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Abstract. We describe explicitly all indecomposable modules of rank 6
over a domestic canonical algebra of quiver type over a field k of arbitrary
characteristic. Together with the results given in [5] this yields an explicit de-
scription of all preprojective and preinjective indecomposable modules (and of
all indecomposable modules if k is algebraically closed) for a domestic canon-
ical algebra of quiver type. In particular for those algebras each preprojective
and each preinjective indecomposable module can be represented by matrices
whose coefficients are 0 and 1.
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1. INTRODUCTION

Let k be a field and A = kQ/I a finite dimensional k-algebra of quiver type.
In order to describe finite dimensional left modules over A one has to choose
for each vertex of () a finite dimensional vector space and for each arrow of () a
linear map such that the relations defined by the ideal I are satisfied. Whereas
often one has knowledge about the dimension vectors of the indecomposable
modules in general, little is known about the linear maps.

In some cases however the problem of an explicit description of the inde-
composable modules is solved. Already in 1890 Kronecker [3] classified pairs
of n x m-matrices under the natural action of the group GL, (k) x GL,,(k), in
other words finite dimensional modules over the algebra which is called today
the Kronecker algebra. In 1972 Gabriel computed all indecomposable repre-
sentations for Dynkin quivers [1] which was one of the most important steps
at the beginning of modern representation theory. Nazarova [6] has described
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the indecomposable modules for the 4-subspace problem, i.e. representations
of the quiver D, with subspace orientation, however an explicit description of
all indecomposable modules for the extended Dynkin quivers is not so easy
(compare [4]).

In this paper we study indecomposable modules for domestic canonical al-
gebras of quiver type over a field k. This class of algebras was introduced by
Ringel [7] and is related to the extended Dynkin quivers by tilting theory. The
problem of an explicit description of the preprojective and preinjective mod-
ules over domestic canonical algebras was solved in [5] under the assumption
that the characteristic of the field is different from 2. Unfortunately in char-
acteristic 2 some of the modules given there are decomposable. In this paper
we complete the classification for arbitrary characteristic.

Recall that a domestic canonical algebra of quiver type A is isomorphic to
the path algebra of the quiver
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modulo the relation v, ...71 =y, ... 1 + 3, ... 31, where p, ¢, s is the length
of the upper (middle, lower, respectively) arm, and where moreover the triples
(p,q,s) are given by (p,q,1) (where p, ¢ > 1), (p,2,2) (where p > 2), (3,3,2),
(4,3,2) and (5,3,2) (for type (p,q,1) the third arm and the relation are re-
dundant) [7].

A finite-dimensional left A-module M consists of finite-dimensional vector
spaces M (i) for each point i of the quiver, and a linear map M («) for each
arrow « = oy, 3; and 4, satisfying the relation

M(vs)o...oM(m)=M(ap)o...0oM(ay)+ M(B,)o...0 M(S).

The number rk(M) = dim M (co) — dim M (0) is called the rank of M. Then
an indecomposable module is of positive rank (negative rank, rank zero, re-
spectively) if it is preprojective (preinjective, reqular, respectively). It is further
known that for each indecomposable module M over a domestic canonical al-
gebra | rk(M)| < 6, moreover the case | rk(M)| = 6 appears only for the type
(5,3,2). The global structure of the module category is also well-known [7]:
There is precisely one preprojective component, precisely one preinjective com-
ponent. All indecomposable preprojective and preinjective modules are excep-
tional. Recall that an A-module M is called ezceptional if End(M) is a division
ring and Ext’ (M, M) = 0 for all i > 1. The indecomposable regular modules
form tubes, almost all of them homogeneous. If k is algebraically closed, then
the family of tubes is parametrized by the projective line over k.
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All the modules M with | rk(M)| < 5 described in [5] are indecomposable for
domestic canonical algebras over an arbitrary field, however the construction
given there fails in the case of fields of characteristic 2 for modules of rank 6
and —6 (see the next chapter).

The aim of this paper is to present matrices for the indecomposable pre-
projective modules of rank 6 over a canonical algebra of type (5,3,2) inde-
pendently of the characteristic of the field. By dualization one obtains also a
description of the indecomposable preinjective modules of rank —6.

A result of Ringel states that for the path algebra A = kQ of each quiver
() any exceptional module can be exhibited using matrices involving as co-
efficients just 0 and 1 [8]. All indecomposable preprojective and preinjective
modules of our construction will satisfy this property, too.

The paper basically follows the idea of [5] and arose when the first author
was writing her master thesis at the University of Szczecin.

2. THE MATRICES OF INDECOMPOSABLE RANK 6-MODULES

From now on A denotes a canonical algebra of quiver type of type (5, 3,2)
over an arbitrary field k. In order to describe the indecomposable A-modules
we are interested in we use the following notations. For natural numbers n
and ¢ let I, be the n x n-identity matrix. Moreover, define

both having ¢ zero rows of length n. We sometimes denote these matrices by I,
X,x and Y, respectively, if the format is clear from the context. Furthermore,
we define the following matrices

10 0] 10 17 1107
010 010 100
110 00 1 01 1

1) — @ _ (3 —

O R Rl PRI R FR R
101 100 01 0
0 0 1] 0 1 1] 0 0 1)

0 117 00 17
101 10 1
w (01 1] 5 |00 1
Z7= 10 1 0|7 01 1
00 1 100
10 0 0 1 0
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In general, if Z is a 6 x 3-matrix and n > 0 then we call n-th enlargement
of Z the matrix

Zni6nt3 = 1 L | €Musgnis(k)

with entries 1 on two diagonals, each of length n and 5 zeros between them in
each column.

It is well known that each indecomposable preprojective A-module is uniquely
determined, up to isomorphism, by its dimension vector. Moreover, there are 5
types of indecomposable rank 6-modules (see [5, section 2]). The type depends
on the arrow for which the corresponding linear map increases the dimension
of the vector spaces by 2, (note that all linear maps for indecomposable prepro-
jective modules are monomorphisms [2, Lemma 4.2] but for rank 6-modules not
isomorphisms. Thus the dimension vectors of indecomposable rank 6 modules
appear in b series.

typel type2
n+2 n+3 n+4 n+b n+1 n+3 n+4 n+b
n n+2 n+4 n+6 n n+2 n+4 n—+06
n+3 n+3
type3 typed
n+l1 n+2 n+4 n+5 n+l1 n+2 n+3 n+b
n n+2 n+4 n+6 n n+2 n+4 n—+06
n+3 n+3
typeb
n+1 n+2 n+3 n+4
n n+2 n+4 n+6
n+3

Observe that for every type there is an indecomposable module for n = 0
which is just a representation of the Dynkin quiver of type Fg with subspace
orientation.

A typical example of a series of indecomposable A-modules of rank 6 with
dimension vector of type 5 is the following: For n = 6m + 1, m > 0 we define
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X X X )
kTL+1 n+2,n+1 kn+2 n+3,n+2 kn+3 n+4,n+3 kn+4

W &n+4
Yn

Y, Y,
Mn : kn n+2,n kn+2 n+4,n+2 kn+4 +6,n+4 kn+6

Yn+3,n Zn+6,n+3
kn+3

where Z,, 16,43 is the n-th enlargement of Z @) (for the proof see section 3).

In [5] in the situation that the characteristic of k is different from 2 inde-
composable modules were defined in a similar way, i.e. using matrices X, and
Y., and in this case for the rank 6 modules one could take for all types for Z
the matrix

100
110
@ _ |0 11
Z7=11 0 a1
010
00 1

However, it is easily checked, that working with Z(©) and a field of character-
istic 2, for example, the modules M, and M; for type 5 are decomposable.

Here we solve the problem to give explicit matrices for the rank 6 modules
independently of the characteristic. We emphasize that the usual induction
procedure, to show that modules of a given series M, are indecomposable,
does not work. For example, one easily calculates that the module M; of
type 5 defined by the first enlargement of the matrix Z appearing in Gabriel’s
classification (this is the matrix Z® defined above) is a decomposable A-
module.

We will use the induction n — n + 6. Therefore we have to describe for the
5 types matrices for the modules M,,, 0 < n < 5. Comparing with the modules
given in [5] we only change the shape of the matrix Z, all the other matrices
are of the form X,, and Y., as in the example considered before. The shape
of the matrices Z in the different cases is presented in the table below.

Using this table and the method of enlargement of matrices we obtain 30
series of A-modules M,,, n =6m +r, r =0,...,5, hence a A-module for each
dimension vector of an indecomposable module of rank 6.

Theorem 1. The modules of the 30 series M,, n = 6m +r, r = 0,...,5,
m > 0, constructed by matrices X.. (respectively Y.. ) of the suitable format
for the arrows in the first (respectively second) arm, by Y.. for the arrow
and by the n-th enlargement of the corresponding matrix Z for M, of Table 1
for the arrow ~s, are indecomposable.
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typel | type2 | typed | typed | typed
My | zO | z@ | zO | Zz&B | 76
M| Z® | ZzO | z& | 7B [ 7
My, | ZzO | Zz@& | zO | z& | zO)
My | Z® | ZzO | z& | Zz&B | 706
M, | ZzO | Zz@& | zO | z& | 7O
M| Z® | ZzO | z& | 2O | 7@

TABLE 1. List of matrices Z for indecomposable module of rank 6

3. PROOFS

In order to prove Theorem 1 it is sufficient to show that the constructed
modules have endomorphism ring k. This will be done by induction in the
same method as in [5]. We illustrate this for the series M,,, n = 6m + 1, of
modules of type 5

Let

s
T HQ

Qo

N

be an endomorphism of M,,, where A € M,,(k), B € M,,11(k), C € M,,42(k), D €
Mn+3(k’), E e Mn+4(k), Fe Mn+2(k), G e Mn+4(k’),; H e Mn+3(k’), (k’), S e
M, 6(k). B

Dropping the indices we write X = X,,, Y =Y,, and Z = Z,,. Thus we
have the following commutativity relations:

BX = XA, CX =XB, DX = XC, EX = XD, SX = XFE,
FY =YA, GY =YF, SY =YG,
HY =YA, SZ = ZH.

It follows, that A, B, C, D, E, F and G are nested submatrices of S. Fur-
thermore, the shape of S is shown in Figure 1 where the gray shaded regions
indicate zero lines.

This is a consequence of the relations for the arrows of the first and the
second arm. Note that the matrix A occurs twice, as left upper corner and as
right lower corner of S. Further, from HY = Y A we obtain that the matrix
A occurs as a right lower corner of H.

In particular, for m = 0 it follows that
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C F
A B D
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4
6
n
n+1
n—+2
n+3
n+4
*
n+06
G F A
F1GURE 1. The shape of S
[s11 s.2 0 0 0 0 0]
0 0 0 0 0 0
522 hiz hiz hiz 0
0 0 S$33 S33 0 0 0 h h h 0
S=10 0 0 s O 0 O0f,H=]?2 "2 723
hsi hza hzz 0O
0 0 0 0 S55 Ss56 0 h h o s
0 0 0 0 0 se 0 41 haz haz  s11
_O 0 0 0 0 S76 811_

Using this, it is easy to verify that the matrix equation SZ = ZH implies
that H and S (and therefore also B,C, D, E, F,G) are of the form al, with
the same «a € k. Consequently the endomorphism ring of M is isomorphic to
k.

Let now n = 6m + 1, m > 0 and assume that End(M,_g) ~ k. In the
following, if U is a matrix, denote by U’ the submatrix of U deleting the last
6 columns and rows.

In order to apply the induction hypothesis we have to show the relations

B/X/ — X/A/, C/X/ — X/B/’ D/X/ — X/C/, E/X/ — X/D/, S/X/ — X/E/,
F/yl — )//14/7 Glyl — Y,F/, S/y/ — Y,G,,
HY' =Y'A, 8’7 =7'H'.

This is true for the relations for the first arm, for example we have

S/| ‘ X/| S/~X/|

SX = =
| 0| |
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and by SX = X FE, and since by Figure 1 all

en11 =" =€rin2=0=¢€,1 =" =€npn_2,
this equals
X’ 1
0 1 5
_ | xE
XE= 0 -+ 0 o |
1 0O --- 0
0
0

All other relations for the first arm follow by similar arguments. The rela-
tions for the second arm and H'Y’ = Y'A’ can be shown in the same way.
We prove now that S’Z" = Z'H'. We have

SZ _ S/ | ‘ Z/ | _ S,Z, |
| 0| |
and for
S| 2|« || H | |_| ZH|
ZH=\= | 1|~ |

it is sufficient to show that

hij=0fori=n—-2,...,n+3, and j=1,...,n—3.
Observe that
n+6
hij=(Z H)iys; = (S 2Z)ixsj =Y Sivsk - ;-
k=1
But z; =0fork=n+1,...,n+6 and s =0fori =n+1,...,n+6 and
k =1,...,n, therefore h;; = 0. By the induction hypothesis, all the matrices
A’ ..., 8" are of the form al,, for the same o € k. Then the same follows for
the matrices A, ..., S.

The proofs for the other series of modules are similar. Observe that in
the induction step the particular shape of the matrix Z was not important,
therefore all the arguments used there can be repeated. Therefore it remains
to show that the remaining 29 modules for the beginning of the induction are
indecomposable. This can be shown easily as in the case discussed above.
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