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Abstract. Jacobi-like forms and modular series are formal power series,
whose coefficients are holomorphic functions on the Poincaré upper half plane,
satisfying certain transformation formulas under the operation of a discrete
subgroup Γ of SL(2, R), and there is a natural isomorphism between the spaces
of these two types of series. Given a modular form h for Γ, multiplication by h
determines a linear map LJ

h of Jacobi-like forms and a linear map LM
h of mod-

ular series, which are not compatible with respect to the above isomorphism.
We construct a linear map of modular series compatible with LJ

h as well as a
linear map of Jacobi-like forms compatible with LM

h .
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1. Introduction

Jacobi-like forms are formal power series, whose coefficients are holomorphic
functions on the Poincaré upper half plane, satisfying a certain transformation
formula under the operation of a discrete subgroup Γ of SL(2, R). This formula
is essentially one of the two equations that must be satisfied by Jacobi forms (cf.
[2]). Given a Jacobi-like form Φ(z, X), its transformation formula determines
an expression of each of its coefficients in terms of derivatives of some modular
forms for Γ, and each of these modular forms can also be expressed as a
linear combination of derivatives of some of the coefficients of Φ(z, X). These
expressions can be used to derive a one-to-one correspondence between Jacobi-
like forms and certain sequences of modular forms (see [1, 4]).

1This research was supported in part by a PDA award from the University of Northern
Iowa.
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Modular series are formal power series which may be regarded as special
types of Jacobi-like forms. In fact, they can be defined by slightly modifying
the transformation formula for Jacobi-like forms. Given a sequence of modular
forms corresponding to a Jacobi-like form, a modular series can be obtained by
using the terms of the sequence as the coefficients of the formal power series.
Then the correspondence between Jacobi-like forms and sequences of modular
forms can be interpreted as an isomorphism between the space of Jacobi-like
forms and the space of modular series.

As in the case of modular forms, weights can be introduced for both Jacobi-
like forms and modular series. Given a modular form h for Γ of weight w
and a Jacobi-like form Φ(z, X) of weight λ, by multiplying the coefficients of
Φ(z, X) by h we obtain a Jacobi-like form of weight λ+w. Thus h determines
a linear map LJ

h : Jλ(Γ) → Jλ+w(Γ), where Jλ(Γ) is the space of Jacobi-like
forms of weight λ. Similarly, if Mλ(Γ) denotes the space of modular series of
weight λ, the same modular form h determines a linear map LM

h : Mλ(Γ) →
Mλ+w(Γ) of modular series which sends a modular series F (z, X) ∈ Mλ(Γ) to
h(z)F (z, X) ∈ Mλ+w(Γ). On the other hand, as was mentioned above, there
are isomorphisms Ξλ : Jλ(Γ) → Mλ(Γ) and Ξλ+w : Jλ+w(Γ) → Mλ+w(Γ), but
the maps LJ

h and LM
h are not compatible with respect to these isomorphisms.

In this paper we construct a linear map of modular series compatible with LJ
h

as well as a linear map of Jacobi-like forms compatible with LM
h .

2. Jacobi-like forms

In this section we review the correspondence between Jacobi-like forms and
sequences of modular forms. We interpret this correspondence as an isomor-
phism between the spaces of Jacobi-like forms and modular series.

Let H be the Poincaré upper half plane, and let R be the set of all holomor-
phic functions on H. Then the group SL(2, R) acts on H as usual by linear
fractional transformations, so that we may write

γz =
az + b

cz + d

for all z ∈ H and γ = ( a b
c d ) ∈ SL(2, R). For the same z and γ, we set

J(γ, z) = cz + d, K(γ, z) = cJ(γ, z)−1 =
c

cz + d
.

If f ∈ R, γ ∈ SL(2, R) and w ∈ Z, we denote by f |w γ the element of R
defined by

(f |w γ)(z) = J(γ, z)−wf(z)

for all z ∈ H. Throughout this paper we fix a discrete subgroup Γ of SL(2, R).

Definition 2.1. Given an integer w, a modular form for Γ of weight w is an
element f ∈ R satisfying

f |w γ = f
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for all γ ∈ Γ. We denote by Mw(Γ) the space of all modular forms of weight
w for Γ.

Remark 2.2. We have modified the usual definition of modular forms by
suppressing the finiteness condition at the cusps. This allows us, for example,
to consider modular forms of negative weight.

Let R[[X ]] denote the complex algebra of formal power series in X with
coefficients in R. Given a formal power series Φ(z, X) ∈ R[[X ]], an integer λ,
and an element γ ∈ SL(2, R), we set

(Φ |Jλ γ)(z, X) = J(γ, z)−λe−�(γ,z)XΦ(γz, J(γ, z)−2X),(2.1)

(Φ |Mλ γ)(z, X) = J(γ, z)−λΦ(γz, J(γ, z)−2X)(2.2)

for all z ∈ H. If γ′ is another element of Γ, it can be shown that

Φ |Jλ (γγ′) = (Φ |Jλ γ) |Jλ γ′, Φ |Mλ (γγ′) = (Φ |Mλ γ) |Mλ γ′;

hence the operations |Jλ and |Mλ determine right actions of SL(2, R) on R[[X ]].

Definition 2.3. Let Φ(z, X) be a formal power series in R[[X ]], and let λ be
an integer.

(i) Φ(z, X) is a Jacobi-like form for Γ of weight λ if it satisfies

(Φ |Jλ γ)(z, X) = Φ(z, X)

for all z ∈ H and γ ∈ Γ. We denote by Jλ(Γ) the space of all Jacobi-like forms
for Γ of weight λ

(ii) Φ(z, X) is a modular series for Γ of weight λ if it satisfies

(Φ |Mλ γ)(z, X) = Φ(z, X)(2.3)

for all z ∈ H and γ ∈ Γ. We denote by Mλ(Γ) the space of all modular series
for Γ of weight λ.

Remark 2.4. Given a complex number μ, we may also consider Jacobi-like
forms of index μ by using the operation

(Φ |Jλ,μ γ)(z, X) = J(γ, z)−λe−μ�(γ,z)XΦ(γz, J(γ, z)−2X)

for γ ∈ Γ instead of (2.2). Then the Jacobi-like forms of index 1 are simply
the Jacobi-like forms in Definition 2.3. On the other hand, modular series for
Γ of weight λ can be regarded as Jacobi-like forms of weight λ and index 0.

Example 2.5. Let Φ1(z, X) and Φ2(z, X) be Jacobi-like forms for Γ of weights
λ1 and λ2, respectively, and set

Φ(z, X) = Φ1(z, X)Φ2(z,−X).



174 Min Ho Lee

Then from (2.1), (2.2) and Definition 2.3 we obtain

Φ(z, X) = (Φ1 |Jλ γ)(z, X)(Φ2 |Jλ γ)(z,−X)

= J(γ, z)−λ1e−�(γ,z)XΦ1(γz, J(γ, z)−2X)

× J(γ, z)−λ2e�(γ,z)XΦ2(γz,−J(γ, z)−2X)

= J(γ, z)−λ1−λ2Φ(γz, J(γ, z)−2X)

= (Φ |Mλ1+λ2
γ)(z, X)

for all γ ∈ Γ; hence it follows that Φ(z, X) is a modular series belonging to
Mλ1+λ2(Γ).

If δ is a nonnegative integer, we set

R[[X ]]δ = XδR[[X ]],

Jλ(Γ)δ = Jλ(Γ) ∩ R[[X ]]δ, Mλ(Γ)δ = Mλ(Γ) ∩ R[[X ]]δ,

so that each element of Jλ(Γ)δ and Mλ(Γ)δ can be written in the form

Φ(z, X) =

∞∑
k=0

φk(z)Xk+δ, F (z, X) =

∞∑
k=0

fk(z)Xk+δ,

respectively, with φk, fk ∈ R for each k ≥ 0. In this case the condition (2.3)
implies that the coefficient fk of the modular series F (z, X) ∈ Mλ(Γ)δ is a
modular form belonging to M2k+λ(Γ) for each k ≥ 0.

Proposition 2.6. Let λ and δ be integers with δ ≥ 0, and let

Φ(z, X) =
∞∑

k=0

φk(z)Xk+δ ∈ R[[X ]]δ.

Then the following conditions are equivalent:
(i) The formal power series Φ(z, X) is a Jacobi-like form belonging to Jλ(Γ)δ.
(ii) The coefficients of Φ(z, X) satisfy

(φk |2k+2δ+λ γ)(z) =
k∑

r=0

1

r!
K(γ, z)rφk−r(z)(2.4)

for all k ≥ 0, z ∈ H and γ ∈ Γ.
(iii) The coefficients of Φ(z, X) can be written in the form

φk =
k∑

r=0

1

r!(2k + 2δ + λ − r − 1)!
f

(r)
k+δ−r(2.5)

for all k ≥ 0, where fw is a modular form belonging to M2w+λ(Γ) for each
w ≥ δ.

Proof. This can be proved by modifying the proof of Proposition 2 in [1], where
the case of δ = 1 and λ = 0 was considered.
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Remark 2.7. Given nonnegative integers k and s, a holomorphic function
f : H → C is a quasimodular form for Γ of weight k and depth s if there are
holomorphic functions f0, . . . , fm on H such that

(f |k γ)(z) =

s∑
m=0

fm(z)K(γ, z)m

for all z ∈ H and γ ∈ Γ (see e.g. [3]). The relation (2.4) shows that, for each
k ≥ 0, φk is a quasimodular form for Γ of weight 2k + 2δ + λ and depth k.

Lemma 2.8. The system of relations (2.5) between the coefficients of the
Jacobi-like form Φ(z, X) and the corresponding modular forms can be writ-
ten in the form

fk = (2k + λ − 1)
k−δ∑
r=0

(−1)r (2k + λ − r − 2)!

r!
φ

(r)
k−δ−r ∈ M2k+λ(Γ)

for all k ≥ δ.

Proof. This also extends one of the results in Proposition 2 in [1] and can be
proved in a similar manner.

From Proposition 2.6 and Lemma 2.8 we see that there is a C-linear iso-
morphism between Jλ(Γ)δ and the complex linear space of sequences {f�}∞�=δ

of modular forms such that f� ∈ M2�+λ(Γ) for each � ≥ δ. Thus by setting

Ξλ(Φ(z, X)) =
∞∑

�=δ

f�(z)X� =
∞∑

�=0

f�+δ(z)X�+δ

we obtain the isomorphism

Ξλ : Jλ(Γ)δ → Mλ(Γ)δ(2.6)

between Jacobi-like forms and modular series.

Example 2.9. Let f be a modular form belonging to M2δ+λ(Γ). Then we see
easily that Ff(z, X) = f(z)Xδ is a modular series belonging to Mλ(Γ), and
the corresponding sequence {fj}∞j=δ of modular forms for Γ with fj ∈ M2j+λ(Γ)
satisfies

fj =

{
f if j = δ;

0 if j �= δ.

Thus, if we write

Ξ−1
λ (Ff(z, X)) =

∞∑
k=0

φf,k(z)Xk+δ,

then from (2.4) we obtain

φf,k =

k∑
r=0

f
(r)
k+δ−r

r!(2k + λ + 2δ − r − 1)!
=

f (k)

k!(k + λ + 2δ − 1)!
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for each k ≥ 0; hence it follows that

Ξ−1
λ (Ff(z, X)) =

∞∑
k=0

f (k)(z)

k!(k + λ + 2δ − 1)!
Xk+δ ∈ Jλ(Γ)δ.

In particular, the map f �→ Ξ−1
λ (Ff(z, X)) may be regarded as a lifting of

modular forms to Jacobi-like forms.

3. Linear maps of Jacobi-like forms

We fix an integer w and a modular form h : H → C belonging to Mw(Γ). If
Φ(z, X) =

∑∞
k=0 φk(z)Xk+δ is a formal power series in R[[X ]]δ, we set

Lh(Φ(z, X)) =
∞∑

k=0

h(z)φk(z)Xk+δ.

Then we see easily that

Lh(Jλ(Γ))δ ⊂ Jλ+w(Γ)δ , Lh(Mλ(Γ)δ) ⊂ Mλ+w(Γ)δ .

Thus Lh induces, by restriction, the linear maps

LJ
h : Jλ(Γ)δ → Jλ+w(Γ)δ, LM

h : Mλ(Γ)δ → Mλ+w(Γ)δ ,(3.1)

which are not compatible with respect to the isomorphisms Ξλ and Ξλ+w. In
this section we construct a linear map of Jacobi-like forms that is compatible
with LM

h .
As a candidate for the desired linear map of Jacobi-like forms, we consider

a linear map

L̃J
h : Jλ(Γ)δ → R[[X ]]δ(3.2)

defined by

L̃J
h(Φ(z, X)) =

∞∑
k=0

k∑
s=0

k−s∑
r=0

s∑
j=0

(−1)r(2k + 2δ − 2s + λ − 1)

j!r!(s − j)!
(3.3)

× (2k + 2δ + λ − 2s − r − 2)!

(2k + 2δ + λ + w − s − 1)!
h(j)(z)φ

(r+s−j)
k−r−s (z)Xk+δ

for Φ(z, X) =
∑∞

k=0 φk(z)Xk+δ ∈ Jλ(Γ)δ .

Theorem 3.1. The image of the linear map L̃J
h in (3.2) is contained in Jλ+w(Γ)δ.

Furthermore, if L̃J
h : Jλ(Γ)δ → Jλ+w(Γ)δ is the same linear map whose

codomain is restricted to Jλ+w(Γ)δ, then the diagram

Jλ(Γ)δ

�LJ
h−−−→ Jλ+w(Γ)δ

Ξλ

⏐⏐� ⏐⏐�Ξλ+w

Mλ(Γ)δ

LM
h−−−→ Mλ+w(Γ)δ

is commutative, where Ξλ, Ξλ+w and LM
h are as in (2.6) and (3.1).
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Proof. Given a Jacobi-like form Φ(z, X) =
∑∞

k=0 φk(z)Xk+δ ∈ Jλ(Γ)δ, we set

Ξλ(Φ(z, X)) =
∞∑

�=δ

f�(z)X� ∈ Mλ(Γ).

Then from Lemma 2.8 we obtain

fk = (2k + λ − 1)
k−δ∑
r=0

(−1)r (2k + λ − r − 2)!

r!
φ

(r)
k−δ−r ∈ M2k+λ(Γ)

for each k ≥ δ. Thus, if we write

(LM
h ◦ Ξλ)(Φ(z, X)) =

∞∑
�=δ

f̂�(z)X� ∈ Mλ+w(Γ)δ,

we see that

f̂k = hfk = (2k + λ − 1)
k−δ∑
r=0

(−1)r (2k + λ − r − 2)!

r!
hφ

(r)
k−δ−r ∈ M2k+λ+w(Γ)

for each k ≥ δ. We now assume that

(Ξ−1
λ+w ◦ LM

h ◦ Ξλ)(Φ(z, X)) =
∞∑

k=0

φ̂(z)Xk+δ ∈ Jλ+w(Γ)δ.

Then, using (2.5), we have

φ̂k =
k∑

s=0

1

s!(2k + 2δ + λ + w − s − 1)!
(hfk+δ−s)

(s)

=
k∑

s=0

2k + 2δ − 2s + λ − 1

s!(2k + 2δ + λ + w − s − 1)!

×
k−s∑
r=0

(−1)r (2k + 2δ − 2s + λ − r − 2)!

r!
(hφ

(r)
k−r−s)

(s)

=

k∑
s=0

k−s∑
r=0

s∑
j=0

2k + 2δ − 2s + λ − 1

s!(2k + 2δ + λ + w − s − 1)!

× (−1)r

(
s

j

)
(2k + 2δ − 2s + λ − r − 2)!

r!
h(j)φ

(r+s−j)
k−r−s

for each k ≥ 0. From this and (3.3) it follows that

(Ξ−1
λ+w ◦ LM

h ◦ Ξλ)(Φ(z, X)) = L̃J
h(Φ(z, X)).

In particular, we see that

L̃J
h(Φ(z, X)) ∈ Jλ+w(Γ)δ

and LM
h ◦ Ξλ = Ξλ+w ◦ L̃J

h; hence the theorem follows.
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Example 3.2. If f is a modular form belonging to M2δ+λ(Γ), by Example 2.9
the series

Φf (z, X) =
∞∑

k=0

f (k)(z)

k!(k + λ + 2δ − 1)!
Xk+δ

is a Jacobi-like form belonging to Jλ(Γ)δ such that

Ξλ(Φf (z, X)) = f(z)Xδ ∈ Mλ(Γ).

Thus we have

LM
h (Φf (z, X)) = h(z)f(z)Xδ ∈ Mλ+w(Γ),

and, as in Example 2.9, we see that

L̃J
h(Φf(z, X)) = (Ξ−1

λ+w ◦ LM
h ◦ Ξλ)(Φf (z, X))

=
∞∑

k=0

(hf)(k)(z)

k!(k + λ + w + 2δ − 1)!
Xk+δ,

which is a Jacobi-like form belonging to Jλ(Γ)δ+w. In particular, by using
λ = −δ we obtain a bilinear map

Mw(Γ) × Mδ(Γ) → J−δ(Γ)δ+w

sending (h, f) to L̃J
h(Φf (z, X)).

4. Linear maps of modular series

Let LJ
h : Jλ(Γ)δ → Jλ+w(Γ)δ with h ∈ Mw(Γ) be as in (3.1), and let F (z, X)

be a modular series for Γ belonging to Mλ(Γ)δ of the form

F (z, X) =

∞∑
k=δ

fk(z)Xk.(4.1)

In this section we find a linear map of modular series compatible with LJ
h .

We first define the function f̂k : H → C by

f̂k =
k−δ∑
r=0

r∑
j=0

k−δ−r∑
s=0

(−1)r(2k + λ + w − 1)

j!s!(r − j)!
(4.2)

× (2k + λ + w − r − 2)!

(2k + λ − 2r − s − 1)!
h(j)f

(r+s−j)
k−r−s

for each k ≥ δ and set

L̃M
h (F (z, X)) =

∞∑
k=δ

f̂k(z)Xk,

so that we obtain the linear map

L̃M
h : Mλ(Γ)δ → R[[X ]]δ(4.3)

defined on the space of modular forms.
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Theorem 4.1. The image of the map L̃M
h in (4.3) is contained in Mλ+w(Γ)δ.

Furthermore, if the codomain of L̃M
h is restricted to Mλ+w(Γ)δ, the diagram

Jλ(Γ)δ

LJ
h−−−→ Jλ+w(Γ)δ

Ξλ

⏐⏐� ⏐⏐�Ξλ+w

Mλ(Γ)δ

�LM
h−−−→ Mλ+w(Γ)δ

is commutative, where Ξλ, Ξλ+w and LJ
h are as in (2.6) and (3.1).

Proof. Given F (z, X) ∈ Mλ(Γ)δ as in (4.1), if we write

Ξ−1
λ (F (z, X)) =

∞∑
k=0

φk(z)Xk+δ ∈ Jλ(Γ)δ,

then (2.5) implies that

φk =
k∑

s=0

1

s!(2k + 2δ + λ − s − 1)!
f

(s)
k+δ−s

for each k ≥ 0. Then we see that

LJ
h(Ξ−1

λ (F (z, X))) =
∞∑

k=0

h(z)φk(z)Xk+δ

is a Jacobi-like form belonging to Jλ+w(Γ)δ . Applying Ξλ+w to this, we have

(Ξλ+w ◦ LJ
h ◦ Ξ−1

λ )(F (z, X)) =
∞∑

k=δ

f̃k(z)Xk,

where the coefficients are given by

f̃k = (2k + λ + w − 1)
k−δ∑
r=0

(−1)r (2k + λ + w − r − 2)!

r!
(hφk−δ−r)

(r)

= (2k + λ + w − 1)
k−δ∑
r=0

r∑
j=0

k−δ−r∑
s=0

(−1)r

(
r

j

)
(2k + λ + w − r − 2)!

r!
h(j)

× 1

s!(2k − 2r + λ − s − 1)!
f

(r+s−j)
k−r−s

for all k ≥ δ. Comparing this with f̂k in (4.2), we obtain

(Ξλ+w ◦ LJ
h ◦ Ξ−1

λ )(F (z, X)) = L̃M
h (F (z, X)).

In particular, we see that

L̃M
h (F (z, X)) ∈ Mλ+w(Γ)δ

and Ξλ+w ◦ LJ
λ = L̃M

h ◦ Ξλ, which prove the theorem.
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Example 4.2. Let Ff(z, X) = f(z)Xδ be a modular series belonging to Mλ(Γ)
with f ∈ M2δ+λ(Γ). Then as in Example 2.9 we see that

Ξ−1
λ (Ff(z, X)) =

∞∑
k=0

f (k)(z)

k!(k + λ + 2δ − 1)!
Xk+δ ∈ Jλ(Γ)δ;

hence we have

LJ
h(Ξ−1

λ (Ff(z, X))) =
∞∑

k=0

h(z)f (k)(z)

k!(k + λ + 2δ − 1)!
Xk+δ ∈ Jλ+w(Γ)δ.

Thus we obtain

L̃M
h (Ff (z, X)) = (Ξλ+w ◦ LJ

λ ◦ Ξ−1
λ )(Ff(z, X)) =

∞∑
k=δ

fk(z)Xk,

where

fk = (2k + λ + w − 1)

k−δ∑
r=0

(−1)r (2k + λ + w − r − 2)!(hf (k−δ−r))(r)

r!(k − δ − r)!(k + λ + δ − r − 1)!

for each k ≥ δ.

5. Concluding remarks

If R is as in Section 2, a pseudodifferential operator over R is a formal
Laurent series in the formal inverse ∂−1 of ∂ with coefficients in R, that is,
an expression of the form

∑u
k=−∞ hk(z)∂k with u ∈ Z and hk ∈ R. Then the

linear fractional transformation on H and the transformation ∂ �→ J(γ, z)2∂
for γ ∈ Γ determine an action of Γ on the space of pseudodifferential operator
over R, and the invariant elements under this action are known as automorphic
pseudodifferential operators. As was discussed by Cohen, Manin and Zagier
in [1], there is a one-to-one correspondence between Jacobi-like forms and
automorphic pseudodifferential operators. By using this correspondence the
results in Theorem 3.1 and Theorem 4.1 can easily be interpreted in terms of
automorphic pseudodifferential operators.
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Birkhäuser, Boston, 1985.

[3] F. Martin and E. Royer, Formes modulaires et transcendance, Formes modulaires et
périodes (S. Fischler, E. Gaudron, and S. Khémira, eds.), Soc. Math. de France, 2005,
pp. 1–117.

[4] D. Zagier, Modular forms and differential operators, Proc. Indian Acad. Sci. Math. Sci.
104 (1994), 57–75.

Received: September 11, 2007


