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Abstract

In this paper we define the evaluation codes arising from the inci-
dence matrix of a complete bipartite graph. The main parameters of
these codes (length, dimension, minimum distance) are computed.
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1 Introduction

It is known that the evaluation codes arising from some subsets of the projec-
tive space have been studied in many particular cases (cf. [1], [2], [4], [5], [6],
[7], 18], 191, [12], [13], [14], [15], [16]).
In this work we will describe the main parameters of the evaluation codes
associated to the toric variety determined by the incidence matrix of a complete
bipartite graph .
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2 Evaluation Codes

Let K be a finite field with ¢ elements, let P}, be the [— projective space over
K and X = {Py,..., P} be a subset of P,. We always use the standard
representation for the points in P4, i.e., P = (0,0,...,0,1,a,...,a;). Let £
be a finite dimensional K — linear space of functions which are defined on the
set X and take values on K. Thus the evaluation map

ev: L — K°,
ev(f):(f(pl>77f(Ps))

defines a K —linear code: Cx =ev (L).

Let S = K[Xo,...,Xi] = @5, Sa be the polynomial ring over the fi-
nite field K with the natural gradation. If £ = Sy is the d—graded homo-
geneous component of the polynomial ring S, the corresponding linear code
Cx (d) = ev(Sy) will be called the evaluation linear code over the set X,
which is isomorphic to S;/Ix (d), where Iy = @ 5 Ix (d) is the graded vani-
shing ideal of X. The dimension of these codes is given by the Hilbert function
of S/IX, i.e., dlmK C)((d> = Hx(d>

3 Toric Varieties

In this paper we will work with the case where X is a toric variety. Our
definition of a toric variety agrees with the given by R.H. Villarreal in [17].

Let A = (a;;) be a fixed m x (n+1) matrix with non negative integer entries
a;; and with non-zero columns. Let K [X, ..., X,,] and K [t1,... ,t,] the two
polynomial rings over K, and ¢ the graded homomorphism of K —algebras

(V2R K[Xo, 7Xn] —>K[t1, 7tm]
induced by
plX) =t i

The kernel of ¢, denoted by 1[4, is called the toric ideal associated with the
matrix A.

Remark 3.1 When the field K is algebraically closed, we can use Macaulay
2 (cf. [9]) to compute the toric ideal 14 (cf. [3]).

The toric variety determined by the matrix A is the subset of the projective
space P given by

X = {(tgem Y e PRty € K}

m

Of course, we take the values of t1,... ,t,, € K so that they define a point in
P7.
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4 Complete Bipartite Graphs

Let K,,, be a complete bipartite graph (cf. [10]). The incidence matrix
associated to K, is the (m +n) x (mn) matrix B = (b;;) with b;; = 1 if the
vertex v; and the edge a; are incident and b;; = 0 otherwise.

In the general case, the toric variety X associated to the incidence matrix of
the complete bipartite graph K,, , is given by

X - {(tlthrla tltm+2, cee 7t1tm+n7 tth+1, tgthrQ, cee ’tth+n’ e
tntmsts tmtma2s -« s tmbman 1t € K* forall i=1,... ,m+n}

And in fact, it can be written as

X = {(1a0417042a--- Q1 Bry00 81, 0B, ... o1 B,
B, a1 B2, 0282, ...y 0n1B2, - Bre1, @1 Bm—1, 02 Bm—1, . - . 7anlﬁmfl>
Q.. 70571—17517“‘ 75771—1 € K*}

Let s = #(X) and consider the following evaluation map

0 : K[Zoo, Ce 7Z(m—1)(n—1)]d — K*
0(f) = (f(Pr, ... f(F)))

where X = {Py,..., P}.

In this case, the evaluation code of order d, Cx(d), associated to the in-
cidence matrix of the complete bipartite graph K, , is the image of the last
evaluation map.

In the next section we will describe the main parameters of these codes.

5 Main Results

In this section we will find the main parameters (length, dimension and mi-
nimum distance) of the evaluation codes of order d arising from the incidence
matrix of a complete bipartite graph.

The following theorem calculates the length of the given codes.

Theorem 5.1 With the notation used in the last section, the length of the
evaluation code associated to the incidence matriz of the complete bipartite
graph K, ,, is given by

s = (q _ 1)m+n72

Proof Let
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Xl = {(1,0&1,... ,Oénfl) NN E S PRI 6 7P | c K*}
and

X2 - {(]-aﬁlw” 7ﬁm—1) : ﬁl?“‘ 7ﬁm—1 S K*}

Obviously, #(X;) = (¢—1)"" and #(X5) = (¢ —1)™.

Let 1 the Segre map (cf. [11]) restricted to the set X; x Xy C Pt x Pt
and with values in P2"~'. Therefore, the image of this map is X. Due to the
fact that the Segre map in an embedding, we conclude that

s =#(X) =#(X1) - #(X2) = (¢ — D)™t
and the claim follows. Il

Now, we will find the dimension of these codes. In order to do this, the follo-
wing notation will be useful: Let Hy, (respectively Hy,) the Hilbert function
of the set X; (respectively X5), which gives the dimension of the generali-
zed Reed-Solomon codes determined by the set X; (respectively Xs)(cf. [5]).
Moreover, let Hx the Hilbert function of the toric variety X which gives the
dimension of the evaluation codes that we are working with. The next theorem
describes the given dimension.

Theorem 5.2 The dimension of the evaluation code of order d associated
to the incidence matriz of the complete bipartite graph K,,,, is given by

dmeC'X(d) = HX1 (d) . HX2 (d)
Proof Let

0 : K[Xo,...  Xp_1]la — K=
01(9) = (9(Q1),--- ,9(Qs,))

where s; = (¢—1)""! and X; = {Q1,...,Qs }. Then Cy, (d) (the generalized
Reed-Solomon code of order d associated to X;) is the image of the last map
and

CXl (d) ~ K[Xo, e 7Xn—1]d/]X1 (d)
In the same way, we define

0y : K[Y, ... Yip_1]lg — K*
92(h) = (h(R1)7 s 7h(Rs2))



Evaluation codes associated to complete bipartite graphs 167

where s = (¢—1)™"! and Xy = {Ry, ..., Rs,}. Then Cx,(d) (the generalized
Reed-Solomon code of order d associated to X5) is the image of the last map
and

CXQ (d) = K[)/ba <. 7Ym*1]d/[X2 (d)
The theorem follows from the next isomorphism

K[ Zoo, -+ s Zm—1)(n—1)a/ Ix(d) =
K[Xor -+ s Xl T () @ K Yo« s Yo sa/ I, (d)

where ), is the tensor product of the corresponding K —linear spaces. W

Remark 5.3 In [5] we found the dimension of the generalized Reed-Solo-
mon codes. We obtained that

_ (n—1+d n—1 i (n—1\ (n—1+d—i(qg—1
Hx,(d) = ( d )+Zi:1 (1) ( i )( dfi(qf((ll) ))
and
m—14+d m—1 i(m—1\ (m—1+d—i(qg—1
Hx,(d) = ( d+ ) +205 (1) ( i )( dji(qf(lq) ))
and it allows us to compute dim g Cx (d).
Corollary 5.4 The a—invariant, ay, of the toric variety X s given by
ax = max {(n — 1)(q — 1) = n, (m — 1)(g — 1) — m}

Proof It is an immediate consequence of the previous theorem and the

fact that (cf. [5])
ax,=(n—-1)(¢g—1)—n ax,=(m—-1)(¢g—-1)—-m N
Finally, we obtain the minimum distance of these codes. Let dx,(d) (res-

pectively dx,(d)) the minimum distance of the generalized Reed-Solomon code
determined by X (respectively Xs).

Theorem 5.5 The minimum distance of the evaluation code of order d
associated to the incidence matriz of the complete bipartite graph K, ,,, 0x(d),

1S given by

ox(d) = 0x,(d) - dx,(d)
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Proof Let f € K[Z,... , Zm-1)m-1))a and X = {Py1,..., Py, } where
S1 = (q - 1)n—1 and sy = (q - 1)m—1' Let T = (f(Pll)a :f(Pswz)) <
Cx(d) — {0}. We know that if ¢ is the Segre map restricted to X7 x X, (see
the proof of the Theorem 5.1) then, for all 7,j, we can find @; € X; and
R; € X, so that ¢(Q;, R;) = P,;. Therefore

T = (f(XOYbu s 7Xn—1Ym—1)(Q17 R1)7 f(XOX/O? s 7Xn—1Ym—1)(Q817 Rsz))

If we take the polynomial f(XoYp, ..., X,_1Y;m_1), for each Q; € X; (respec-
tively R; € X3), fo, (vespectively fg;) will mean the previous polynomial
evaluated in @); (respectively R;) and then fo, € K[Yy,...,Yn_1]a (respec-
tively ij S K[Xo, . ,Xn_l]d).

Let T; = (fo,(R1),..., fo,(Rs,)) € Cx,(d) for all i = 1,... s, and let
sg = #{i : T; # 0}. Since the Hamming weight of Y; (w(Y;)) is such that
w(Y;) > 0x,(d) for all i with Y; # 0, we conclude that w(Y) > s3dx,(d).

On the other hand, let A; = (f&,(Q1),...,[r;(Qs,)) € Cx,(d) for all
Jj=1,..., 8. If jis such that A; # 0, then whenever s3 < dx,(d) we have
that w(A;) < s3 < dx,(d). Therefore w(Y) > dx,(d) - dx,(d).

The claim follows immediately because we can find a word in Cx(d) with
Hamming weight equal to dx, (d) - dx,(d). B

6 An Example

In order to illustrate the main results of this paper we will give an specific
example. The computations were made with Macaulay 2 (cf. [9]).

Let the complete bipartite graph Kj 3 shown in the figure 1.

V3 V4 (%

Figure 1: Ky 3

Its incidence matrix is a 5 X 6 matrix given by
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111000
000111
B=]100100
010010
001001

We will work with a finite field K with 5 elements.

The toric variety X has (5 — 1)®> = 64 points and this is the length of
the code Cx(d). We do not include its vanishing ideal because it has too
many generators. The Hilbert function, which gives the dimension of the
corresponding codes is described in the next table

Hx(0) | Hx(1) || Hx(2) || Hx(3) || Hx(4) || Hx(5) || Hx(6)
1 6 18 40 52 60 64

In fact, the Hilbert series is given by

r (t) 13824263 — 234+ 72¢° — 8140 4+38¢7 —2¢5 —12¢9 +12¢10 4411
X - (1=1)6

and, of course, the a—invariant is 5.

Moreover, if we consider the code Cx(3), we can compute its minimum
distance. In this case dx, (3) =4 and dx,(3) = 1 (cf. [5]). Therefore, 0x(3) = 4.
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