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Abstract. Let G be a group. An endomorphism ¢ of G is called ra-
tional if there exist ai,...,a, € G and hy,... ,h, € Z, such that p(z) =
(2™ . (z)" for all x € G. We denote by End?(G) the group of invertible
rational endomorphisms of G. In this note, we prove that G is nilpotent of
class ¢ (¢ > 3) if and only if End’(G) is nilpotent of class ¢ — 1.
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1. Introduction and results

Let G be a group. A function f: G — G is said to be rational if there exist
elements aq, ..., a,,a,4+1 € G and integers hq, ..., h, € Z such that

ha |

f(z) = az™aszh - a,xa,q forall x e G.

If the exponents hq,...,h, can be chosen to be positive, we say that f is
polynomial; it is the case when for example the group G is of finite exponent.
The set F/(G) of all rational functions of G forms a monoid with the usual
composition of functions, this monoid has an important submonoid, End,(G)
the set of rational functions which are endomorphisms. We denote by F*(G)
and End:(G), the group of invertible elements of the corresponding monoids.
Note that a bijective rational endomorphism of a group G is not necessarily in
End’(GQ) (e.g., consider G' = |0, oo[ with multiplication and f : z +— z?®). On
the other hand, if G is finite, then F*(G) = Sym(G) N F(G) and End:(G) =
Sym(G) N End,(G), where Sym(G) is the set of all bijections on G.
Following [3], we denote by J(G) the set of integers m such that there exist
t integers mq,...,m; (t > 1) and t elements c¢i,...,¢; of G such that m =
my+ - +my and 2™ -+ ™ =1 for all x € G. The set J(G) is an ideal
of the ring of integers Z (see [3, p. 431]).

Let m > 0 be the integer such that J(G) = (m) and f € F(G), where
f(x) = arz™ - a,a"a, 1. Put h = hy+---+h, and hg € {0,...,m—1} is the
unique integer such that hg—h € J(G). If hg = h+gm for some integer ¢, then
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f(z) = f(x)(cia™ --- ™ )9, Thus we may assume that h € {0,...,m — 1}

and we call h the degree of f.
If f € End.(G), then

f(l') = gjh H[zhi7 bi][.’ﬁhi, bi7 xh—(h1+...+hi)]’
i=1

where b; = (a1 ---a;) ! for all i € {1,...,r}. (As G is not necessarily abelian,
we should indicate that the above product is written in the increasing order,
i.e., first the term for ¢ = 1, then the one for i = 2, etc. In the remainder of
paper, this convention will also be used).

Schweigert [5, Satz 3.5, p.37] showed that if G is a finite group, then G is
nilpotent if and only if End}(G) is nilpotent. Corsi Tani and Rinaldi Bonafede
[2, Theorem 3.5, p. 288] improved Schweigert’s result by proving that if G is a
finite group, then it is nilpotent of class ¢ > 2 if and only if End(G) is nilpotent
of class ¢— 1. Note that if G is abelian, then End}(G) coincides with the group
of invertible universal power automorphisms which is contained in the center
of Aut(G), the automorphisms group of G. We generalize [2, Theorem 3.5, p.
288] for infinite groups, in fact we prove

Theorem 1.1. Let G be a group and ¢ > 3 be an integer. Then G is nilpotent
of class c if and only if End(G) is nilpotent of class c—1. Moreover, End’(G)
is normal in Aut(QG).

It was proved in [2, Theorem 5.2, p. 291] that if G is a finite group and
r > 2 is a given integer, then the sum of any r inner automorphisms of GG is an
automorphism of G (i.e., the map = — x ---z% is an automorphisms of G
for any r elements as, ..., a, € G) if and only if G is 2-Engel with the property
that () = 0 mod exp(G’) and ged(r,exp(G)) = 1. Here we generalize this
result to any group.

Let h be an integer. We say that a group G satisfies Z(h) (£(h)) if the map
z — ()™ .. (2°7)" is an invertible rational endomorphism (a rational
epimorphism) of G for all ay,as,...,a, € G and hy, hy, ..., h, € Z such that
h=hy+-+h,.

Theorem 1.2. Let G be a group and h an integer different of —1,0,1. Then:
e (i) G satisfies Z(h) if and only if G is 2-Engel with conditions:

1. exp(G) is finite and ged(h, exp(G)) = 1.
2. exp(G') divides h(h —1)/2.

o (i) If G satisfies E(h), then G is a 2-Engel group with the only property
that exp(G') is finite and divides h(h — 1)/2.

If G admits a rational endomorphism ¢ : z — ()" (£92)" (29)" such
that hy = ho = hy = 1, G is called 3—generalized abelian . It was proved
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that every 3—generalized abelian group is nilpotent of class at most 10 [[1],
Theorem 3.1 p. 291]. Here we improve the bound if ¢ is an epimorphism of

G.

Proposition 1.3. If a group G admits an epimorphism of the form x +—
% x%2 % then G is nilpotent of class at most 8.

2. Proofs
Our notation is standard. The commutator of nelements x1,xs,... ,x, of a
group G is defined inductively by
[21] = 21, [11, 0] = 27wy twyas and [z, -+ 21, 2] = (21, Ta], @] (>

2). The nthterm of the lower central series is denoted by v, (G) with 1 (G) =
G. We denote by Z(G) the center of G.

To prove Theorem 1.1, we need the following lemma.

Lemma 2.1. Let G be a group and let o, be two elements of End ;(G) of
degrees h and k, respectively. Put

r

(15(-1') = x_hgp(l') = H['Thi’ ai][xhi, a;, xh_(h1+"'+hi)]
i=1

and
S

1&(1') = x_kw(x) = H['Tkj’ bj][xk]” bj’xk—(kl_y..._;,_kj)]'

J=1

Let I be an integer, (I > 1), and assume that ¢(zx) and &(x) belong respectively
to vi41(G) and v2(G) for all x € G. Suppose that h =1 if | > 2. Then

. (i)
P(o(x)) = ¢(¢(x)) = Tmody2(G).
o (ii)
—id modys(G)if L =1, h and k arbitrary.
9] = ida mody2(G) if h=1, (I >2) and k arbitrary. |-

Proof. (i) Because
D(p() = [ T1)) bll(2(2))" by, ()05 )] = Lmodas (G).

j=1

For [ = 1, we prove, in the same manner, that
p(U(x)) = 1mody42(G).

Assume that [ > 2, then h = 1. We remark that

€1 .82

plartay’.xft) = @a1)7 d(x)..p(x) " modyiy2(G)
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for all
x1, X, ..., 1 € G(g; = £1),
because
P(r122) = P(21)[P(21), 22]P(22) = P(71)P(2)
and

Then

[16@)™, 28()", ¢(b), Gla)© ) = 1modrya(G).
(i) We now have p(¥(z)) = p(e*i(x)) = p(@)e(i(r)) =
(B (@) () B (). A A
In the same way 9 (o(z)) = (2% (2))"p(x)k(p(x)). Tt is easy to check by
induction that (2"(p(2))* = 2"*p(2)* mod 442(G),and (zF(z))h =
x4 (2)h mod 43(G). Then

2" G () e (2) modrs (@) if 1 = 1

o(¥(z)) = { 2% ()5 () modya(G) if 1> 2 and h=1.

and

_ 2 () p () modns(G), i1 = 1
Plo(e) = { a*ih(2)p(x)F modysa(G), if 1 >2and h =1,

Therefore (1(z)) = ¥ (p(x)) (V((x) o)) = ¥(p(2))Alx) modyis2(G)

where

Alz) = [@(w)kjﬂ(x)h} =1 mody;(G) if Il =1
— [sﬁ(x)k’&(x)} =1 mody+2(G) if I > 2,and h = 1.

Hence [p, 9] (z) = o op™ o (potp)(z) = (o) o(Yop)(x)

_ modys(G),if | =1,
- mody+2(G),if I > 2,and h = 1.

This completes the proof. O

Lemma 2.2. Let G be a group and p1,p2,...,0n € End:(G) (n > 2). Then
[p1, 02, .., o] (@) = & MOdY41(G) for all w € G.
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Proof. We argue by induction on n. For n =2, let ¢ and ¢ € End!(G), there
exist ¢(z) and w( ) € 72(G) such that p(z) = 2"¢(x) and ¥(x) = zF)(z), for
all x € G, where h and k are the degrees of ¢ and v respectively.

By the previous lemma for [ = 1, we have [p, ¢] = idg mod v3(G).

Now assume inductively that the lemma is true for n elements of End’(G)
and let ©1,...,0n, Opi1 € End*(G). Put ¢ = [p1,...,ps) and ¥ = pp11.
By induction, there exist ¢(z) and (z) belonging to yni1(G) and v2(G) re-
spectively, such that ¢(z) = z¢(z) and ¥ (z) = a¥(x) for all z € G. By the
previous lemma, for h = 1 and [ = n > 2, we may write [p1,...,Pn, Pnt1] =
[0, Y] = ide mod ~,42(G). Which will end the induction. O

Proof of Theorem 1.1. Let ¢ be a class of nilpotence of G (¢ > 2). Applying
Lemma 2.2 for n = ¢, we have 7.41(G) = {1}. Then

[()017"'7906] = IdG

for any ¢1,...,p. €End!(G). Thus End’(G) is nilpotent of class at most
c¢—1. Since Inn(G) < End:(G) is of class ¢ — 1, it follows that End’(G) so is.
Conversely, if End;(G) is nilpotent of class ¢ — 1 (¢ > 3), Inn(G) is of class
at most ¢ — 1. Thus G is nilpotent of class at most c¢. If G is of class at most
c¢—1, then by the first part, End:(G) is of class at most ¢ — 2, a contradiction.
If End’(G) is abelian, G is abelian or nilpotent of class 2, according to that
Inn(G) is trivial or not. This completes the proof. O

Lemma 2.3. Let G be a group and n be an integer such that the map x — x"
1s an homomorphism of G. Then

(i) (zy)"~t =y 12"t for all x,y € G.

(ii) Moreover, if this map is an epimorphism of G, the map x — z"~! is an
homomorphism from G to Z(QG).

Proof. Let z,y € G.
(i) (= )”_1 = ((yx)")" " = ((y2)" )Y = ((y2) 2~y ™) = (y"a"a~ly )Y =

nlx

)

(z) There exists a € G such that y = a". Thus [2" 7', y] = [z"7 a"] =
33'1 a lan — x(x_l)”(a_l)”x”x_la”xx_l — x(x_la )n( 1 ) T -1 _
r(x7ta ez az)"x™t = 1 . Tt follows that (zy)"~! = y" g1 = an~1lyn—L.

This completes the proof. O

Lemma 2.4. Let G be a 2-Engel group. Then for all x,y € G and m € Z, we
have

() 0] = oy = [z, )"

(i) (wy)™=a™y" [y, x]" 2

(iii) Moreover, if the map x — x™ (m #,0,1) is an endomorphism of G, then
exp(G') is finite and divides m(m — 1)/2.

Proof. (i) and (ii) see [[4] Hilfssatz III,1.3].
(ii) It is obvious, because G’ is abelian. O
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Lemma 2.5. Let G be a nilpotent group and f € End,(G).

fla) = (@)™ @)™

)
= oLl alle", a2t

with h = hy + - -+ + h,.. Then the following assertions are equivalent:
(i) f€ End*(G)
(i) h is an invertible element of —= T
(i1i) If G has finite exponent, then ged(h,exp(G)) = 1; otherwise h € {1,—1}.

Proof. The proof is similar to that of [3, Theorem 1, p. 432], except (iii)= (i).
Endimioni has proved the implication (iii) = (i), if f € F(G) [3, theorem 1,
p. 432] and the reciprocal map of f is defined by f~!(z) = f'(z)g(x)~* where
' and g satisty o f' = /o f = Id_g_, g(G) € Z(G) and f (f'(x)) = wg(a)
for all z € G, and k satisfies hk = 1 (mod expG) if G is of finite exponent,
otherwise k = h. It is easy to check that f’ is a rational map of G satisfying

f(zy) = f'()f'(y) mod Z(G). Thus, f~1(z) = f'(x)(x " f (f(x))™". We
now prove that f~! is an endomorphism of GG. Noting that f~! is rational and
7 ((f(z)) € Z(Q) for all x € G, we have

F wy) = f'ay)(wy) @) = @) f )2y~ e F(f (@) f (y)2) ™
for some z € Z(G). Thus

M wy) = @) f W)z~ e (@) F ) f(2) 7"
o) ')z (@ F(F @)y F(F ) F(2) 7"
o) (@ @) )@ ) 2 f(2) 7
But since f(z) = 2",
2f(2) =2 =2 = =1
Hence f~'(xy) = f~1(x)f~ (y) for all 2,y € G and f~' € End,(G). O

Proof of Theorem 1.2.

(i) Suppose that G satisfies Z(h). In particular, the maps z — " and
x — x"72(2%)? are invertible rational endomorphisms of G. By Lemma 2.3, the
map x — 2"~ is an homomorphism from G to Z(G). Then for all z,y,a € G,

we have
()" 2((a))? = 22y )
Hence

(xy) y 33' lxayaxaya_xh T lxaxayh ly lyaya

xh—lyh ly T lxayaxa_xh T lxaxayh ly lya
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Since y"~! € Z(G),

y e laty et = a7 %y y?

Substituting = by a, we get y~'y%a = ay~'y* and so [y, ala = aly, a]. Thus
G is a 2-Engel group. It follows by Lemma 2.4 (iii) that exp(G’) divides
h(h —1)/2.

On the other hand G is nilpotent and the map x — 2" is an invertible rational
endomorphism of G and h ¢ {1,—1}, by Lemma 2.5 exp(G) is finite and
gcd(h,exp(G)) = 1.

Conversely, let aq,as,...,a, € G and hy, hs,...,h, € Z such that h =

hy + -+ 4+ h,. Consider the map f on G defined by

f(l') = (xa1>h1 o ar _ th hi (lz hi ai,xh_(hl"'"""hi)]'

h

Let e = exp(G) and €' = exp(G'). We have hu+ev =1 and h(h —1) = 2\
for some w,v, A\ € Z. Then h(h — 1)u + ev(h —1) = h — 1. Let z,y € G.
Therefore, we have

]h(h—l)u _ ]2)\e/u —1.

[#, )" = [,y [z, y

It follows that [x,y]" = [z, ] for all z,y € G. Since G is 2-Engel, the commu-
tator [z1, a;, wh~(MF+h)] is trivial. Thus

f( = h H ha az h H ha az
= alyhy " H[:Ir, a))"y" H[y, o' = 2ty ([ ai" ) H y, ail"
=1 =1 =1

=1
r

= xhth([iE,ai][.’L', aiay]h[yaai])hz =T th z, az .’L‘ azay][:% az])hi
i=1 i=1

On the other hand,

flay) = (zy)" H[(wy)’“, a;]

flzy) = 2"y Iy, """V ] [y, ail = 2 y”H z, 4z, ai,ylly, al )" = f(2) f(y).
=1 =1
Hence f is an endomorphism of G. Since h ¢ {1, —1} and exp(G) is finite
and satisfies ged(h,exp(G)) = 1,then, by Lemma 2.5 f € End}(G).

(ii) If G satisfies E(h), it is easy to see that G is 2-Engel with the only
condition exp(G’) is finite and divides h(h — 1)/2 by Lemmas 2.3 and 2.4. O
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We remark that a group G satisfies Z(—1) if and only if it is abelian

Proof of proposition 1.3. By theorem 1.3 [ [1], p. 291-292], the quotient
group % is 3—abelian. By lemma 2.3 for n = 3, the map z — Z? is an

endomorphism of % then % is abelian and G is nilpotent of class at

most 8. O

Question 2.6. Let G be a finite group and ¢,v € End:(G) be such that
o(x) = 2 - 2% and Y(x) = 2% .. 2% for all z € G. If ¢ = 1), then what
can be said about ay,...,a,,b1,...,0,7
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