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Abstract. Jacobi-like forms and modular series are formal power series,
whose coefficients are holomorphic functions on the Poincaré upper half plane,
satisfying certain transformation formulas under the operation of a discrete
subgroup I' of SL(2,R), and there is a natural isomorphism between the spaces
of these two types of series. Given a modular form A for I', multiplication by A
determines a linear map L£; of Jacobi-like forms and a linear map £ of mod-
ular series, which are not compatible with respect to the above isomorphism.
We construct a linear map of modular series compatible with £j as well as a
linear map of Jacobi-like forms compatible with L.
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1. INTRODUCTION

Jacobi-like forms are formal power series, whose coefficients are holomorphic
functions on the Poincaré upper half plane, satisfying a certain transformation
formula under the operation of a discrete subgroup I' of SL(2,R). This formula
is essentially one of the two equations that must be satisfied by Jacobi forms (cf.
[2]). Given a Jacobi-like form ®(z, X), its transformation formula determines
an expression of each of its coefficients in terms of derivatives of some modular
forms for I', and each of these modular forms can also be expressed as a
linear combination of derivatives of some of the coefficients of ®(z, X'). These
expressions can be used to derive a one-to-one correspondence between Jacobi-
like forms and certain sequences of modular forms (see [1, 4]).

!This research was supported in part by a PDA award from the University of Northern
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Modular series are formal power series which may be regarded as special
types of Jacobi-like forms. In fact, they can be defined by slightly modifying
the transformation formula for Jacobi-like forms. Given a sequence of modular
forms corresponding to a Jacobi-like form, a modular series can be obtained by
using the terms of the sequence as the coefficients of the formal power series.
Then the correspondence between Jacobi-like forms and sequences of modular
forms can be interpreted as an isomorphism between the space of Jacobi-like
forms and the space of modular series.

As in the case of modular forms, weights can be introduced for both Jacobi-
like forms and modular series. Given a modular form h for I' of weight w
and a Jacobi-like form ®(z, X) of weight A\, by multiplying the coefficients of
®(z, X) by h we obtain a Jacobi-like form of weight A+w. Thus h determines
a linear map £j : J\(T') — Jriw(T), where Jy(T) is the space of Jacobi-like
forms of weight A. Similarly, if M (I") denotes the space of modular series of
weight A, the same modular form h determines a linear map £ : M, (T') —
M 4(T) of modular series which sends a modular series F'(z, X) € M, (T") to
h(z)F(z,X) € My4y(I'). On the other hand, as was mentioned above, there
are isomorphisms 2 : 7\(T') — M(T') and Zy14 1 Tniw(l) = Miupw(T), but
the maps £; and £ are not compatible with respect to these isomorphisms.
In this paper we construct a linear map of modular series compatible with £;
as well as a linear map of Jacobi-like forms compatible with £

2. JACOBI-LIKE FORMS

In this section we review the correspondence between Jacobi-like forms and
sequences of modular forms. We interpret this correspondence as an isomor-
phism between the spaces of Jacobi-like forms and modular series.

Let ‘H be the Poincaré upper half plane, and let R be the set of all holomor-
phic functions on H. Then the group SL(2,R) acts on H as usual by linear
fractional transformations, so that we may write

az+b
z =
7 cz+d
for all z € H and v = (2%) € SL(2,R). For the same z and v, we set
c
3 = d, R =cJ R
I2)=cztd, A(y2)=c3(v,2)" = —

If fe R, ve SL(2,R) and w € Z, we denote by f |, 7 the element of R
defined by

(f o 1)(2) =3(v, 2) " f(2)
for all z € ‘H. Throughout this paper we fix a discrete subgroup I' of SL(2,R).

Definition 2.1. Given an integer w, a modular form for I' of weight w is an
element f € R satisfying

f’wﬁ)/:f
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for all v € I'. We denote by M, (I") the space of all modular forms of weight
w for T

Remark 2.2. We have modified the usual definition of modular forms by
suppressing the finiteness condition at the cusps. This allows us, for example,
to consider modular forms of negative weight.

Let R[[X]] denote the complex algebra of formal power series in X with
coefficients in R. Given a formal power series ®(z, X) € R[[X]], an integer A,
and an element v € SL(2,R), we set

(2.1) (@ 5 7)(2, X) = J(7,2) e X D(v2, 3(v,2)°X),

(2.2) (@[3 ) (2 X) =3(7,2) (72, 3(7, 2)7°X)

for all z € H. If 4/ is another element of I, it can be shown that
eRM)=@RNEKY, e () =@

hence the operations |{ and |}’ determine right actions of SL(2,R) on R[[X]].

Definition 2.3. Let ®(z, X) be a formal power series in R[[X]], and let X be
an integer.
(i) ®(z, X) is a Jacobi-like form for I' of weight X if it satisfies

(@[5 7)(z, X) = (2, X)

for all z € H and v € I'. We denote by J,(I") the space of all Jacobi-like forms
for I' of weight A
(ii) (2, X) is a modular series for I' of weight X if it satisfies

(2.3) (@ [\ )(z, X) = 0(z, X)

for all z € H and v € I'. We denote by M (I') the space of all modular series
for I of weight \.

Remark 2.4. Given a complex number p, we may also consider Jacobi-like
forms of index p by using the operation

(@ |5, Mz, X) =3(7,2) e 0XP(v2, §(v, 2)°X)

for 4 € I' instead of (2.2). Then the Jacobi-like forms of index 1 are simply
the Jacobi-like forms in Definition 2.3. On the other hand, modular series for
I' of weight A\ can be regarded as Jacobi-like forms of weight A and index 0.

Example 2.5. Let ®;(z, X) and ®5(z, X) be Jacobi-like forms for I" of weights
A1 and Ag, respectively, and set

D(z, X) = P1(z, X)Do(2, —X).
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Then from (2.1), (2.2) and Definition 2.3 we obtain
Oz, X) = (21 [X 7)(2, X)(P2 X 7)(z, —X)
(7, 2) e 09Ny (42, 3(7, 2) X))
X 3(7,2) et 09N Dy (y2, =3 (7, 2) X))
=3(7,2) R (v2,3(y, 2) 7 X)
= (2 [312, V(5 X)

for all v € T'; hence it follows that ®(z, X) is a modular series belonging to
M>\1+>\2 (F)

If § is a nonnegative integer, we set
R[[X]]s = X°R[[X]],

I()s = D(T) N R[X]]s5, Ma(D)s = ML) N R[[X]]5,

so that each element of J)(I')s and M(I')s can be written in the form

Z ¢ Xk+5 Z f Xk+5

respectively, with ¢y, fk € R for each k > 0. In this case the condition (2.3)
implies that the coefficient fj, of the modular series F'(z, X) € M,(I')s is a
modular form belonging to Moy (L") for each k > 0.

I
)

Proposition 2.6. Let A and § be integers with 6 > 0, and let
Z¢ )X e R[[X]]5.

Then the following conditions are equzvalent:
(i) The formal power series ®(z, X) is a Jacobi-like form belonging to Jx(T')s.
(ii) The coefficients of ®(z, X) satz’sfy

(2.4) (¢k |2k+2542 7)( Z ﬁ (7, 2) p_r(2)

forallk >0, z€H and v €.
(iii) The coefficients of ®(z, X) can be written in the form

k
1
(2:5) @:;T!Qk—l—%—l—)\—r )f+5r

for all k > 0, where f, is a modular form belonging to Ma,\(I") for each
w > 0.

Proof. This can be proved by modifying the proof of Proposition 2 in [1], where
the case of 6 = 1 and A = 0 was considered. O



Linear maps of Jacobi-like forms 175

Remark 2.7. Given nonnegative integers k and s, a holomorphic function
f:H — Cis a quasimodular form for I' of weight k and depth s if there are
holomorphic functions fy,... , f,, on H such that

for all z € H and v € I" (see e.g. [3]) The relation (2.4) shows that, for each
k > 0, ¢ is a quasimodular form for I' of weight 2k + 26 + A and depth £.

Lemma 2.8. The system of relations (2.5) between the coefficients of the
Jacobi-like form ®(z,X) and the corresponding modular forms can be writ-
ten in the form

e

-5
fr=02k+X—=1)) (-1)

r

2k+X—r=2)l .
( ) 2_)5_7« € MapA(I)

rl

I
o

for all k > 6.

Proof. This also extends one of the results in Proposition 2 in [1] and can be
proved in a similar manner. [

From Proposition 2.6 and Lemma 2.8 we see that there is a C-linear iso-
morphism between J,(I')s and the complex linear space of sequences { f;}72,
of modular forms such that f, € Mo\ (I") for each ¢ > §. Thus by setting

EX(@(2, X)) =) fil2)X =) fris(2) X0
=5 =0
we obtain the isomorphism
(2.6) Ex: l)s = Ma(D)s
between Jacobi-like forms and modular series.

Example 2.9. Let f be a modular form belonging to MssA(I'). Then we see
easily that Fy(z, X) = f(2)X° is a modular series belonging to M (T'), and
the corresponding sequence { f;}52; of modular forms for I' with f; € Ma; (T

satisfies
[oityg=9;
fi= L
0 ifj5#0.

Thus, if we write

THF (2, X)) Z¢fk ) XE+o

then from (2.4) we obtain
k

¢ :Z fk+57‘ _ f(k
PET L2k A+ 20— r— 1)1 Kl(k+A+25 - 1)!
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for each k > 0; hence it follows that

M (2)
— Bk + A+ 20— 1))

(2, X)) XM e g\(1)s.

In particular, the map f — Z,'(F;(z, X)) may be regarded as a lifting of
modular forms to Jacobi-like forms.

3. LINEAR MAPS OF JACOBI-LIKE FORMS

We fix an integer w and a modular form h : H — C belonging to M, (I"). If
®(z, X) = > 12, dr(2) X" is a formal power series in R[[X]]s, we set

Z h Xk+5

Then we see easily that

Lin(TT))s C Dgw(D)s,  La(MA(I)s) C Mirgw(D)s.

Thus £}, induces, by restriction, the linear maps
(3.1) Liy: TD)s = TrvwDss Ly 2 MA(D)s — Magw(D)s,
which are not compatible with respect to the isomorphisms =) and =y,,. In
this section we construct a linear map of Jacobi-like forms that is compatible
with £

As a candidate for the desired linear map of Jacobi-like forms, we consider
a linear map

(3.2) L} : J\(T)s — R[[X]]s
defined by
83 LX) =3 Y3y (_1)%2]{&!2((;:?)8!“_ :

R H20+ A =25 —r =2y s ko
Xk
(2k+2(5+)\+w—s—1) W (2)6 0 (2)

for ®(z, X) = 3232, du(2) X" € Tn(D)s.

Theorem 3.1. The image of the linear map Zﬁ in (3.2) is contained in Tyt (I)s.
Furthermore, if L] : J\(T)s — Tniw(D)s is the same linear map whose
codomain is restricted to Ty (L), then the diagram

LJ

I(D)s —— Diw()s

Exl lam

M

Lh
MAT)s —— Miiw(D)s

is commutative, where =y, Zxiy and LY are as in (2.6) and (3.1).
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Proof. Given a Jacobi-like form ®(z, X) = > 12 ¢r(2)X*° € J\(D)s, we set

= filz)X" € M\(I).
=6
Then from Lemma 2.8 we obtain
k-5
2k+A—r—=2)! .
fk = (Qk + A= 1) Z(—l)r( o ) 2_)5_7“ c M2k+)\(r)
r=0 ’

for each k > . Thus, if we write

o0

(LM 0 Z))(®(2, X)) :Z 2) X" € Mygu(T)s,

we see that
k—5
2k +X—r—
o= b= @k 4 A= 1) 3 (- TR0 M (D)
r=0 ’
for each £ > §. We now assume that
(Extw 0 Ly 0 Zx)( Z 2) X" € Triw(D)s.
k=0
Then, using (2.5), we have
~ k 1
¢k = Z (hfk+5 s) 3)

«sl(2k+20+ A +w—s—1)!

_Z 2k+26 —2s+ A —1
sk +20+ A+ w—s—1)!

k—s
L2k +20 -2+ X —1 — 5)
S . 2 hot0, ).
r=0 ’
k—s s

2k+20—2s+ A —1
— sk +20+ A+ w—s—1)!

J

r! k—r—s

X

for each k£ > 0. From this and (3.3) it follows that
(Exta 0 LA 0 50)(B(2, X)) = Li)(®(2, X)).
In particular, we see that

ZZ(CD<27 X)) € j>\+w(r)5

and LM 0=\ =E),, 0 Zﬁ : hence the theorem follows. O
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Example 3.2. If f is a modular form belonging to Mass4(I"), by Example 2.9
the series
JA ks
k' k4 A —|— 2(5 —1)!

is a Jacobi-like form belongmg to j A(I")s such that
Ea(Pr(z, X)) = f(2)X° € My(D).
Thus we have
L' (@4(2, X)) = h(2) f(2)X° € Mrpu(ID),
and, as in Example 2.9, we see that
Li(5(= X)) = (:Kiw o L} 0 E))(24(2, X))

hf(k(> Xk:+5
— Kl(k+A+w+20—1)! ’

which is a Jacobi-like form belongmg to Jn(I")s4w. In particular, by using
A = —0 we obtain a bilinear map

My () % Ms(T) = T-5(D)su
sending (h, f) to L](®(z, X)).
4. LINEAR MAPS OF MODULAR SERIES

Let £ : TA\(T)s — Tniw(T)s with h € M, (T) be as in (3.1), and let F(z, X)
be a modular series for I' belonging to M (I')s of the form

(4.1) FP(2,X) =Y fu(2)X"
k=6

In this section we find a linear map of modular series compatible with £;.
We first define the function fk ‘H — C by
k=6 7 k=6—r

R ~Dr2k+ X +w—1
(4.2) k=§22223()§w5—5! |

r=0 j=0 s=0

2k+X—2r—s—1)! hor—s

for each k£ > ¢ and set

o0

LMYF }:

so that we obtain the linear map
(4.3) LY My(D)s — R[[X]]s

defined on the space of modular forms.
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Theorem 4.1. The image of the map Zﬁ/[ in (4.3) is contained in M, (I)s.
Furthermore, if the codomain of L) is restricted to My4(T)s, the diagram

J

In()s AN Ingw(D)s

Exl lam

L ~M

My(D)s —— Miiw(D)s
is commutative, where =y, Zxi. and Lj are as in (2.6) and (3.1).

Proof. Given F(z,X) € M)(I')s as in (4.1), if we write
E Z¢ Xk+5 c j( )

then (2.5) implies that
k

1
¢k_;s!(2k+25+)\—s )f’f” s

for each £ > 0. Then we see that

o0

LHEVF(z,X)) = hz)dp(z) XHH
k=0
is a Jacobi-like form belonging to Jx:+w(I')s. Applying =1, to this, we have
(Enswo L 0 Z)(F(2, X)) = Y fil2)X",
k=6

where the coefficients are given by
k—6

ﬁ:(2k+>\+w—1)2(_1)r(2k+/\+w—r—2)!

rl

(h¢k—5—7‘ ) )

)!h(j)

r=0
k=6 r k—6—r

2 _
= 2k + A+ w—1) Z () brAtw=ore

7!
r=0 j=0 s=

1 (r+s—7)

X
sl(2k —2r + X — s — 1)17F7s

for all £k > §. Comparing this with ]?k in (4.2), we obtain
Ervwo £ 0T (F (2, X)) = £V (F(z, X))
In particular, we see that
LY(F(2, X)) € Masu(T)s

and =4, 0 L] = Zﬁ/[ o =y, which prove the theorem. O
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Example 4.2. Let Fy(z, X) = f(2)X° be amodular series belonging to M (T')
with f € Mysi(I'). Then as in Example 2.9 we see that

FO(
« kI(k + A —i— 2(5 - 1!

THFp(z, X)) XM e i ()s;

hence we have

— (2)fW(2)
EJ(H,\I(Ff (2, X)) k' k+)\+2(5— 0! XM e Iniw(T)s-

Thus we obtain
LY (Fy(2, X)) = (Zagw 0 L 0 E)(Fy(2, X)) ka 3

where

2k+)\+w—r—2) (hfk=0=m))(r)
rik—0—r)(k+A+06—r—1)!

k—5
fo=0Ck+A+w—1)) (-1
r=0
for each k& > 4.

5. CONCLUDING REMARKS

If R is as in Section 2, a pseudodifferential operator over R is a formal
Laurent series in the formal inverse 0—! of @ with coefficients in R, that is,
an expression of the form Y hy(2)0" with u € Z and hy, € R. Then the
linear fractional transformation on H and the transformation 9 — J(v, 2)%0
for v € I" determine an action of I on the space of pseudodifferential operator
over R, and the invariant elements under this action are known as automorphic
pseudodifferential operators. As was discussed by Cohen, Manin and Zagier
in [1], there is a one-to-one correspondence between Jacobi-like forms and
automorphic pseudodifferential operators. By using this correspondence the
results in Theorem 3.1 and Theorem 4.1 can easily be interpreted in terms of
automorphic pseudodifferential operators.
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