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Abstract

The notion of a I'-semigroup has been introduced by M. K. Sen in the
year 1981. In this paper, we consider Green’s relations for I'-semigroups
and reductive I'-semigroups.
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1 Introduction

The notion of a I'-semigroup has been introduced by M. K. Sen in [6]
the year 1981. Many classical notions of semigroup have been extended to I'-
semigroup (see [6], [7], [1], [2]). Green’s relations for semigroups, first studied
by J. A. Green [4], have played a fundamental role in the development to
semigroup theory (see [5]). In [8], G. Thierrin has introduced a reductive
semigroup. A. Fattahi and H. R. E. Vishki have given a characterization
for regular reductive semigroups in [3]. In this paper, we consider Green’s
relations for I'-semigroups and reductive I'-semigroups. Moreover, we give a
characterization for regular reductive I'-semigroups.

2 Preliminaries

Let S and I' be nonempty sets. If there exists a mapping S x I' x § — 5,
written (a,~,b) by ayb, S is called a I'-semigroup if S satisfies the identities
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(ayb)puc = ay(buc) for all a,b,c € S and v, € T.

Let S be an arbitrary semigroup and I' be any nonempty set. Define a
mapping S X I' x S — § by avb = ab for all a,b € S and v € I'. It is easy
to see that S is a I'-semigroup. Thus a semigroup can be considered to be a
['-semigroup.

Let S be a ['-semigroup and « be a fixed element in I'. We define a-b = aad
for all a,b € S. We can show that (5,-) is a semigroup and we denote this
semigroup by S,.

An element a of a I'-semigroup S is said to be reqular if there exist x € S
and «, 0 € I" such that a = aaxfBa. A reqular I'-semigroup is a I'-semigroup
each element of which is regular. Let a be an element of a I'-semigroup S and
a,3 € T. An element b of S is called an («, §)-inverse of a if a = aabfa and
b = bBaab.

Let S be a I'-semigroup and v € I'. An element e in S is said to be a
v-idempotent if eye = e. The set of all y-idempotents is denoted by E,. We

denote U E., by E(S). The elements of F(S) are called idempotent elements

yel’
of S. A I'-semigroup S is called an idempotent I'-semigroup if S = E(S).

3 Main results

The Green’s equivalence relations £, R, H and D on a [-semigroup S are
defined by the following rules :

(i) aLb if and only if S'T'a = S'Tb where S'T'a = STa U {a}.

(ii) aRb if and only if aI'S* = 'S where al'S* = aI'S U {a}.

(iii) H=LNTR.

(iv) D=LoR.

Remark We have

(i) aLb if and only if a = b or there exist x,y € S and «, F € T such that
a = xab and b = yfa.

(ii) aRb if and only if if @ = b or there exist z,y € S and «, € I' such
that a = bax and b = afy.

(iii) aHb if and only if aLb and aRb.

(iv) aDb if and only if there exists ¢ € S such that aLc and ¢Rb.

Theorem 3.1 LoR =RoL.

Proof. Let (a,b) € Lo R. Then there exists ¢ € S such that aLc and ¢Rb.
Case 1: a = c¢. Then aRb. Since aLa and aRb, (a,b) € LoR.
Case 2: b= c. Then alb. Since aLb and bR, (a,b) € Lo R.
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Case 3: a # ¢ and b # c. Since aLc and ¢Rb, there exist x,y,u,v € S and
v, i, m, 0 € T" such that

rya = c, yuc = a, cnu = b, bbv = c.
Let d = yucnu. Then
anu = yucnu = d
and
dfv = yucnubv = yubbv = yuc = a
from which it follows aRd. Also,
ypb = ypcnu = d
and
xyd = ryypucnu = xyanu = cnu = b,

so dLb. We deduce that (a,b) € Ro L. Therefore Lo R CRo L.
Similarly, we can prove that Ro L C LoR. [

The L-class (resp. R-class, H-class, D-class) containing the element a will
be written L, (resp. R,, Hy, D,).

Theorem 3.2 Let S be a I'-semigroup, o € T and e be an a-idempotent.
Then
(1) ace = a for all a € L.
(ii) eaca = a for all a € R,.
(1i1) ace = a = eaa for all a € H.,.
(iw) Foralla e S, |H,NE,| <1.

Proof. (i) Let a € L.. Then ale. It follows that S'T'a = S'Te. Then
a = e or there exist x € S and v € I'" such that a = zye. If a = e, then
ace = eae = e = a. If a = xye, then ace = (zye)ae = xy(eae) = xye = a.

(ii) It is similar to (i).

(iii) It follows from (i) and (ii).

(iv) Let e, f € H, N E,. Then eHf. So eLf and eRf. Then f € L,
and e € Ry. By (i) and (ii), respectively , we have fae = f and fae = e.
Therefore e = f. It follows that |H, N E,| < 1. |

Theorem 3.3 If a is a reqular element of a I'-semigroup S, then every
element of D, is reqular.
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Proof. Since a is regular, there exist x € S and «, # € I' such that a = aaxfa.
Let b € D,. So aDb. Then aLc and ¢Rb for some ¢ € S. Since alc, a = ¢ or
there exist u,v € S and v, € I' such that

uya = c and vuc = a
Since ¢Rb, b = c or there exist z,t € S and 7,0 € I" such that
cnz = b and bot = c.

Case 1: a =c and ¢ =0b. Then a = b, so b is regular.
Case 2: a = c and cnz = b and bt = c. Then

b(tax) b = caxfenz = acxfanz = anz = cnz = b
Case 3: wya = c and vuc = a, and b = c.Then
ba(zfv)ub = caxPfoub = uyacaxfa = uya =c="b
Case 4: uya = ¢ and vuc = a, and cnz = b and bft = c.Then
bl (taxfo)ub = caxfoucnz = uyaaxfanz = uyanz = cnz = b.
Therefore b is a regular element. ]

Let D is a D-class. Then either every element of D is regular or no element
of D is regular. We call the D-class regular if all its elements are regular.

Theorem 3.4 In a regular D-class, each L-class and each R-class contains
at least one idempotent.

Proof. Let a be an element of a regular D-class D in a [-semigroup S.
Then there exist z € S and «a,( € I' such that a = aax(a. Then xfa =
zf(aazxfa) = (xfa)a(xfa). Thus xfa is an a-idempotent. Since a = aa(xfa),
aLzxPa. Similarly, aaz is a S-idempotent and aRaax. [ |

Theorem 3.5 Let a be an element of a reqular D-class D in a I'-semigroup
S. Then

(2) If d' is an (a, B)-inverse of a, then a’ € D and the two H-classes
R,N Ly and L,N Ry, contain a B-idempotent aca’ and an a-idempotent o’ Ba,
respectively.

(i) If b € D 1is such that R, N Ly and L, N Ry, contain a (-idempotent e
and an a-idempotent f, respectively, then Hy, contains an («, 3)-inverse a* of
a such that aca™ = e and a*a = f.

(13i) No H-class contains more than one (o, 3)-inverse of a for all ordered
pair (o, 3) € I' x I
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Proof. (i) Let a’ be an («a, #)-inverse of a. Then a = aad’fa and ¢’ = o’ faad'.
Thus

a L dBa, aca' R a, a L aod, afaR d.

Thus a'Da, aca’ € R, N Ly and a'Ba € L, N Ry. Therefore ' € D. Since
a = aad' fa,d fa = d' facad fa and acd' = aaad' faca’. Therefore a’'fFa is an
a-idempotent and aaa’ is a f-idempotent.

(ii) Since aRe, by Theorem 3.2(ii), efa = a. Similarly, from aLf we deduce
that aaf = a by Theorem 3.2(i). Again from aRe it follows that a = e or
there exist z € S and v € I' such that ayxr = e.

Case 1 : a =e. Let a* = ffe. Then

aca*fa = aa(fPe)fa = (aaf)B(efa) = afa = efla = a

and
a*Baca® = (fBe)Baa(fBe) = fB(eBa)afBe = fB(aaf)Be = fB(afe) = fBe = a"
Then a* is an («, §)-inverse of a. Moreover

aca” = aafBe = afle = efe = e.

Further, since aLf, a = f or f = yfa for some y € Sand 6 € I'. If a = f,

then a*Ba = fBefa = efefe = e = f. If f = yba, then a*fa = fPefa =

ybaBefe = yba = f. It now follows easily that a* € L. N Ry = Ly N Ry, = H,.
Case 2 : ayxr = e. Let a* = fyxfe. Then

aca*fBa = aa(fyzpe)fa = (aaf)yxf(efa) = ayrfa = efa = a
and

a*Baaa* = (frzfe)Baa(frafe) = freflea)afyafe = fraflaaf)yabe =
freBlayz)Ge = fyafefe = frafe = o

Then a* is an («, 3)-inverse of a. Moreover
aca™ = aafyrfe = ayxfe = effe = e.

Since aLf, a = f or there exist y € S and 0 € I" such that f = yfa . If a = f,
then a*Ba = fyxfefa = ayrPefa = efefa = efa =a = f. If f = yba, then
a*fa = fryxpfefa = yb(ayzx)Befa = yb(efe)Ba = yh(efa) = yba = f. It now
follows easily that a* € L. N Ry = Ly N Ry = H,.

(iii) Suppose that o’ and a* are both («, §)-inverses of a inside the single
‘H-class Hp. Since aaad’ and aaa® are S-idempotents in the H-class R, N Ly,
aca’ = aca® by Theorem 3.2(iv). Similarly, o’fa = a*fa because both are
a-idempotents in the H-class L, N Ry. Then o' = d/faad’ = a*Gaca™ = a* N
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Let S be a I'-semigroup. An equivalence relation p on S is called a right
[resp. left] congruence on S if for each a,b € S, (a,b) € p implies (a7yt, byt) € p
[resp. (tya,tyb) € p| for all t € S and v € T'. An equivalence relation p on
S is called a congruence if p is both a right and left congruence. It is easy to
prove that £ is a right congruence on S and R is a left congruence on S.

Let S be a I'-semigroup and p be a congruence on S. For ap,bp € S/p and
v €T, let (ap)y(bp) = (ayb)p. This is well-defined, since for all a,a’, b0 € S
and v eI,

ap=d'pand bp =1'p

Let a,b,c € S and v, u € I'. We have

(apybp)pcp = ((avb)p)pcp = ((avb)pc)p = (avy(buc))p = apy(buc)p = apy(bpucp).
Then the quotient set S/p is a I'-semigroup.

Theorem 3.6 Let S be a I'-semigroup and p be a congruence on S. Then
(1) If p C L then for all a,b € S, aLlb if and only if ap L bp in S/p.

(73) If p C R then for all a,b € S, aRb if and only if ap R bp in S/p.
(1it) If p C'H then for all a,b € S, aHb if and only if ap H bp in S/p.

Proof. (i) Let a,b € S such that aLb. Then a = b or there exist z,y € S and
a, 8 € I such that a = zab and b = ySa.

Case 1 : a="0. Then ap = bp.

Case 2 : a = xzab and b = yfBa. Then ap = (zab)p = (xp)a(bp) and
bp = (yBa)p = (yp)B(ap). Therefore apLbp.

Conversely, let a,b € S. Assume apLbp. Then ap = bp or there exist
z,y € S and o, f € T" such that ap = (xp)a(bp) and bp = (yp)B(ap).

Case 1 : ap =bp. Then (a,b) € p. Since p C L, (a,b) € L. So aLlb.

Case 2 : ap = (xp)a(bp) and bp = (yp)B(ap). Then ap = (xab)p and
bp = (yBa)p. Then (a,zadb) € p and (b,yBa) € p. Since p C L, (a,zab) € L
and (b,yBa) € L. Then a € ST'(zab) and b € S'TI'(yBa). Thus S'T'a = S'T0.
Hence aLb.

(ii) It is similar to (i).

(iii) It follows from (i) and (ii). |

A congruence p on S is called right [resp. left] reductive if for each a,b € S,
(avt,byt) € p [resp. (tya,tyb) € p] for all t € S and v € T implies (a,b) € p.
A T-semigroup S is called right [resp. left] reductive if equality on S is a right
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[resp. left] reductive congruence. In other words, S is called right [resp. left]
reductive if for each a,b € S, ayt = byt [resp. tya = tb] for all t € S and
~v € I" implies @ = b. A T'-semigroup is called reductive if it is both right and
left reductive.

Theorem 3.7 Let S be a I'-semigroup and p be a congruence on S. The
following statements are true.

(1) p is a right reductive congruence if and only if S/p is a right reductive
I'-semigroup.

(13) p is a left reductive congruence if and only if S/p is a left reductive
I'-semigroup.

(1i1) p is a reductive congruence if and only if S/ p is a reductive I'-semigroup.

Proof. (i) Let p be a right reductive congruence. Let ap,bp € S/p such that
(ap)y(tp) = (bp)y(tp) for all t € S and v € I". Then (ayt,byt) € pforallt € S
and v € I'. Since p is right reductive, (a,b) € p. Hence ap = bp.

Conversely, suppose S/p is a right reductive I'-semigroup. Let a,b € S
such that (ayt,byt) € p for all t € S and v € T. Then (ayt)p = (byt)p for all
t € S and v € T'. Thus (ap)y(tp) = (bp)y(tp) for all t € S and v € T'. Since
S/p is a right reductive I'-semigroup, ap = bp. Therefore (a,b) € p.

(ii) It is similar to (i).

(iii) It follows by (i) and (ii). |

Define two congruence p, and p; on a I'-semigroup S as follows:

pr ={(a,b) € S xS |ayt=0byt for all t € S and for all v € T'}
o ={(a,b) € S xS |tya=tybforallt €S and for all v € I'}.

The three following theorems hold.

Theorem 3.8 Let S be a I'-semigroup. Then
(1) S is a right reductive T-semigroup if and only if p, = 1g.
(13) S is a left reductive I'-semigroup if and only if p, = 1g.

Proof. (i) Assume S is a right reductive I'-semigroup. Let a,b € S such that
ap.b. Then ayt = byt for allt € S and v € I'. Since S is right reductive, a = b.
Conversely, suppose p, = 1g. Let a,b € S such that ayt = byt forallt € S
and v € T'. Then (a,b) € p,. Since p, = 1g,a = b. Hence S is a right reductive
['-semigroup.
(ii) It is similar to (i). [

Theorem 3.9 Let S be a reqular I'-semigroup. Then
(i) pr CR.
(i) p C L.
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Proof. (i) Let (a,b) € p,. Then ayt = byt for all t € S and for all v € I". So
al'S = bI'S. Since a € aI'S and b € bI'S because S is regular, al'S* = bI'S*.
Therefore (a,b) € R. Thus p, C R.

(ii) It is similar to (i). |

Theorem 3.10 Let S be a regular I'-semigroup. Then
(1) pr is the minimum right reductive congruence on S.
(13) py is the minimum left reductive congruence on S.

Proof. (i) Let a,b € S. Assume that (avyt,byt) € p, for allt € S and v € T
Then avytpt’ = bytpt' for all t,t' € S and v, € I'. Thus aat” = bat” for all
t" € S and « € I' because S is regular. So (a,b) € p,. Therefore p, is a right
reductive congruence on S.

Next, let p be any right reductive congruence on S. Let (a,b) € p,. Then
ayt = byt for allt € S and vy € I'. Since p is reflexive, (a7yt, byt) € p. Therefore
(a,b) € p because p is right reductive.

(ii) It is similar to (i). |
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