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Abstract

In a series of papers the author jointly with J. Mondragón stud-
ied in a systematic way the structure of homogeneous Groebner basis
algebras, or G-algebras, and in two recent papers the author applied
these results to the homogenized enveloping algebra of the Lie algebra
S`(2,C). The results obtained in the study of this particular algebra
inspired our previous paper on the Hopf algebra structure of the ho-
mogenized enveloping algebra of finite dimensional Lie algebras.

In this first section of this paper we continue further the study of
the homogenization des homogenization process, this time at the level
of Ext and Tor. In the second part we study quantized homogeneous
G-algebras Bn and give the structure of thieir Yoneda algebra. Using
this construction we find the structure of arbitrary quadratic G-algebras
in terms of their structure of constants.

Mathematics Subject Classification: Primary 16S30, 17B35; Secondary
16T05
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1 Introduction

Let k be a field and k <X1,X2,...Xn > the free algebra in n generators. A
quadratic Groebner basis algebra or a G-algebra is an algebra defined by gen-
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erators and relations as An=k <X1,X2,...Xn >/ < XjXi-cijXiXj-
n∑
k=1

bkijXk -aij,

i<j> and such that X1,X2,...Xn form a Poincare Birkoff Witt basis. In case
aij=0, cij=1 for i<j a G-algebra An is isomorphic to the enveloping algebra
of a finite dimensional Lie algebra, and in the case aij=1, cij=1 for i<j, and
bkij=0 for all k, An is the Weyl algebra [5], [6].

A homogeneous G-algebra is an algebra given by generators and relations
as Bn=k <X1,X2,...Xn,Z >/ < XjXi-cijXiXj-

∑
bkijXkZ -aijZ

2, XiZ-ZXi > such
that X1,X2,...Xn,Z form a Poincare Birkoff Witt (or PBW) basis. We proved
in [15], [18] that an homogeneous algebra Bn has a PBW basis if and only if
Bn/(Z-1)Bn has a PBW basis, moreover An is isomorphic to Bn/(Z-1)Bn.We
called to the relation between An and Bn, the homogenization deshomoge-
nization process. The homogeneous version Bn of the G-algebra An has the
advantage of being Koszul so we can use Koszul theory to relate the Koszul
Bn-modules with the Koszul modules over the Yoneda algebra B!

n, this has
been the approach we followed in [15],[18],[19].

The paper consists of two parts. The first one is dedicated to the study
of Ext and Tor for a homogenized G-algebra Bn and their relations with the
corresponding Ext and Tor of the graded localization BnZ , and those of the
deshomogenized G-algebra Bn/(Z-a)Bn.

In the second part of the paper we look to the Yoneda algebra B!
n of a

homogenized G-algebra Bn with quantized relations. The algebra B!
n has

as a subalgebra the quantized exterior algebra C !
n , we prove that there is

graded derivation ∂:C !
n → C !

n[1] with ∂2=0, and that the tensor product
k[Z]/(Z)2⊗C !

n, twisted with ∂ is isomorphic to B!
n. Conversely, given a graded

derivation ∂ of C !
n with ∂2=0, the skew tensor product k[Z]/(Z)2 ⊗ C !

n is iso-
morphic to the Yoneda algebra B!

n of a homogeneous G-algebra Bn. Using
this characterization we describe the structure of constants of an arbitrary
quadratic G-algebra Bn. We end the paper with the remark that the quan-
tized polynomial algebra Cn and the quantized exterior algebra C !

n have a
Hopf structure under a skew tensor product that generalizes the graded tensor
product.

2 Ext and Tor for homogeneous G-algebras

and the des homogenization process

2.1 The homogenization des homgenization of
k[Z]-modules

Through the paper k will denote a field of characteristic zero. In this section
we study in further detail the properties of the graded localization k[Z]Z of the
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polynomial ring in one variable, considered in our previous papers. We start
recalling results from [15], [16], [18],[19] stating them in the form that we need
for this paper.

We consider next the graded functors Ext∗Bn
(-,?) and TorBn

∗ (-,?) and their
relations with the functors Ext∗BnZ

(-,?) and TorBnZ
∗ (-,?) over the graded local-

ization and the functors Ext∗Bn/(z−a)Bn
(-,?) and Tor

Bn/(z−a)Bn
∗ (-,?) over the des

homogenized algebra Bn/(z-a)Bn.
The ring k[Z] has the usual graduation. We denote by k[Z]Z the localiza-

tion k[Z]S with S the multiplicative set S={1,Z,Z2,,,Zn,,,}. The ring k[Z]Z is
Z-graded with homogeneous elements of the degree m, (k[Z]Z)m={aZm | a ∈
k}=kZm. Hence the homogeneous elements of degree m form a one dimen-
sional k-vector space.

For a∈ k-{0} (Z-a) is a maximal ideal of k[Z], and k[Z]/(Z-a) is a one
dimensional k-vector space.

We have a composition of algebra maps: k[Z]
j→ k[Z]Z

π→ k[Z]Z/(Z-a)k[Z]Z
with ϕ=πj given by ϕ(f)=f+(Z-a)k[Z]Z . The map ϕ is onto and has kernel
(Z-a)k[Z].

We have:

Proposition 2.1. There are ring isomorphisms: k[Z]/(Z-a)k[Z]∼= k[Z]Z/
(Z-a)k[Z]Z ∼= k, and for any m∈ Z (k[Z]Z)m=kZm ∼= k.

The proposition can be generalized for Z-graded k[Z]-module M, to do this
we need first the following:

Definition 2.2. For a Z-graded k[Z]-module M we define the Z-torsion part
as:
tZ(M)={m∈M|there is a non negative integer k such that Zkm=0}
and the usual torsion part
t(M)={m∈M|there is f∈ k[Z] f6= 0 and fm=0}

Clearly tZ(M)⊆t(M).

Lemma 2.3. Let M be a Z-graded k[Z]-module. Then tZ(M)=t(M). In par-
ticular t(M) is Z-graded.

Proof. Let m=mk+mk−1+...m1be the decomposition in homogeneous compo-
nents of m∈t(M) and assume deg(mi)≥deg(mi−1) and let f(Z)=c0+c1Z+...c`Z

`

be a non zero polynomial of degree ` such that f(Z)m=0. Then f(Z)m has a ho-
mogeneous components (f(Z)m)n=

∑
deg(mj)+i=n

ciZ
imj=0. In particular, c`Z

`mk=0

and mk ∈ tZ(M)⊆t(M). Then m-mk ∈t(M) and m-mk= mk−1+...m1.It fol-
lows by induction on the number of homogeneous summands that each mi ∈
tZ(M).
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It follows that the module M/t(M)=M/tZ(M) is a graded torsion free k[Z]-
module, hence; graded flat.

Lemma 2.4. Assume M is a graded torsion k[Z]-module. Then for a∈ k-{0}
M/(Z-a)M=0.

Proof. Let m∈M be non zero. Then there is a k>0 such that ((Z-a)+a)km=
Zkm=0, hence there is a polynomial h(Z) such that akm+ (Z-a)h(Z)m=0. Then
m∈(Z-a)M.

If M is torsion, then we know the localization MZ is zero.
Therefore: the exact sequence: 0→t(M)→M→M/ t(M)→0, induces exact

sequences:
t(M)/(Z-a)t(M)→M/(Z-a)M→M/ t(M)/(Z-a)(M/ t(M))→0 and
0→t(M)Z →MZ →(M/ t(M))Z →0 with t(M)/(Z-a)t(M)=t(M)Z=0.
We may assume M is torsion free.
We have a composition of maps: M→MZ →MZ/(Z-a)MZ given by m→

m/1+(Z-a)MZ .

If m/1=(Z-a)
`=k∑
`=-t

Z`m`, then Ztm=(Z-a)m’, with m’∈M.

As before, Ztm=((Z-a)+a)tm=(Z-a)h(Z)m+atm.
Therefore: m=(Z-a)a−t(m’-h(Z)m).
Hence the map M→MZ →MZ/(Z-a)MZ has kernel (Z-a)M.

Let
`=k∑
`=-t

Z`m` +(Z-a)MZ be an element of MZ/(Z-a)MZ .

Then
`=k∑
`=-t

Z`m`=(
`=k∑
`=-t

Z`+tm`)/Zt with m’=
`=k∑
`=-t

Z`+tm` ∈M.

Hence m’=(Ztm’)/Zt=((Z-a)+a)tm’/Zt=atm’/Zt+(Z-a)m”/Zt.
It follows m’/Zt+(Z-a)MZ =a−tm’ +(Z-a)MZ and the map M→MZ

→MZ/(Z-a)MZ sends a−tm→
`=k∑
`=-t

Z`m` +(Z-a)MZ .

We have proved M/(Z-a)M∼=MZ/(Z-a)MZ .

Proposition 2.5. Let M be a graded k[Z]-module and k∈ k-{0}. Then there
are isomorphisms of k-vector spaces:

(MZ)k
∼= M/(Z-a)M ∼= MZ/(Z-a)MZ

Proof. In view of Lemma 2.4 we can assume M is torsion free. Consider the

map (MZ)k
j→MZ

π→MZ/(Z-a)MZ ϕ=πj.

Let
`=k∑
`=-t

Z`m` be an element of degree k, this is deg(m`)+`=k with

ϕ(
`=k∑
`=-t

Z`m` )=0.
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This is
`=k∑
`=-t

Z`m`=(
`=k∑
`=-t

Z`+tm`)/Zt=(Z-a) m’/Zr, with m=
`=k∑
`=-t

Z`+tm` ∈M

an homogeneous element of degree k+t.
m’ has a decomposition m’=m’s+m’s−1+...m’1, with deg(m’i)>deg(m’i−1).
Then Zrm=(Z-a)Ztm’=Zt+1m ’s+Zt+1m’s−1+...Zt+1m’1–aZtm’s-aZtm’s−1-...

aZtm’1.
Comparing degrees we get a contradiction. Therefore the map ϕ is injective.

If
`=k∑
`=-t

Z`m`+(Z-a)MZ is an element of MZ/(Z-a)MZ , then as above m/Zt=

`=k∑
`=-t

Z`m` with m=
`=k∑
`=-t

Z`+tm`.

We may assume m homogeneous of degree deg(m)=s+t.
When k≥s deg(Zk−sm/Zt) =k.
As above, (Zk−sm)/Zt=ak−sm/Zt+(Z-a)m′/Zt and ϕ(as−kZk−sm/Zt)=

`=k∑
`=-t

Z`m`+(Z-a)MZ .

The case s<k is similar.

Corollary 2.6. Let 0→L→M→N→0 be an exact sequence of graded k[Z]-
modules. Then the sequence:

0→ L/((Z-a)L→ M/(Z-a)M→ N/(Z-a)N→ 0

is exact.

Proof. We have a commutative diagram with exact raws and such that the
composition of the maps in the columns are isomorphisms:

0 0 0
↓ ↓ ↓

0→ (LZ)k → (MZ)k → (NZ)k → 0
↓ ↓ ↓

0→ LZ → MZ → NZ → 0
↓ ↓ ↓

LZ/(Z-a)LZ MZ/(Z-a)MZ → NZ/(Z-a)NZ → 0
↓ ↓ ↓
0 0 0

It follows the sequence 0→LZ/(Z-a)LZ →MZ/(Z-a)MZ →NZ/(Z-a)NZ →0
is exact.

We also have a commutative diagram with exact raws and the columns
isomorphisms:
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L/((Z-a)L → M/(Z-a)M → N/(Z-a)N → 0
↓ ↓ ↓

0→ LZ/(Z-a)LZ → MZ/(Z-a)MZ → NZ/(Z-a)NZ → 0

It follows the sequence 0→L/((Z-a)L→M/(Z-a)M→N/(Z-a)N→0 is exact.

2.2 The homology and cohomology of homogeneous G-
algebras

In this subsection we apply the results of the previous subsection to study
the homology and cohomology of the homogeneous G-algebras Bn and their
relations with the corresponding homology and cohomology of the algebras
BnZ and Bn/(Z-a)Bn.

A homogenous G-algebra is an algebra Bn defined by generators and rela-
tions as Bn=k <X1,X2,...Xn,Z >/ < XjXi-cijXiXj-

∑
bkijXkZ -aijZ

2, XiZ-ZXi >
and such that X1,X2,...Xn,Z form a PBW basis. We will assume the reader is
familiar with the results of [18],[19].

By definition Z is in the center of Bn and Bn is a k[Z]-algebra. The (graded)
localization BnZ is the (graded) tensor product BnZ=Bn⊗k[Z] k[Z]Z , and k[Z]Z
is isomorphic to the Laurent polynomials k[Z,Z−1]. For any right (graded) Bn

-module M the localization (graded) is MZ=M⊗BnBnZ
∼=M⊗k[Z]k[Z,Z−1].

We know homogeneous G-algebras are noetherian of finite global dimen-
sion. The next proposition is a slight generalization of the commutative case,
we refer to [26] for the proof.

Proposition 2.7. Let Bn be a homogeneous G-algebra, M a finitely generated
(graded) right module, N an arbitrary (graded) right module. Then for m≥0
there is a natural isomorphism of (graded) k[Z]Z-modules
ExtmBn

(M,N)Z =ExtmBn
(M,N)⊗k[Z]k[Z,Z−1]∼=ExtmBnZ

(MZ,NZ)

Corollary 2.8. For any (graded) right Bn-module M there is an isomorphism
of graded rings: (⊕

m≥0

ExtmBn
(M,M))Z ∼= ⊕

m≥0
ExtmBnZ

(MZ,MZ).

We see next that there is a similar proposition for the deshomogenized
algebra.

Proposition 2.9. Let Bn be a homogeneous G-algebra, M a finitely generated
graded right module, N an arbitrary graded right module. Then for m≥0, a∈ k-
{0} there is a natural isomorphism of k-vector spaces:

ExtmBn
(M,N)/(Z-a)ExtmBn

(M,N)∼=ExtmBn/(Z-a)Bn
(M/(Z-a)M,N/(Z-a)N).
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Proof. Taking a graded projective presentation of M, P1 →P0 →M→0 we
obtain an exact sequence of Z-graded k[Z]-modules

0→HomBn(M,N)→HomBn(P0,N)
→HomBn(P1,N)

By Corollary 2.6 we obtain an exact sequence of k[Z]-modules
*) 0→HomBn(M,N)/(Z-a)HomBn(M,N)→HomBn(P0,N)/(Z-a)HomBn(P0,N)

→ HomBn(P1,N)/(Z-a) HomBn(P1,N)
For each finitely generated graded projective P there are natural isomor-

phisms of k-vector spaces:
HomBn(P,N)/(Z-a)HomBn(P,N)∼=HomBn(P,N)⊗k[Z]k[Z]/(Z-a)∼=
HomBn(P,Bn)⊗BnN⊗k[Z]k[Z]/(Z-a)∼=HomBn(P,Bn)⊗BnN/(Z-a)N∼=
HomBn(P,N/(Z-a)N)
Hence the exact sequence *) is isomorphic to the exact sequence
0→HomBn(M,N)/(Z-a)HomBn(M,N)→HomBn(P0,N/(Z-a)N)→
HomBn(P1,N/(Z-a)N)
It follows HomBn/(Z-a)Bn

(M/(Z-a)M,N/(Z-a)N)∼=HomBn(M,N/(Z-a)N)∼=
HomBn(M,N)/(Z-a)HomBn(M,N)
Given a graded projective resolution of M

→Pm →Pm−1 →...P1 →P0 →M→0, we obtain by Corollary 2.6 a projective
resolution of M/(Z-a)M
Pm/(Z-a)Pm →Pm−1/(Z-a)Pm−1 →..P1/(Z-a)P1 →P0/(Z-a)P0 →M/(Z a)M→0

Hence the complex
0→HomBn/(Z−a)Bn(P0/(Z-a)P0,N/(Z-a)N)→HomBn/(Z−a)Bn(P1/(Z-a)P1,N/

(Z-a)N)→...HomBn/(Z−a)Bn(Pm/(Z-a)Pm,N/(Z-a)N) is isomorphic to the
complex
0→HomBn(P0,N)/(Z-a)HomBn(P0,N)→0→HomBn(M,P1)/(Z-a)HomBn(P1,N)→
...→HomBn(Pm,N)/(Z-a)HomBn(Pm,N)→

It follows for m≥0 ExtmBn
(M,N)/(Z-a)ExtmBn

(M,N)∼=
ExtmBn/(Z-a)Bn

(M/(Z-a)M,N/(Z-a)N).

Corollary 2.10. For a finitely generated graded Bn-module M there is an iso-
morphism of graded algebras

( ⊕
m≥0

ExtmBn
(M,M))/(Z-a)( ⊕

m≥0
ExtmBn

(M,M)) ∼=

⊕
m≥0

ExtmBn/(Z-a)Bn
(M/(Z-a)M,M/(Z-a)M).

We have analogous results for the homology.

Proposition 2.11. i) Let M be a (graded) right Bn-module and N a left
(graded) Bn-module. Then for m≥0 there is a natural isomorphism of (graded)
k[Z]Z-modules

TorBn
m (M,N)Z

∼= TorBnZ
m (MZ,NZ)
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ii) Let M be a finitely generated graded right Bn-module and N a graded left
Bn-module. Then for m≥0 there is a natural isomorphism of k-vector spaces

TorBn
m (M,N)/(Z-a)TorBn

m (M,N) ∼= TorBn/(Z-a)Bn
m (M/(Z-a)M,N/(Z-a)N)

Proof. We give the proof for m=0 and leave the general case to the reader.
i) (M⊗BnN)Z=(M⊗BnN)⊗k[Z]k[Z,Z−1]∼=M⊗BnNZ

∼=M⊗BnBnZ⊗BnZ
NZ
∼=

MZ⊗BnZ
NZ .

ii) (M⊗BnN)/(Z-a)(M⊗BnN)∼=(M⊗BnN)⊗k[Z]k[Z]/(Z-a)k[Z]∼=M⊗Bnk N/(Z-
a)N∼=M⊗BnBn/(Z-a)Bn⊗Bn/(Z-a)Bn

N/(Z-a)N∼=M/(Z-a)M⊗Bn/(Z-a)Bn
N/(Z-a)N.

For the general case use Corollary 2.6.

3 The structure of quadratic G-algebras

In this section we give the structure of constants of the quadratic G-algebras,
[3],[13] generalizing our results from [17]. We divide the section in three sub-
sections:

In the first one we study the quantized exterior algebra and its derivations.
In the second subsection we give the construction of a family of homo-

geneous G-algebras. From this construction we get the general structure of
G-algebras.

In the last subsection we study the Hopf structure of the quantized poly-
nomial ring and the quantized exterior algebras.

3.1 The quantized exterior algebra and its derivations

The quantized exterior algebra is the algebra C!
n=k <X1X2,...Xn,>/ <X2

i ,XiXj

+ cijXjXi cij ∈k-{0}, i<j>. We are interested in graded derivations ∂:C!
n →C!

n[1]
with ∂2=0. This means ∂ is k-linear, ∂(1)=0 and if w1, w2 are homogeneous
elements of lengths `(w1), `(w2), then ∂(w1w2)=∂(w1) w2+(-1)`(w1)w1∂(w2).

We know by [18] C!
n has a PBW basis, ordering the variables X1 <X2 <,...

<Xn the basis of C!
n consists of the words Xi1Xi2 ...Ximwith Xik 6=Xij for j6=k

and Xi1 <Xi2 <...<Xim .
Since ∂ is of degree one for any 1≤k≤n ∂(Xk)=-

∑
i<j

bkijXjXi.

We have in C!
n the relation XiXj+cijXjXi=0, hence c−1

ij XiXj+XjX=0 and

we define cji=c−1
ij .

We have:
∂(Xk)=-1/2

∑
i<j

bkijXjXi-1/2
∑

i<j

bkijXjXi=-1/2
∑

i<j

bkijXjXi -1/2
∑
i<j

bkij(-cji)XiXj.

For i <j we define bkji=bkij(-cji) and bkii=0.
The derivation becomes ∂(Xk)=-1/2

∑
i,j

bkijXjXi.
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For any word Xi1Xi2 ...Ximwe have by definition

∂(Xi1Xi2 ...Xim)=∂(Xi1Xi2 ...Xim−1)Xim+(-1)m−1Xi1Xi2 ...Xim−1∂(Xim).

It follows by induction ∂(Xi1Xi2 ...Xim)=
m∑

(
r=1

-1)r−1Xi1 ...Xir−1∂(Xir)Xir+1 ...Xim .

With this definition follows by induction ∂2=0 if and only if for 1≤k≤n,
∂2(Xk)=0.

We have proved:

i) It is enough to define ∂ for each Xk.

ii) ∂2=0 if and only if for 1≤k≤n, ∂2(Xk)=0.

We want to find conditions on the structure of constants {cij} and {bkij} in
order to have ∂2=0. We will make some calculations.

∂(Xk)=-1/2
∑

i,j

bkijXjXi

∂(Xj)=-1/2
∑

r,s

bjrsXsXr

∂(Xi)=-1/2
∑

u,v

biuvXvXu

∂2(Xk)=-1/2
∑

i,j

bkij(∂(Xj)Xi-Xj∂(Xi))=

1/4(
∑

i,j

bkij(
∑
r,s

bjrsXsXrXi-
∑
u,v

biuvXjXvXu))=

1/4(
∑
i,r,s

(
∑
j

bkijb
j
rs)XsXrXi-

∑
j,u,v

(
∑
i

bkijb
i
uv)XjXvXu))

∂2(Xk)=0 if and only if

*)
∑
i,r,s

(
∑
j

bkijb
j
rs)XsXrXi=

∑
j,u,v

(
∑
i

bkijb
i
uv)XjXvXu)

We assume s<r<i and j<v<u and consider the permutations:

XsXrXi, XrXiXs, XiXrXs and XjXvXu, XvXuXj,XuXjXv

We have equalities:

XrXiXs=cis crsXsXrXi and XiXrXs=cis cirXsXrXi

XvXuXj=cujcvjXjXvXu and XuXjXv=cujcuvXjXvXu

Substituting in equation *) we get the following coefficients of XsXrXi:

(
∑
j

bkijb
j
rs+(

∑
j

bks,jb
j
i,r)cis crs+(

∑
j

bkrjb
j
si)cis cir)XsXrXi

and the coefficients of XjXvXu:

(
∑
i

bkijb
i
uv+(

∑
i

bkivb
i
ju)cujcvj+(

∑
i

bkiub
i
vj)cujcuv)XjXvXu

The index j is just the summation variable in the first equation and i the
summation variable in the second expression, to avoid confusion we change i
for α in the first expression and j for β in the second to have:

**) (
∑
α

bkiαbαrs+(
∑
α

bksαbαir)cis crs+(
∑
α

bkrαbαsi)cis cir)XsXrXi

and ***) (
∑
β

bkβjb
β
uv+(

∑
β

bkβvb
β
ju)cujcvj+(

∑
β

bkβub
β
vj)cujcuv)XjXvXu

From equation¨*) we have the same coefficients when s=j, r=v and i=u.
Using the fact bαsucus=-bαus **) becomes:
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(
∑
α

bkuαbαvs+(
∑
α

bksαbαuv)cus cvs-(
∑
α

bkvαbαus)cvs )XsXvXu

Using bβsucus=-bβus ***) becomes:
(
∑
β

bkβsb
β
uv−(

∑
β

bkβvb
β
us)cvs+(

∑
β

bkβub
β
vs)cuscuv)XsXvXu

In order to have equality *) we need to have:
(
∑
α

bkuαbαvs+(
∑
α

bksαbαuv)cus cvs-(
∑
α

bkvαbαus)cvs )=

(
∑
β

bkβsb
β
uv−(

∑
β

bkβvb
β
us)cvs+(

∑
β

bkβub
β
vs)cuscuv)

Since α, β are just summation indexes we can change both for j in order
to have the equality:

(
∑
j

bkujb
j
vs+(

∑
j

bksjb
j
uv)cus cvs-(

∑
j

bkvjb
j
us)cvs )=

(
∑
j

bkjsb
j
uv−(

∑
j

bkjvb
j
us)cvs+(

∑
j

bkjub
j
vs)cuscuv)

Using bkvjcjv=-bkjv this equality can be re written as:∑
j

(bkujb
j
vs(1+cjucuscuv)+bksjb

j
uv(cuscvs+cjs)+

∑
j

bkjvb
j
us(cvs+cuvcvj))=0.

Observe that if cij=1for all i,j then the equality becomes:∑
j

(bkujb
j
vs+bksjb

j
uv+

∑
j

bkjvb
j
us)=0.

which is precisely the condition given in [17].
We have proved the following:

Theorem 3.1. The quantized exterior algebra C!
n=k <X1X2,...Xn,>/ <X2

i ,
XiXj+ cijXjXi, cij ∈ k-{0}, i<j>has graded derivation ∂:C!

n →C!
n[1] ∂(Xk)=

-
∑
i<j

bkijXjXi, with ∂2=0 if and only if the constants {bkij},{cij} satisfy the

following equation:∑
j

(bkujb
j
vs(1+cjucuscuv)+bksjb

j
uv(cuscvs+cjs)+

∑
j

bkjvb
j
us(cvs+cuvcvj))=0.

3.2 Graded derivations of the quantized exterior alge-
bra and the Yoneda algebra of a homogeneous G-
algebra

Let C!
n=k <X1X2,...Xn,>/ <X2

i ,XiXj+ cijXjXi, cij ∈ k-{0}, i<j> be a quan-
tized exterior algebra and ∂:C!

n →C!
n[1] ∂(Xk)=-

∑
i<j

bkijXjXi graded derivation

with ∂2=0. Then we define the ∂-skew tensor product [12] k[Z]/(Z2)⊗∂C!
n as

the usual tensor product of vector spaces and given homogeneous v,w of C!
n of

length `(v), `(w), respectively, we define the product as follows:
(1⊗v)(1⊗w)=1⊗vw, (Z⊗1)(1⊗v)=Z⊗v, (1⊗v)(Z⊗1)=(-1)`(v)(Z⊗v-1⊗∂(v))

and (Z⊗w)(Z⊗v)=(-1)`(w)+1Z⊗∂(w)v.
Using the fact that ∂2=0 it is easy to check that the product is associative

and k[Z]/(Z2)⊗∂C!
n is a graded k-algebra.
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To prove next theorem we need the following:

Definition 3.2. Given a finite alphabet S={X1,X2, ...Xn} ordered as X1 <X2

<...<Xn and W the words in the alphabet S, with the degree lexicographic
order, I a two sided ideal of k <W>, and f:k <W>→ k <W>/I the natural
projection. Given monomials v, w we write v⊆w if there are monomials w1,w2,
such that w1vw2=w We say that a non empty subset M of W is an order ideal
of monomials, and write o.i.m., if given u∈M and v⊂u, then v∈M .

Our main tool in this section is the following:

Lemma 3.3. [1]Let M be the subset of Wdefined as M={x∈ W |f(x)/∈spanf(y)
if y<x}. Then M is an o.i.m. and the elements f(w), with w∈ M form a k-
vector space basis of k < W > /I.

Observe that M is precisely the set of monomial which are non tips of
elements of I.

Definition 3.4. VM is the set of obstructions. This is: VM={w∈W| w /∈M
but v⊆w, v 6=w implies v∈M.

Then:
The -1-chain consist of the element 1.
The 0-chains are the letters in the alphabet.
The 1-chains are the elements of VM .
Define by induction the n-chains:
A monomial µ=Xi1Xi2...Xit is a n-prechain if there exist natural numbers

aj, bj with 1 ≤ j ≤ n, satisfying:
a) 1=a1 <a2 ≤b1 <a3 ≤b2...<an ≤bn−1¡ bn=t
b) Xiaj

...Xibj
∈ VM .

A n-prechain Xi1Xi2...Xitis a n-chain, if Xi1Xi2...Xis is not an m-prechain
for s<bm and m≤n.

Theorem 3.5. Let C!
n=k <X1X2,...Xn,>/ <X2

i ,XiXj+cijXjXi, cij ∈ k-
{0}, i<j> be a quantized exterior algebra and ∂:C!

n →C!
n[1] ∂(Xk)=-

∑
i<j

bkijXjXi

graded derivation with ∂2=0. Then i) the ∂-skew tensor product k[Z]/(Z2)⊗∂C!
n

is isomorphic to the algebra B!
n=k <X1X2,...Xn,,Z>/<X2

i ,Z
2, XiXj+cijXjXi,

cij ∈ k-{0} i<j, XkZ+ZXk+
∑
i<j

bkijXjXi > .

ii) The algebra B!
n is Koszul selfinjective.

iii) The Yoneda algebra Bn=k <X1X2,...Xn,,Z>/< XjXi-cijXiXj-
∑
k

bkijXkZ,

cij ∈ k-{0} i<j, XkZ-ZXk > is Artin-Schelter regular and it has a PBW basis.
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Proof. i) By the universal property of free algebras there is a map ϕ:k <X1X2,...
Xn, ,Z>→ k[Z]/(Z2)⊗∂C!

n given by ϕ(Z)=Z⊗1, ϕ(Xi)=1⊗Xi.Then ϕ(Z2)=Z2⊗1
=0 and ϕ(X2

i )=1⊗X2
i=0, ϕ(XiXj+cijXjXi)=1⊗(Xi.Xj+cijXjXi)=0.

We also have ϕ(XkZ+ZXk+
∑
i<j

bkijXjXi)=(Z⊗1)(1⊗Xk)+(1⊗Xk)(Z⊗1)+
∑
i<j

bkij(1⊗Xj)(1⊗Xi)=Z⊗Xk-Z⊗Xk-1⊗
∑
i<j

bkijXjXi+
∑
i<j

bkij⊗XjXi=0

Hence ϕ induces an onto map ϕ:B!
n → k[Z]/(Z2)⊗∂C!

n. The algebra B!
n is

generated by words of the form Xi1Xi2 ...Xik and ZXi1Xi2 ...Xikwith Xir 6=Xis

and k[Z]/(Z2)⊗∂C!
n has as k-basis the elements 1⊗ Xi1Xi2 ...Xik , Z⊗Xi1Xi2 ...Xik

it follows dimk(B
!
n)≤dimk(k)[Z]/(Z2)⊗∂C!

n).
Therefore: dimk(B

!
n)=dimk(k)[Z]/(Z2)⊗∂C!

n), and ϕ is an isomorphism.
ii) The algebra k[Z]/(Z2)⊗∂C!

n has PBW basis the elements 1⊗ Xi1Xi2 ...Xik

and Z⊗Xi1Xi2 ...Xik , by [7],[11] it is Koszul. In the other hand it has socle
Z⊗X1X2...Xnk, hence it is selfinjective.

iii) By Koszul theory we know the Yoneda algebra Bn=k <X1X2,...Xn,Z>/<
XjXi-cijXiXj-

∑
k

bkijXkZ, cij ∈ k-{0} i<j, XkZ-ZXk > of B!
n is Artin-Schelter

regular and Koszul, [18], [19], we need to prove it has a PBW basis.
To achieve this we first use Anick’s resolution to find a graded projective

resolution of the simple left B!
n-module k.

We give the variables the following order: Z>X1 >X2,...>Xn and we give
to the words W in Z,X1,X2,...Xn the degree lexicographic order.

Since B!
n has a PBW basis, it follows by [7],[8],[11], [14] that X2

i ,Z
2, ρij=XiXj

+cijXjXi, cij ∈ k-{0} i<j, ρk=XkZ+ZXk+
∑
i<j

bkijXjXi are a Groebner basis and

by definition tip{ρij, ρk, X2
i ,Z

2}=tipI where I is the ideal generated by {ρij,
ρk, X2

i ,Z
2}.

The set M={w∈W|is non tip of I} is according to Anick [1] an ordered
monomial ideal.

If Xi1Xi2 ...Xij−1
...Xik is a word in M then XijXij+1

is in M this means it is
not a tip of any of the relations {ρij, ρk, X2

i ,Z
2}. It follows Xij <Xij+1

and if
Z appears in the word then the word is Xi1Xi2 ...Xij−1

...XikZ with Xij <Xij+1
,

1≤j≤k-1.
Since we have tip{ρij, ρk, X2

i ,Z
2}=tipI then for Xij <Xij+1

, 1≤j≤k-1any
word either of the form Xi1Xi2 ...Xij−1

...Xik or Xi1Xi2 ...Xij−1
...XikZ is in M.

We look at the obstructions .
It is clear VM={X2

i ,Z
2, ZXi, XiXj i<j}. Observe that the number of el-

ements of VM is equal to the number of homogeneous polynomials of degree
two in Z,X1,X2,...Xn

In our case the chains are easy to compute:
C−1={1}.
The zero chains are C0={Z,Xi}
The one chains are C1=VM .
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The two chains C2={X3
i , i<j, X2

iXj, XiX
2
j ,Z

3,Z2Xi, ZX2
i , XiXjXk i<j<k }

In general the m-chains are Cm={Xi1Xi2 ...Xim+1 |i1 ≤i2...≤im+1}
∪{ZkXi1Xi2 ...Xim+1−k

|i1 ≤i2...≤im+1−k}.
Let <Cm >be the k-vector space generated by the m-chains.

By [1],[2], we have Anick´s resolution*)
...→<Cm > ⊗kB

!
n →<Cm−1⊗kB

!
n → ... <C1 > ⊗kB

!
n →<C0 > ⊗kB

!
n →B!

n →
k→0

The resolution is graded and linear. By Koszul theory, [9],[10] if J denotes
the graded radical of Bn, then there is an isomorphism of k-vector spaces
<Cm >∼= Homk(J

m+1/Jm+2,k).

It follows dimk(J
m+1/Jm+2) is the number of homogeneous polynomials in

n+1 variables of degree m+1.

If we can prove that the elements Xi1Xi2 ...Xim+1 ,Z
kXi1Xi2 ...Xim+1−k

, with
i1 ≤i2...≤im+1, i1 ≤i2...≤im+1−k, respectively, generate Jm+1/Jm+2 then they
would be a basis.

We look now to the algebra Bn and give to the variables the order Xn >Xn−1

...> X2 >X1 >Z (the order opposite to the one considered before).

Let W’ be the words in Z, X1, X2,...Xn in the degree lexicographic order.

We consider the relations ρij=XjXi-cijXiXj-
∑
k

bkijXkZ, j>i and ρi=XiZ-

ZXi, I’=< ρij,ρi > the ideal generated by the relations. Then tip{ρij,ρi}⊆tipI’.

We will prove the equality.

Let M’ be the ordered monomial ideal M’={w∈W’| w is non tip of I’}.
hence if w∈M then it is not a tip of {ρij,ρi} and w is either of the form
Xi1Xi2 ...Xim+1 with i1 ≤i2...≤im+1or ZkXi1Xi2 ...Xim+1−k

with i1 ≤i2...≤im+1−k.

By Anick [1] M’ is a basis of Bn. It follows the set of elements Xi1Xi2 ...Xim+1 ,
with i1 ≤i2...≤im+1 and ZkXi1Xi2 ...Xim+1−k

, with i1 ≤i2...≤im+1−k generate
Jm+1/Jm+2. By the above argument they are a basis. We have proved Bn

has PBW basis ZkXα1
1 Xα2

2 ...Xαn
n with k≥0, αi ≥0.

As a consequence of this we have tip{ρij,ρi}=tipI’.

We can prove now the converse.

Theorem 3.6. Let Bn=k <X1X2,...Xn,Z>/< XjXi-cijXiXj-
∑
k

bkijXkZ, cij ∈

k-{0} i<j, XkZ-ZXk > be a homogenized G-algebra and B!
n=k <X1X2,...Xn,,Z>

/<X2
i ,Z

2, XiXj+cijXjXi, cij ∈ k-{0} i<j, XkZ+ZXk+
∑
i<j

bkijXjXi > its Koszul

dual. Then ∂(Xk)=-
∑
i<j

bkijXjXi is a graded derivation ∂:C !
n → C !

n[1] of the

quantized exterior algebra C!
n=k <X1X2,...Xn,>/ <X2

i ,XiXj+cijXjXi, cij ∈ k-
{0} i<j>, with ∂2=0. Furthermore, if k[Z]/(Z2)⊗∂C!

n is the ∂-skew tensor
product, then there is an isomorphism of graded k-algebras k[Z]/(Z2)⊗∂C!

n
∼=B!

n.



364 R. Mart́ınez-Villa

Proof. We have in B!
n the following equality XkZ+ZXk=-

∑
i<j

bkijXjXi, as before

we rewrite ∂(Xk) as ∂(Xk)=-1/2
∑
i<j

bkijXjXi-1/2
∑

i<j

bkijXjXi= -1/2
∑

i<j

bkijXjXi-

1/2
∑

i<j

bkij(-cij)
−1XiXj.

We let cji be cji=c−1
ij for i 6=j and cii=1 for i<j we define bkji=-cjib

k
ij and

bkii=0.
Then ∂(Xk)=-1/2

∑
i,j

bkijXjXi.

Hence; we have in B!
n the following equalities:

XkZ+ZXk=-1/2
∑
i,j

bkijXjXi

ZXkZ=-1/2
∑
i,j

bkijXjXiZ=-1/2
∑
i,j

bkijZXjXi

XjZ+ZXj=-1/2
∑
r,s

bjrsXsXr

Then XjZXi+ZXjXi=-1/2
∑
r,s

bjrsXsXrXi-1/2
∑
i,j

bkijXjZXi-1/2
∑
i,j

bkijZXjXi=1/4∑
i,j

∑
r,s

bkijb
j
rsXsXrXi=1/4

∑
i,r,s

(
∑
j

bkijb
j
rs)XsXrXi.

In the other hand, XiZ+ZXi=-1/2
∑̀
,m

bi`mXmX`

and XjXiZ+XjZXi=-1/2
∑̀
,m

bi`mXjXmX`

Therefore: -1/2
∑
i,j

bkijXjXiZ-1/2
∑
i,j

bkijXjZXi=1/4
∑
i,j

∑̀
,m

bkijb
i
`mXjXmX`.

=1/4
∑
j,`,m

(
∑
i

bkijb
i
`m)XjXmX`

From these equalities we have:∑
i,r,s

(
∑
j

bkijb
j
rs)XsXrXi=

∑
j,`,m

(
∑
i

bkijb
i
`m)XjXmX`

But we saw above that this equality hold if and only if ∂2=0, which in turn
imposes the conditions given in Theorem 3.1 on the structure of constants
{cij} and {bkij}.

As a corollary we have:

Theorem 3.7. The quadratic algebra Bn=k <X1X2...Xn,Z>/< XjXi-cijXiXj

-
∑
k

bkij XkZ, cij ∈ k-{0} i<j, XkZ-ZXk > is a homogenized G-algebra if and

only if the structure of constants {cij} and {bkij} satisfies the equation:∑
j

(bkujb
j
vs(1+cjucuscuv)+bksjb

j
uv(cuscvs+cjs)+

∑
j

bkjvb
j
us(cvs+cuvcvj))=0.

Since the algebra Bn=k <X1X2,...Xn,Z>/< XjXi-cijXiXj-
∑
k

bkijXkZ, cij ∈

k-{0} i<j, XkZ-ZXk > has a PBW basis if and only if Bn/(Z-a)Bn has a PBW
basis we have:
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Theorem 3.8. The quadratic algebra An=k <X1X2 ,...Xn >/< XjXi-
cijXiXj

-
∑
k

bkijXk, cij ∈ k-{0} > has a PBW basis if and only if the structure of

constants {cij} and {bkij} satisfies the equation:∑
j

(bkujb
j
vs(1+cjucuscuv)+bksjb

j
uv(cuscvs+cjs)+

∑
j

bkjvb
j
us(cvs+cuvcvj))=0.

We can consider now the general case of a quadratic algebra An=k <X1X2

,...Xn >/< XjXi-cijXiXj-
∑
k

bkijXk -aij, bkij,aij ∈ k,cij ∈ k-{0} > .

We proved in [17] that An has a PBW basis if and only if its partial homog-
enization An(Z)=k <X1X2,...Xn,Z>/< XjXi-cijXiXj-

∑
k

bkijXk -aijZ, bkij,aij ∈

k,cij ∈ k-{0}, XiZ-ZXi >has a PBW basis.

From this we can prove:

Theorem 3.9. A quadratic algebra An=k <X1X2,...Xn >/< XjXi-cijXiXj

-
∑
k

bkijXk -aij, bkij,aij ∈ k,cij ∈ k-{0} >has a PBW basis if and only if the

structure of constants {cij} ,{aij} and {bkij} satisfies the equations:∑
j

(bkujb
j
vs(1+cjucuscuv)+bksjb

j
uv(cuscvs+cjs)+

∑
j

bkjvb
j
us(cvs+cuvcvj))=0∑

j

(aujb
j
vs(1+cjucuscuv)+asjb

j
uv(cuscvs+cjs)+

∑
j

ajvb
j
us(cvs+cuvcvj))=0.

Proof. The algebra An has a PBW basis if and only if its partial homoge-
nization An(Z) has a PBW basis. Making Z=Xn+1and bn+1

ij =aij, ci,n+1=1,

bkin+1=0, the algebra An(Z) becomes An(Z)=k <X1X2,...Xn,Xn+1 >/< XjXi-

cijXiXj-
n+1∑
k=1

bkijXk > and the equations fallow from the previous theorem.

We finally get:

Theorem 3.10. The quadratic algebra Bn=k <X1X2,...Xn,Z>/< XjXi-
cijXiXj-

∑
k

bkijXkZ-aijZ
2, cij ∈ k-{0} i<j, XkZ-ZXk > is a homogenized G-

algebra if and only if the structure of constants {cij},{aij} and {bkij} satisfies
the equations:∑
j

(bkujb
j
vs(1+cjucuscuv)+bksjb

j
uv(cuscvs+cjs)+

∑
j

bkjvb
j
us(cvs+cuvcvj))=0∑

j

(aujb
j
vs(1+cjucuscuv)+asjb

j
uv(cuscvs+cjs)+

∑
j

ajvb
j
us(cvs+cuvcvj))=0.

Observe that if we have cij=1 for all i<j then the equations of Theorems
3.9 and 3.10 are just the equations we had obtained in [17].
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3.3 The Hopf structure of the quantized polynomial al-
gebra and the quantized exterior algebra

We know the polynomial algebra is a Hopf algebra and the exterior algebra
with the graded tensor product is also a Hopf algebra [4], [20]. In this section
we want to prove that the quantized versions of the polynomial algebra and
the exterior algebra have a Hopf structure with a skew tensor product that will
be defined below, thus generalizing the situation of the usual exterior algebra.

We use the same notation as above the quantized polynomial algebra is Cn=
k <X1X2,...Xn,>/ <XjXi-cijXiXj, cij ∈ k-{0} i<j> and the quantized exterior
algebra is C!

n=k <X1X2,...Xn,>/ <X2
i ,XiXj+cijXjXi, cij ∈ k-{0} i<j> . Since

both cases are similar we will work the details for the quantized polynomial
algebra and leave to the reader the quantized exterior algebra.

Let n≤m be positive integers. Then there is a natural inclusion of the
algebra Cn in Cm, when {cij |1≤i,j≤n}⊆{cij |1≤i,j≤m}.

We give to the vector space tensor product Cn ⊗kCm an algebra product
as follows:

Let w be the word w=Xi1Xi2 ...Xik and write ρr(w)=ir the index of Xir in
w. Thus w=Xρ(1)Xρ(2)...Xρ(k).

Let u, v be homogeneous elements of Cn and Cm , respectively, then
(u⊗1)(1⊗v)= u⊗v and (1⊗v)(u⊗1)=

r,s
cρr(u)ρs(v)u⊗v, where for i<j cji=c−1

ij and

cii=1.
Using that for v, w homogenous of lengths k and ` respectively we have

for 1≤r≤k ρr(vw)=ρr(v) and for k+1≤r≤ `+k ρr(vw)=ρr−k(w). It is easy
to prove that the product is associative. Hence; Cn ⊗qCm with the twisted
tensor product that we just defined is a k-algebra, in particular, Cn ⊗kCn is a
k-algebra, that we denote by Cn ⊗qCm to distinguish it from the usual tensor
product.

By the universal property of free algebras there is a morphism of k-algebras
∆: k <X1X2,...Xn,>→Cn ⊗qCn given by ∆(Xj)=Xj⊗1+1⊗Xj.Then ∆(XjXi-
cijXiXj) = (Xj⊗1+1⊗Xj)(Xi⊗1+1⊗Xi)-cij(Xi⊗1+1⊗Xi)(Xj⊗1+1⊗Xj) =
XjXi⊗1 +Xj⊗Xi+cijXi⊗Xj + XjXi-cij(XiXj⊗1 + Xi⊗Xj+cjiXj⊗Xi+
1⊗XiXj)=0.

Therefore ∆ induces a ring homomorphism ∆:Cn →Cn ⊗qCn given by
∆(Xj)= Xj⊗1+1⊗Xj and ∆(1)=1⊗1 .

Assume n≤m and {cij |1≤i,j≤n}⊆{cij |1≤i,j≤m}, in order to describe Cn

⊗qCn by generators and relations we define a ring homomorphism of graded
algebras.

φ : k <X1X2,...Xn,,Xn+1,,Xn+m >→Cn ⊗qCm by φ(1)=1⊗1, for 1≤i≤n
φ(Xi)= Xi⊗1 and for 1≤i≤m φ(Xi+n)=1⊗Xi

Then for 1≤i,j≤n, φ(XjXi-cijXiXj)=(XjXi-cijXiXj)⊗1=0
and for 1≤i,j≤m, φ(Xj+nXi+n-cijXi+nXj+n)=1⊗(XjXi-cijXiXj)=0
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For i 6=j φ(Xj+nXi-cijXiXj+n)=(1⊗Xj)(Xi⊗1)-cij (Xi⊗1)(1⊗Xj)=cijXi⊗Xj-
cijXi⊗Xj=0

and φ(Xi+nXi-XiXi+n)=(1⊗Xi)(Xi⊗1)-cii (Xi⊗1)(1⊗Xi)=Xi⊗Xi-Xi⊗Xi=0.
Let ( ĉ ij)be the matrix ĉ ij=cij for 1≤i,j≤n and for 1≤i,j≤m ĉ i+nj+n=cij
For i6=j ĉ ij+n=cij and ĉ ii+n=cii=1.
Then there is a surjectve ring homomorphism of graded rings.
φ: Cn+m=k <X1X2,...Xn,...Xn+m >/ <XjXi- ĉ ijXiXj >→Cn ⊗qCm.
Since Cn+m ha a PBW basis, the degree ` part (Cn+m)` of Cn+m consists

of the homogeneous polynomials of degree `, hence dimk(Cn+m)`=dimk(Cn

⊗qCm)` and φ is an isomorphism.
We have proved the isomorphism Cn+m

∼=Cn ⊗qCm and Cn , Cm can be
considered subalgebras of Cn+m.

In a similar way we define a morphism:
ϕ:k <X1X2,...Xn,,Xn+1,,Xn+m >→Cm ⊗qCn by φ(1) = 1⊗1, for 1≤i≤n φ(Xi)=
1⊗Xi, and for 1≤i≤m φ(Xi+n)=Xi⊗1.

We leave to the reader to check that ϕ induces an isomorphism:
ϕ: Cn+m=k <X1X2,...Xn,...Xn+m >/<XjXi- ĉ ijXiXj >→Cm ⊗qCn. Hence;

we have ring isomorphisms: Cm ⊗qCn
∼=Cn+m

∼=Cn ⊗qCm.
Since Cn is a subalgebra of C2n, there are ring isomorphisms: (Cn ⊗qCn)⊗qCn

∼= C2n⊗qCn
∼=C2n

∼=Cn⊗qC2n
∼=Cn ⊗q(Cn⊗qCn).

We have proved that the twisted tensor product is commutative and asso-
ciative.

We prove next that Cn has with the twisted tensor product a Hopf struc-
ture.

We begin proving that Cn with the twisted tensor product has an algebra
structure.

As above C2n=k <X1X2,...Xn,...X2n >/ <XjXi- ĉ ijXiXj >∼=Cn ⊗qCn is
the isomorphism given by Xi →Xi⊗1, Xj+n →1⊗Xj, 1≤i,j≤n.

We define a k-algebra map m ´:k <X1X2,...Xn,...X2n >→Cn by m´(Xi)=Xi

and m´(Xi+n)=Xi for 1≤i≤n.
We check m´(XjXi- ĉ ijXiXj )=0 and m’ induces a map m:k <X1X2...Xn...

X2n >/ <XjXi- ĉ ijXiXj >→Cn.
Let m be the composition of algebra maps: Cn ⊗qCn → k <X1X2...X2n >/

<XjXi- ĉ ijXiXj >
m→Cn this is Xi⊗1→Xi,1⊗Xj →Xj.

We prove next the map m:Cn ⊗qCn →Cn is associative.

We have the isomorphisms: k <X1X2...Xn,...X3n >/ <XjXi- ĉ ijXiXj >∼=
k <X1X2,...Xn,...X2n >/ <XjXi- ĉ ijXiXj > ⊗qCn

∼=(Cn ⊗q Cn)⊗qCn

Let ψ be the map ψ: k <X1X2...Xn...X3n >→Cn ⊗qCn given for 1≤i≤n
by ψ(Xi)=Xi⊗1, ψ(Xi+n)=Xi⊗1, we verify ψ(XjXi- ĉ ijXiXj)=0, hence; ψ
induces a map k <X1X2,...Xn,...X3n >/ <XjXi- ĉ ijXiXj >→Cn⊗qCn. The
composition
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(Cn ⊗q Cn)⊗qCn → k <X1X2...Xn...X3n >/ <XjXi- ĉ ijXiXj >→Cn⊗qCn

is an algebra map that will be denoted by m⊗1.
In a similar way we define the algebra map 1⊗m.
It is easy to see that the following diagram

Cn ⊗q Cn ⊗q Cn
m⊗1→ Cn ⊗q Cn

↓ 1⊗m ↓ m

Cn ⊗q Cn
m→ Cn

commutes.
We have a map of algebras µ:k→ Cn given by µ(1)=1 and a map
ϕ : k <X1X2,...Xn >→Cn⊗qCn given by ϕ(Xi)=1⊗Xi, it is clear ϕ(XjXi-

cijXiXj)=0 and we have a well defined homomorphism k⊗Cn
∼= k <X1X2,...Xn >

/ <XjXi-cijXiXj >→Cn⊗qCn which we denote by µ⊗1, similarly we have a
map 1⊗µ:Cn ⊗ k→Cn⊗qCn.

We check that the diagrams:

k⊗ Cn
µ⊗1→ Cn ⊗q C
↘ ↓ m

∼= Cn

Cn ⊗ k 1⊗µ→ Cn ⊗q C
↘ ↓ m

∼= Cn

commute.
We have proved that Cn is an algebra with the twisted tensor product.
Let us check first that ∆:Cn →Cn ⊗qCn given by ∆(Xj)=Xj⊗1+1⊗Xj and

∆(1)=1⊗1 induces a co algebra structure.
We define a map ψ:k <X1X2,...Xn,...X2n >→Cn ⊗qCn ⊗qCn by ψ(1)=1⊗1⊗1,

for 1≤i≤n ψ(Xi)=Xi⊗1⊗1+1⊗Xi⊗1 and ψ(Xi+n)=1⊗1⊗Xi we leave to the
reader to check that for 1≤i,j≤2n ψ(XjXi- ĉ ijXiXj)=0. Hence there is an
induced ring homomorphism:

ψ:k <X1X2,...Xn,...X2n >/(XjXi- ĉ ijXiXj)→Cn ⊗qCn ⊗qCn, composing ψ
with the isomorphism Cn ⊗qCn → k <X1X2,...Xn,...X2n >/ <XjXi- ĉ ijXiXj >
given for 1≤i≤n by: Xi →Xi⊗1 and Xi+n →1⊗Xi we obtain a ring homomor-
phism:

Cn ⊗qCn →Cn ⊗qCn ⊗qCn given in the generators by: 1⊗1→1⊗1⊗1, Xi⊗1
→Xi⊗1 ⊗1+1⊗Xi⊗1 and 1 ⊗Xi →1⊗1 ⊗Xi. We denote this map by ∆⊗1.

It can be proved in a similar way that there is a ring homomorphism:
1⊗∆:Cn ⊗qCn →Cn ⊗qCn ⊗qCn given in the generators by: 1⊗∆(1⊗1)=

1⊗1⊗1, 1⊗∆(Xi⊗1)=Xi⊗1⊗1 and 1⊗∆(1⊗Xi)=1⊗Xi⊗1+1⊗1⊗Xi.
To prove that the square

Cn
∆→ Cn ⊗q Cn

∆ ↓ ↓ 1⊗∆

Cn ⊗q Cn
∆⊗1→ Cn ⊗q Cn ⊗q Cn
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commutes, it is enough to check it in the generators, but it is clear (∆⊗1)∆(Xi)
=Xi⊗1⊗1 +1⊗Xi⊗1+1⊗1⊗Xi=(1⊗∆)∆(Xi).

We define the counity ε:Cn → k by ε(1)=1 and ε(Xi)=0.

There are ring isomorphisms Cn⊗qk =Cn⊗kk ∼=Cn and k⊗qCn=k⊗kCn
∼=Cn.

Using the isomorphism k <X1X2,...Xn,...X2n >/ <XjXi- ĉ ijXiXj >→Cn

⊗qCn, it is clear that there are homomorphisms ε⊗1:Cn ⊗qCn → k⊗kCn

and 1⊗ε:Cn ⊗qCn →Cn ⊗k k given by ε⊗1(1⊗1)=1⊗1, ε⊗1(Xi⊗1)=0 and
ε⊗1(1⊗Xi)=
1⊗Xi, 1⊗ε((1⊗1)=1⊗1, 1⊗ε(Xi⊗1)=Xi⊗1, 1⊗ε(1⊗Xi)=0.

We check in the generators that the diagram

Cn ⊗q Cn

ε⊗ 1 ↙ ↘ 1⊗ ε
k⊗k Cn ↑ ∆ Cn ⊗k k

↖ ↗
∼= Cn

∼=

commutes.

Hence (Cn,∆,ε) is a coalgebra.

To define the antipode we proceed as above, starting with a ring map

S: k <X1X2,...Xn,...Xn >→Cn,given by S(1)=1, S(Xi)=-Xi, we check
S(XjXi- cijXiXj)=0. Hence; S induces a ring isomorphism S: Cn →Cn,given
by S(1)=1 and S(Xi)=-Xi.

It is clear S2=1.

Using as above the isomorphism k <X1X2,...Xn,...X2n >/<XjXi- ĉ ijXiXj >
→Cn ⊗qCn, it is clear that there is a ring homomorphism Cn ⊗qCn →Cn ⊗qCn

given in generators by 1→1, Xi⊗1→- Xi⊗1 and 1⊗Xi → 1⊗Xi.We denote this
map by S⊗1 and define similarly 1⊗S by 1→1, Xi⊗1→-Xi⊗1 and 1⊗Xi →
-1⊗Xi.

The map just defined is an antipode, this means the following diagram
commutes:

Cn ⊗q Cn
m→ Cn

m←− Cn ⊗q Cn

↑ 1⊗ S ↑ µε ↑ S⊗ 1

Cn ⊗q Cn
∆←− Cn

∆−→ Cn ⊗q Cn

Since µε(1)=1, µε(Xi)=0.
m1⊗S∆(1)=mS⊗1∆(1)= µε(1)=1 and m1⊗S∆(Xi)=mS⊗1∆(Xi)= µε(Xi)=0.

Since all the maps are algebra homomorphisms this means that the diagram
commutes.

We have proved:



370 R. Mart́ınez-Villa

Theorem 3.11. Let Cn be a quantized polynomial algebra with twisted ten-
sor product Cn ⊗qCn and ∆:Cn →Cn ⊗qCn, m:Cn ⊗qCn →Cn, µ:k→Cn, ε:Cn

→ k, S:Cn →Cn the maps above defined. Then Cn with the twisted tensor prod-
uct has a Hopf structure with m multiplication, µ a unit, ∆ comultiplication,
ε,counite and S the antipode.

In a similar way we consider the quantized exterior algebra C!
n=k <X1,X2,...

Xn,>/ <X2
i ,XiXj+cijXjXi, cij ∈ k-{0} i<j>.

Given n≤m we define the twisted tensor product C!
n⊗qC!

m if v1,v2 are
homogeneous elements of Cn and w1,w2 are elements of Cm `(vi), `(wi) is
the length then (v1⊗w1)(v2⊗w2)=(-1)`(v2)`(w1)cρr(w1)ρs(v2)(v1v2⊗w1w2) .Here as
above, for v=Xi1Xi2 ...Xik ρr(v)=ir.

We check as above that C!
n⊗qC!

m is a k-algebra isomorphic to C!
n+m=

k <X1,X2,...Xn,Xn+1,Xn+2,...Xn+m >/ <X2
i ,XiXj+ĉijXjXi, cij ∈ k-{0} i<j>.

As before we obtain a ring isomorphism C!
n⊗q(C!

n⊗qC!
n)∼=(C!

n⊗qC!
n)⊗qC!

n.
Proceeding as above we check that there is an homomorphism of k-algebras

m:C!
n⊗qC!

n →C!
n given by m(Xi⊗1)=m(1⊗Xi)=Xi m(1⊗1)=1 a unity µ:k→C!

n

given by µ(1)=1 a co multiplication ∆:C!
n →C!

n⊗qC!
n given by ∆(Xi)=Xi a co

unity ε :C!
n → k, given by ε(1)=1, ε(Xi)=0 and the antipode S:C!

n →C!
n given

in an homogeneous element v by S(v)=(-1)`(v)v.
We leave to the reader to prove the following:

Theorem 3.12. Let C!
n be a quantized exterior algebra with twisted tensor

product C!
n ⊗qC!

n and ∆:C!
n →C!

n ⊗qC!
n, m:C!

n ⊗qC!
n →C!

n, µ:k →C!
n, ε:C!

n

→ k, S:C!
n →C!

n the maps above defined. Then C!
n with the twisted tensor prod-

uct has a Hopf structure with m multiplication, µ a unit, ∆ comultiplication,
ε,counite and S the antipode.
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