. See [14] lemma 2.10.

Lemma 2.2.8 (Vectorial method 1.). Suppose d, a, b and c satisfy the condi-

tions of lemma 2.2.4. Write h0(P4,ΩP4(d + 1)) − 4b − θc = 4f + φg, where

f, g and φ are non negative integers, 0 ≤ g ≤ 1, and φ ∈ {0, 2, 3, 4} . Set

e = a− f − g. If a ≥ 0 and f + g ≤ h0(P4,OP4(d)), then H ′O,5(d− 1; e, f, g)⇒
H ′Ω,5(d+ 1; a, b, c).

Proof. See [14]

Lemma 2.2.9 (Vectorial method 2.). Suppose d, e, f and g satisfy the con-

ditions in lemma 2.2.5. Write h0(P4,OP4(d)) − f − g = b where b ≥ 0. Set

a = e− b, c = g, θ = φ− 1. If a ≥ 0, and 4b+ φc ≤ h0(P4,ΩP4(d)), then

H ′Ω,5(d; a, b, c)⇒ H ′O,5(d− 1; e, f, g).
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Proof. See [14]

Lemma 2.2.10 (Plane divisorial Method.). Suppose d, e, f, g are non-

negative integers satisfying the conditions in 2.2.5.

Set e′ = e− h0(P4,OP4(d− 1)). If e′ ≥ 0 and f + g ≤ h0(P4,OP4(d− 1)), then

H ′O,5(d− 2; e′, f, g)⇒ H ′O,5(d− 1; e, f, g).

Proof. See [14]

Remark 2.2.11. The lemma above can be used when lemma 2.2.9 fails.

Lemma 2.2.12 (Hypercritical method of Horace (1).). Consider H ′O,5(d −
1; s1, s2, 0), where d ≥ 1, s1 and s2 are non-negative integers satisfying

5s1 + s2 = h0(P5,OP5(d− 1)) and s2 ≤ h0(P4,OP 4(d)). Suppose that the map

H0(P4,ΩP4(d))→ H0(P4,ΩP4(d)|S1) is injective and that the map

H0(P5,OP5(d − 1)⊕5) → H0(P5,OP5(d − 1)⊕5|S1) is surjective with a general

S1 ⊂ P5, then the hypothesis H ′O,5(d− 1; s1, s2, 0) is true.

Proof. See [14] lemma 2.11

Lemma 2.2.13 (Hypercritical method of Horace (2).). Consider H ′O,5(d −
1; s1, s2, 1), where d ≥ 1, s1 and s2 are non-negative integers satisfying

5s1 + s2 + θ = h0(P5,OP5(d − 1)) and s2 + θ ≤ h0(P4,OP 4(d)). Suppose that

the map

H0(P4,ΩP4(d))→ H0(P4,ΩP4(d)|S1) is injective and that the map

H0(P5,OP5(d − 1)⊕5) → H0(P5,OP5(d − 1)⊕5|S1) is surjective with a general

S1 ⊂ P5, then the hypothesis H ′O,5(d− 1; s1, s2, 1) is true.

Proof. Consider the short exact sequence below.

0 H0(P5,ΩP5(d)) H0(P5,OP5(d− 2)⊕5) H0(P4,OP4(d)) 0.
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Taking global sections, we can construct the diagram below.

0

kerφ H0(P4,OP4(d))

0 H0(P5,ΩP5(d)) H0(P5,OP5(d− 1)⊕5) H0(P4,OP4(d)) 0

H0(P5,ΩP5(d)|S1) H0(P5,OP5(d− 1)⊕5|S1)

0

φ

The map Kerφ −→ H0(P4,OP4(d)) is injective. Let V ⊆ H0(P4,OP4(d)) be the

image of this map. By hypothesis HO,5(d−1; s1, s2, 1), dimV = s2 +(θ−1). It

then follows from the diagram below that the map α : V −→ H0(P4,OP4(d)|S2)

is bijective.

kerφ V

H0(P4,OP4(d)|S2) H0(P4,OP4(d)|S2)

Consequently, H0(P5,OP5(d−1)⊕5) −→
⊕s1

i=1OP5(d−1)⊕5|Pi
⊕
⊕s2

j=1OP4(d)|Qj
⊕

Γ|G is bijective and HO,5(d− 1; s1, s2, 1) is true.

3 Main results

In this section, we prove H ′Ω,5(d+ 1; a, b, c) for all d ≥ 2. We begin by showing

that the only cases of H ′Ω,5(d + 1; a, b, c) that we need to prove occur for 2 ≤
d ≤ 5, and that the cases arising from d ≥ 6 can be reduced to any of the cases

arising from 2 ≤ d ≤ 5. We call the cases of H ′Ω,5(d + 1; a, b, c) arising from

2 ≤ d ≤ 5 the initial cases. We will prove these initial cases. Throughout this

section, we will adopt the following notation.

Notation 3.0.14. 1. HΩ,5(d+ 1) asserts that H ′Ω,5(d+ 1, a, b, c) is true for

all non negative integers a, b and c satisfying the conditions of lemma

2.2.4.
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2. HO,5(d − 1) asserts that H ′O,5(d − 1, e, f, g) is true for all non negative

integers e, f and g satisfying the conditions of lemma 2.2.5.

Theorem 3.0.15. a) For d ≥ 2, HO,5(d− 1) imply HΩ,5(d+ 1).

b) For d ≥ 5, HΩ,5(d) and HO,5(d− 2) imply HO,5(d− 1).

Proof. a) We first note that by lemma 2.2.8, HO,5(d− 1)⇒ HΩ,5(d + 1) pro-

vided that e ≥ 0 whenever a ≥ 0 and f + g ≤ h0(P4,OP4(d)). We thus have

that;

e = a− f − g

=
1

5

(
h0(P5,ΩP5(d+ 1)− 4b− φc

)
− f − g

≥ 1

5

(
h0(P5,ΩP5)(d+ 1)−

(
h0(P4,ΩP4)(d+ 1)− 4f − φg

))
− f − g

≥ 1

5

(
h0(P5,OP5(d− 1)⊕5) + 4f + 4g

)
− f − g

= h0(P5,OP5(d− 1))− 1

5
h0(P4,OP4(d)) ≥ 0 for d ≥ 2

b) To prove this, we first observe that lemma 2.2.9 fails when 5
24

(d + 3)(d +

2)(d + 1) > f + ε
4
g, where ε ∈ {1, 2, 3, 4} is the dimension of the quotient.

For if in lemma 2.2.9 h0(P4,ΩP4(d)) ≥ 4b̄+ θc̄. Then;

h0(P4,ΩP4(d)) ≥ 4b̄+ θc̄,

h0(P4,ΩP4(d)) ≥ 4 h0(P4,OP4(d))− 4f − εg,
4 h0(P4,OP4(d))− h0(P4,ΩP4(d)) ≤ 4f + εg,

4

(
d+ 4

4

)
− (d− 1)

(
d+ 3

d

)
≤ 4f + εg,

5

6
(d+ 3)(d+ 2)(d+ 1) ≤ 4f + εg,

5

24
(d+ 3)(d+ 2)(d+ 1) ≤ f +

ε

4
g.

Thus lemma 2.2.9 will apply as long as 5
24

(d+ 3)(d+ 2)(d+ 1) ≤ f + ε
4
g.

Without loss of generality, we can take ε = 4. We then have that,

f + g ≤ 5

24
(d+ 3)(d+ 2)(d+ 1),

≤ 1

24
(d+ 3)(d+ 2)(d+ 1)d which is true always when d > 5.
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Remark 3.0.16. The theorem above tells us that in order to verify HΩ,5(d+1)

for all d > 1, it suffices to show that HΩ,5(d+ 1) is true for 2 ≤ d ≤ 5.

Theorem 3.0.17. 1. Hypothesis HΩ,5(d+ 1) is true for d ≥ 2.

2. Hypothesis HO,5(d− 1) is true for d ≥ 1.

Proof. The proof of this theorem follows from theorem 3.0.15, together with

lemma 3.0.18 and lemma 3.0.19.

Lemma 3.0.18. a) HΩ,5(d + 1) is true for d = 2, and this follows from the

following cases;

1) H ′Ω,5(3; 6, 10, 0),

2) H ′Ω,5(3; 7, 8, 13),

3) H ′Ω,5(3; 8, 7, 12),

4) H ′Ω,5(3; 9, 6, 11),

5) H ′Ω,5(3; 10, 5, 0),

6) H ′Ω,5(3; 11, 3, 13),

7) H ′Ω,5(3; 12, 2, 12), and

8) H ′Ω,5(3; 13, 1, 11).

Here, we write H ′Ω,5(3; a, b, 1α) when the dimension of the quotient is α.

b) HO,5(d+ 1) is true for d = 2, and this follows from the following cases;

1) H ′O,5(1; 6, 0, 0),

2) H ′O,5(1; 5, 1, 14),

3) H ′O,5(1; 5, 2, 13),

4) H ′O,5(1; 5, 3, 12),

5) H ′O,5(1; 5, 5, 0),

6) H ′O,5(1; 4, 6, 14),

7) H ′O,5(1; 4, 7, 13), and

8) H ′O,5(1; 4, 8, 12),

Here, we write H ′O,5(1; e, f, 1α) when the dimension of the quotient is α.

Proof. Lemma 2.2.8 applied to the cases in a) yield;

1) H ′O,5(1; 6, 0, 0) =⇒ H ′Ω,5(3; 6, 10, 0),

2) H ′O,5(1; 5, 1, 14) =⇒ H ′Ω,5(3; 7, 8, 13),

3) H ′O,5(1; 5, 2, 13) =⇒ H ′Ω,5(3; 8, 7, 12),

4) H ′O,5(1; 5, 3, 12) =⇒ H ′Ω,5(3; 9, 6, 11),

5) H ′O,5(1; 5, 5, 0) =⇒ H ′Ω,5(3; 10, 5, 0),

6) H ′O,5(1; 4, 6, 14) =⇒ H ′Ω,5(3; 11, 3, 13),

7) H ′O,5(1; 4, 7, 13) =⇒ H ′Ω,5(3; 12, 2, 12),

8) H ′O,5(1; 4, 8, 12) =⇒ H ′Ω,5(3; 13, 1, 11),
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Therefore, the proof of a) follows from the proof of b).

1) For H ′O,5(1; 6, 0, 0), we apply lemma 2.2.10, with e = 6, f = 0 g = 0 and

e′ = 5. This yields

H ′O,5(0; 1, 0, 0) ⇒ H ′O,5(1; 6, 0, 0). But the map H0(P5,O⊕5
P5 ) −→ OP5 is bi-

jective, since it is the evaluation of constants at a point. This shows that

H ′O,5(0; 1, 0, 0) is true and so is H ′O,5(1; 6, 0, 0).

2) To prove thatH ′5,O(1; 5, 1, 14) is true, we consider the points P1, P2, P3, P4, P5 ∈
P5 and

P6, P7 ∈ P4. Lemma 2.2.10 allows us to choose a hyperplane disjoint from

P6, P7 and specialize the points P1, P2, P3, P4, P5 to this hyperplane.

This yields H ′5,O(0; 0, 1, 14), which we now need to prove to be true. To do

this we construct the diagram below;

0 kerγ|P7 H0(P5,O⊕5
P5 ) OP4(1)|P7 ⊕ Γ′|P7 0

0 OP4(1)|P6 OP4(1)|P6 ⊕ Γ|P7 OP4(1)|P7 ⊕ Γ′|P7 0

ρ

γ

π

where Γ|P7
∼= OP4(1)|P7 ⊕ Γ′|P7 . We thus have that ρ is bijective, and so is

π by lemma 2.2.7. This proves that H ′O,5(0; 0, 1, 14) is true.

3) For H ′O,5(1; 5, 3, 12), we apply lemma 2.2.10 and follow the argument similar

to that in iii).

4) H ′O,5(1; 5, 2, 13) is also true by lemma 2.2.10.

5) ForH ′5,O(1; 5, 5, 0) we apply lemma 2.2.10 from which we realize thatH ′O,5(0; 0, 5, 0)⇒
H ′5,O(1; 5, 5, 0). To prove H ′O,5(0; 0, 5, 0), we recall that having spacialize 5

of the points to some hyperplane we have, up-to re-indexing, P1, P2, · · ·P5

points in P4. We then consider the following short exact sequence;

0 ΩP5(1) O⊕5
P5 OP4(1) 0

from which we get the following evaluation maps;

H0(P5,O⊕5
P5 ) H0(P4,OP4(1))

⊕5
i=1O

⊕n
P5 |Pi

⊕5
i=1O

⊕n
P5 |Pi

ϕ

ψ ρ
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It then follows that the map ψ is a composition of two bijective maps ρ and

ϕ, and hence a bijection.

6) To prove thatH ′5,O(1; 4, 6, 14) is true, we consider the four points P1, P2, P3, P4 ∈
P5 and the other seven points P5, P6, P7, P8, P9, P10, Q ∈ P4. We then

choose a hyperplane H ⊂ P4 disjoint from P6, P7, P8, P9, P10 and special-

ize the points P1, P2, P3, P4 to this hyperplane. We can then construct

the following diagram;

0 0

H0(H,OH(1)⊕5)
⊕4

i=1OH(1)|Pi
⊕OH(1)|P10 ⊕OH(1)|Q

H0(P5,OP5(1)⊕5)
⊕4

i=1OP5(1)⊕5|Pi
⊕
⊕10

1=5OP4(1)|Pi
⊕ Γ′|Q

H0(P5,O⊕5
P5 )

⊕10
i=6OP4 |Pi

0 0

α

β

γ

which gives H ′O,5(1; 4, 6, 14) ⇒ H ′O,5(0; 0, 5, 0). Since H ′O,5(0; 0, 5, 0) has al-

ready been proved to be true, we have that H ′O,5(1; 4, 6, 14) is also true.

7) H ′5,O(1; 4, 7, 13) is true by lemma 2.2.13 with s=4, s2 = 7 and θ = 3.

8) H ′5,O(1; 4, 8, 12) is also true by lemma 2.2.13 with s=4, s2 = 8 and θ = 2.

Lemma 3.0.19. The following initial cases arise for 3 ≤ d ≤ 5 ;

i. H ′O,5(2; 17, 20, 0),

ii. H ′O,5(2; 18, 15, 0),

iii. H ′O,5(2; 19, 10, 0),

iv. H ′O,5(3; 48, 40, 0),

v. H ′O,5(3; 49, 35, 0),

vi. H ′O,5(3; 50, 30, 0),

vii. H ′O,5(4; 113, 65, 0),

viii. H ′O,5(4; 114, 60, 0),

ix. H ′O,5(2; 16, 23, 12),

x. H ′O,5(2; 16, 11, 13),

xi. H ′O,5(2; 16, 21, 14),

xii. H ′O,5(2; 17, 18, 12),

xiii. H ′O,5(2; 17, 17, 13),

xiv. H ′O,5(2; 17, 16, 14),

xv. H ′O,5(2; 18, 13, 12),
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xvi. H ′O,5(2; 18, 12, 13),

xvii. H ′O,5(2; 18, 11, 14),

xviii. H ′O,5(3; 47, 42, 13),

xix. H ′O,5(3; 47, 41, 14),

xx. H ′O,5(3; 48, 38, 12),

xxi. H ′O,5(3; 48, 37, 13),

xxii. H ′O,5(3; 48, 36, 14),

xxiii. H ′O,5(3; 49, 33, 12),

xxiv. H ′O,5(3; 49, 32, 13),

xxv. H ′O,5(3; 49, 31, 14),

xxvi. H ′O,5(3; 50, 28, 12),

xxvii. H ′O,5(3; 50, 27, 13),

xxviii. H ′O,5(4; 112, 68, 12),

xxix. H ′O,5(4; 112, 67, 13),

xxx. H ′O,5(4; 112, 66, 14),

xxxi. H ′O,5(4; 113, 63, 12),

xxxii. H ′O,5(4; 113, 62, 13),

xxxiii. H ′O,5(4; 113, 61, 14),

xxxiv. H ′O,5(4; 114, 58, 12),

xxxv. H ′O,5(4; 114, 57, 13)

and

xxxvi. H ′O,5(4; 114, 56, 14).

Proof. Cases i) to viii) are true by lemma 2.2.12, while the rest of the cases

are true by lemma 2.2.13.
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