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Abstract

We discuss a pivotal technicality concerning weakly nil-clean involutions and its

transversal with the complete description of weakly nil-clean rings and weakly nil-

clean rings with the strong property. The uniqueness of these sorts of rings is also

considered.
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1. Basic Definitions

Throughout the present article, let all rings be associative with the identity
element 1 which differs from the zero element 0; such rings are also termed
unital. All notations are standard, and the specific notions are formulated
below.

Definition 1.1. ([12]) A ring R is said to be nil-clean if, for each r ∈ R, there
are a nilpotent q and an idempotent e such that r = q + e. If, in addition,
qe = eq, R is called strongly nil-clean.

If in the definition of nil-cleanness the existing idempotent e is unique, the
ring R is called uniquely nil-clean.

Recall that a ring R is weakly boolean if, for every r ∈ R, either r or −r is
an idempotent. These rings are themselves commutative and are described in
[9] (see [6] too).
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The above concepts were extended in a commutative aspect in [11], and
generally in [1], thus:

Definition 1.2. A ring R is said to be weakly nil-clean if, for each r ∈ R,
there are a nilpotent q and an idempotent e such that r = q + e or r = q − e.
If, in addition, qe = eq, we call R weakly nil-clean with the strong property.

Notice that in [3] such weakly nil-clean rings having the commutation prop-
erty qe = eq are also called strongly weakly nil-clean. Clearly, (strongly) nil-
clean rings are (strongly) weakly nil-clean, while the converse fails; e.g., Z3.

If in the definition of weak nil-cleanness the existing idempotent e is unique,
the ring R is called uniquely weakly nil-clean.

These rings were the subject of too many investigations (see, for instance,
[5], [13] and [3], respectively). We shall examine them in the sequel in a few
directions by using a new simple approach.

2. The Involution Lemma

In the proof of Theorem 4.1 below, Šter used the following technicality
(Corollary 4 from [15]).

Corollary 2.1. Let a be a unit in a ring R such that a2 is central. If a is
nil-clean, then it is unipotent.

However, this can be considerably extended to the following assertion by
using another and more direct method for proof. Indeed, a2 need not be a
central element as only commutation with the existing idempotent is absolutely
enough.

Lemma 2.2. Suppose r is a unit in a ring R for which r = q + e for some
nilpotent q and idempotent e. If r2e = er2, then e = 1.

Proof. Observing that r2 = e+eq+qe+q2 along with r2e = e+eqe+qe+q2e =
e + eq + eqe + eq2 = er2, it follows that qe + q2e = eq + eq2, i.e., (q + q2)e =
e(q+ q2). Therefore, since r and q+ q2 do commute, r1 := r− (q+ q2) = e− q2
is again a unit. But r commuting with (q + q2)2 gives that r1 commutes
with (q + q2)2 as well, so that r2 := r1 + (q + q2)2 = e + 2q3 + q4 is also a
unit. Furthermore, because r2 will commute with 2(q + q2)3, one has that
r3 := r2 − 2(q + q2)3 = e + f(q4, q5, q6) is a unit too, where f(q4, q5, q6) is a
function of the nilpotent elements q4, q5 and q6, respectively. Next, repeating
the same idea for lifting nilpotent’s exponents, after a final number of steps,
one can find a unit rt such that rt = e + qt.b for some t ∈ N with qt = 0 and
b ∈ R depending on q. Finally, rt = e = 1, as wanted. �

Notice that the last statement also appeared in [6, Lemma 2.16], [7, Lemma
2.24] and [8, Lemma 2.1] but in a weaker form than the present one, asking
that r2e = er2 = e. Apparently the limitation ”= e” is superfluous.
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We are now in a position to comment the usage of the above lemma in the
full characterization of (strongly) weakly nil-clean rings. Indeed, as indicated
below, it was used in [6, Theorem 2.17] and [15, Theorem 14, Remark 15],
respectively, when r is an involution, i.e. when r2 = 1. Surprisingly, as it will
be manifestly demonstrated in what follows, this lemma is not necessary in
proving the characterizing Theorem 4.1 listed below.

3. Strongly Weakly Nil-Clean Rings

Currently, strongly weakly nil-clean rings are fully characterized in the fol-
lowing form:

Theorem 3.1. The next four items are equivalent:
(1) R is a strongly weakly nil-clean ring;
(2) R/J(R) is weakly boolean and J(R) is nil;
(3) J(R) is nil and either R/J(R) ∼= B, or R/J(R) ∼= Z3, or R/J(R) ∼=

B × Z3, where B is a boolean ring;
(4) R ∼= R1 × R2, where either R1 = {0} or R1 is a ring with nil J(R1)

and R1/J(R1) ∼= B, and either R2 = {0} or R2 is a ring with nil J(R2) and
R2/J(R2) ∼= Z3.

Although the numerous ideas for proofs, this result is an immediate conse-
quence of a simple combination of [1, Theorems 7 (2)] and [1, Corollary 13].
In fact, in the cited Theorem 7 (2), the ring R1 is strongly nil-clean and so
R1/J(R1) has to be boolean with J(R1) nil (cf. [10]). Moreover, the non-
zero ring R2 is strongly weakly nil-clean with nil J(R2) such that 3 ∈ J(R2),
and thus the quotient R2/J(R2) must be abelian being by [1, Theorem 2 (3)]
strongly weakly nil-clean of characteristic 3, whence the cited above Corol-
lary 13 will be successfully applicable to get the pursued claim. Indeed, it is
straightforward to see that any strongly weakly nil-clean ring P of character-
istic 3 is abelian and even much more - it has to be without non-trivial idem-
potents; to show this, given any idempotent e of P , it follows that (1 + e)2 = 1
and so 1 + e = q + f or 1 + e = q − f for some nilpotent q ∈ P with qm = 0,
m ∈ N (whence q3

m
= 0), and some idempotent f ∈ P such that qf = fq.

Therefore, (1+e)3
m

= 1+e = f or (1+e)3
m

= 1+e = −f which forces at once
that f = 1. Finally, either e = 0 or e = 1, as expected. This substantiates our
arguments. Finally, R2/J(R2) will have only trivial idempotents and thus the
same holds for R2 because J(R2) is nil.

This technique will be developed in the next section in order to describe the
isomorphic class of arbitrary weakly nil-clean rings in the best possible easy
way.

4. Weakly Nil-Clean Rings

Concerning the structure of weakly nil-clean rings, it was independently
described in [6, Theorem 2.17] and [15, Theorem 14, Remark 15], respectively,
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with Lemma 2.2 at hand as the omnibus of the two proofs. Specifically, the
following statement holds:

Theorem 4.1. A ring is weakly nil-clean if and only if it is either nil-clean
or isomorphic to the direct product R1 × R2, where R1 is a nil-clean ring and
R2 is a ring with nil J(R2) such that R2/J(R2) ∼= Z3.

Nevertheless, this is an immediate consequence of a simple combination of
[1, Theorems 7 (2)] and [1, Corollary 13]. In fact, in the cited Theorem 7
(2) the non-zero ring R2 is weakly nil-clean with 3 ∈ J(R2), and so by [1,
Theorem 2 (3)] the quotient R2/J(R2) must be abelian weakly nil-clean of
characteristic 3, whence the cited Corollary 13 will be successfully applicable
to get the pursued claim.

Indeed, this is subsumed by the next separate technicality.

Lemma 4.2. Any weakly nil-clean ring P of characteristic 3 has only trivial
idempotents, and thus it is abelian.

Proof. Given any idempotent e of P , it follows that −1−e = q+f or −1−e =
q − f for some nilpotent q ∈ P with q3

m
= 0, m ∈ N, and some idempotent

f ∈ P . Thus e+ f = −1− q or e− f = −1− q and hence (e+ f)3
m

= −1 or
(e− f)3

m
= −1 which we will differ into two cases:

Case 1. Suppose (e + f)3
m

= −1. One observes that (e + f)3 = e − ef +
efe+ fef − fe+ f , that e(e+ f)3 = e+ (ef)2, and that f(e+ f)3 = f + (fe)2.
Therefore, taking into account these three equations, it follows that f(e +
f)3

m
= f + (fe)k for some natural k. But multiplying the first equation by f

on the left, we derive that f(e+ f)3
m

= −f . Comparing these two equations,
we detect that (fe)k = f . Multiplying both sides of the last equation by 1− e
on the right, we obtain that f = fe. Similar arguments lead to ef = f , that
is, ef = f = fe. So, (e + f)3

m
= (e + f)3 = e + f = −1 which reduces to

(−1− e)2 = −1− e, i.e., to 1 = −1− e implying that e = −2 = 1.

Case 2. Suppose (e− f)3
m

= −1. One sees that (e− f)3 = e− efe+ fef − f ,
that f(e− f)3e = 0, and that f(e− f)3f = −fef − (fe)2f − f . Consequently,
bearing in mind these three equalities, it follows that f(e − f)3

m
e = 0. But

multiplying the first equality by f on the left and by e on the right, we deduce
that f(e − f)3

m
e = −fe. Comparing these two equalities, we obtain that

fe = 0. Analogous arguments lead to ef = 0, so that ef = 0 = fe. Thus,
(e− f)3

m
= (e− f)3 = e− f = −1 which reduces to (1 + e)2 = 1 + e, i.e., to

1 = 1 + e yielding that e = 0.

Finally, either e = 0 or e = 1, as expected, and this completely substantiates
our claim. �

We now arrive at the third type of weakly nil-clean rings.
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5. Uniquely (Strongly) Weakly Nil-Clean Rings

It was established by independent results in [12] and [2] the important fact
that uniquely nil-clean rings are exactly the abelian nil-clean rings. General-
izing this, it was obtained in [4, Theorem 2.12] that uniquely weakly nil-clean
rings are precisely the abelian weakly nil-clean rings.

Concerning the ”strongly case”, it was proved in [12, Corollary 3.8] and
the surrounding discussion there the somewhat surprising fact that strongly
nil-clean rings coincide with uniquely strongly nil-clean ones.

The leitmotif here is to extend this assertion to the case of strongly weakly
nil-clean rings. To be precise, the following surprising is true:

Theorem 5.1. Strongly weakly nil-clean rings are uniquely strongly weakly
nil-clean rings.

Proof. Suppose R is such a ring and r ∈ R is an arbitrary element. So, r = q+e
or r = q− e for some nilpotent q and an idempotent e with qe = eq. As shown
in [1] and [5], r can be represented as follows:

r = q + e = (q + 2e− 1) + (1− e),

where q + 2e − 1 is a unit because (2e − 1)2 = 1 and q(2e − 1) = (2e − 1)q,
while 1− e is an idempotent. Moreover, r(1− e) = q(1− e) is a nilpotent;

r = q − e = (q − 1) + (1− e),

where q−1 is a unit, whereas 1−e is an idempotent. Besides, r(1−e) = q(1−e)
is a nilpotent.

In terms of [12, Propositions 2.5,2.6] such a decomposition of r is strongly
π-regular. This allows us to conclude that the idempotent 1 − e is unique,
which means that e is unique, as required. �

In view Theorem 3.1, uniquely strongly weakly nil-clean rings are completely
characterized.

If 3 = 0 in that ring R, we may also write r = q− e = (q+ 2− e) + 1, where
(2− e)2 = 1 and so q + 2− e is a unit because q(2− e) = (2− e)q, and 1 is an
idempotent. However, r.1 = r is not longer a nilpotent, as needed.

It is also worthwhile noticing that the field Z3 is uniquely weakly nil-clean,
but neither nil-clean nor uniquely clean. In fact, the invertible element 2 = −1
cannot be presented as the sum of a nilpotent (the only one is 0) and an
idempotent (the only ones are 0, 1) as well as it can be presented in two different
records like this: 2 = 1+1 = 2+0, where 1, 2 are units and 1, 0 are idempotents.

Resuming, uniquely nil-clean rings are uniquely clean rings (see [14]). How-
ever, as already demonstrated by the ring Z3 above, uniquely weakly nil-clean
rings need not be uniquely clean rings, although weakly nil-clean rings are
clean (see [1, Corollary 8]). Nevertheless, uniquely weakly nil-clean rings are
themselves abelian clean rings and thus strongly clean rings.
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We close the work with the following.

6. Problems and Remarks

A query which naturally comes from the uniqueness Theorem 5.1 is the
following (compare with [11, Proposition 1.6]):

Problem 1. Characterize weakly nil-clean rings and strongly weakly nil-clean
rings if in their definition the existing nilpotent q is unique. Are these rings
uniquely in the usual sense of uniqueness of the idempotent as stated above?

The question which immediately arises with the aid of Lemma 2.2 is the
following:

Problem 2. If r is a nil-clean element in a ring R such that r2 commutes
with the existing in its representation idempotent, is it true that r is strongly
nil-clean?

Note that if this holds in the affirmative, it will substantially generalize [15,
Collorary 2].

Remark 1. In papers [6] and [7] were used the terminology ”indecomposable”
for a ring R in which the only idempotents are {0, 1}. To avoid the duplication
with the usual terminology of an indecomposable ring, that is a ring without
non-trivial central idempotents, it is better to call such rings which do not
contain non-trivial idempotents ”strongly indecomposable”.

Remark 2. In papers [5] and [7] there is an identical typo, namely ”R ∼=
E1nMn(R)E1n” should be written and read as ”R ∼= E11Mn(R)E11” as well as
”R ∼= E1nMn(R)E1n

∼= (1−E1n)Mn(R)(1−E1n)” should be written and read
as ”R ∼= E11Mn(R)E11

∼= (1− E11)Mn(R)(1− E11)” both with ”(1, n)-entry”
replaced by ”(1, 1)-entry”.
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