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Abstract

We can see that any semigroup can be considered as a I'-semigroup.
The concept of the Green-Kehayopulu relations in [e-semigroups was
introduced in 2002 by Petro and Pasku [3]. In this paper, we introduce
the concept of the Green-Kehayopulu relations in [e-I-semigroups mim-
ics the definition of the Green-Kehayopulu relations in le-semigroups.
We show that, an H,-class of an le-I'-semigroup M satisfies Green’s
condition if and only if it contains a vy-idempotent and an H,-class of
an le-I'-semigroup M is a subgroup of < M., o > if and only if it consists
of a single idempotent.
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1 Introduction and Preliminaries

In 2002, Petraq Petro and Elton Pasku [3] introduced the concept of the Green-
Kehayopulu relations in le-semigroups and showed that a nonsingleton H-class
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cannot be a subgroup and an H-class satisfying “Green’s condition” need not
constitute a subsemigroup.

In this paper, we introduce the concept of the Green-Kehayopulu relations
in [e-I"-semigroups and give necessary and sufficient conditions in order that an
H.,-class of le-I'-semigroup M is a subgroup or a subsemigroup of < M,,0 >.

To present the main results we first recall the definition of a I'-semigroup
which is important here.

Let M and T" be any two nonempty sets. M is called a T'-semigroup [5]
if there exists a mapping M x I' x M — M, written as (a,v,b) — a~b,
satisfying the following identity (aab)fBc = aa(bfc) for all a,b,c € M and
a,B € I'. For any v € ', an element x of a ['-semigroup M is said to be a
y-idempotent if xyr = x [6]. For a I'-semigroup M and any v € I, if we define
aob = avyb for all a,b € M, then M becomes a semigroup. We denote this
semigroup by M., [6].

Examples of T'-semigroups can be seen in [1, 4] and [5], respectively.
The following definitions in this paper are introduced analogously to some
definitions in [3].

A T-semigroup M is called an le-I'-semigroup if < M;V, A\ > is a lattice
with a greatest element (the element is always denoted by e below) [2] and for
any a,b,c € M and vy €T,

cy(aVb) =cyaVeyb and (a VvV b)ye = aye V byc.

Throughout this paper M will stand for an le-I'-semigroup. We shall con-
sider the usual order relation < on M defined by for any a,b € M, a < b if
and only if a Vb = b. Then we can show that for any a,b,c € M and v € T,
a < b implies ayc < byc and cya < ¢yb. Hence we have known that ordered
[-semigroups (some author called po-T-semigroup) are a generalization of le-
I'-semigroups. For any v € I', let the mappings [,,r, : M — M be defined
by for any x € M,

l,(z) = eyr Vx and r, () = zve V z.
Then we define equivalence relations on M as follows:

L, = {(z,y) e M x M :l,(x) =1,(y)},
R, = {(z,y) e M x M :r(z) =r,(y)},
H, = L,NR,.

We shall call the equivalences £, R, and ‘H.,, the Green-Kehayopulu relations
of M. An element z of M is said to be a y-left ideal (y-right ideal) element if
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l,(x) =z (ry(z) = x) and a y-ideal element if it is both a v-left ideal element
and a y-right ideal element; it is called a v-quasi-ideal element if eyx Axve < x.
An element x of M is said to be a y-reqular element if x < xvyeyr and a ~-
intra-reqular element if x < eyzyxye. An H.-class H of M satisfying Green’s
condition if there exist elements a and b of M such that ayb € H.

Before the characterizations of the H.,-class of M for the main results, we
give auxiliary results which are necessary in what follows.

Lemma 1.1 For each x € M and v €T,
L(1y(2) = Iy(x) and ry(ry(z)) = ry(2).

Proof. From the definition of the mapping [, it follows that [,(l,(z)) =
L(eyzVz) =ey(leyxVa)VeyrVa = eyeyrVeyrVeyrVae = eyeyrVeyr V.
Since e is the greatest element in M, we also have eve < e. Thus eyeyr < ey,
so eyeyr V eyr = eyr. Hence [,(l,(z)) = eyz Vz = [,(z). By symmetry,
ry(ry (7)) = ry(2). O

Lemma 1.2 If an element a of M is a ~y-left ideal element and an element
b of M is a y-right ideal element, then a A b is a y-quasi-ideal element.

Proof. Assume that a is a ~v-left ideal element and b is a ~v-right ideal element
of M. Then eya Va = l,(a) = a and bye Vb = r,(b) = b, so eya < a and
bye < b. Hence ey(a Ab) A (a Ab)ye < eya Abye < aAb. Therefore a Abis a
~v-quasi-ideal element. 0

Lemma 1.3 For each x € M and v,3 €T,
la(ls(x) ANroy(2)) = lg(x) and ry(ls(x) Ary(x)) = 74(2).

5(z), it follows from Lemma 1.1 that

!
lg(x). Hence lg(ls(x) Ary(z)) = l5(2).
(). O

Proof. Since z = v Az < lz(z)Ary(z) <
lp(x) < lg(ls(x) Ary(2)) < ls(lg(x )) =
By symmetry, r.,(l3(z) Ary(z)) =

Lemma 1.4 Fach H,-class H of M has a greatest element which is equal
to l,(a) A r,(a) where a is an arbitrary element in H.

Proof. Let a be an element of the H,-class H of M. By Lemma 1.3, we have
(I,(a)Ary(a),a) € L, and (I,(a) Ay (a),a) € R,. Thus (I,(a)Ar,(a),a) € H,,
so ly(a) Ary(a) € H. Now let any x € H. Then (z,a) € H, = L, N'R,, this
implies that < [, (z) = [,(a) and x < ry(z) = r4(a). Hence x < I, (a) Ar,(a),
so [, (a) Ary(a) is a greatest element of H. O
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Lemmas 1.1 and 1.2 imply that for each element a of M, the meet [, (a) A
ry(a) is a y-quasi-ideal element. Lemma 1.4 implies that for each element a of
the H,-class H, [, (a) Ar,(a) is a greatest element of H. We call the element
l,(a) Ary(a) the representative v-quasi-ideal element of the H.-class of a; the
representative y-quasi-ideal element of an H,-class H will be denoted by ¢z.
From Lemma 1.4, the following properties of ¢y hold.

(1) gu € H.
(2) For each x € H, I, (z) Ary(z) = qu; in particular, I, (qu) A ry(qu) = qu.
(3) For each x € H, xz < qp.

Lemma 1.5 If elements x and y of M are R.-related (resp. L.-related),
then zve = yye (resp. eyr = evyy).

Proof. Assume that (z,y) € R,. Then r,(z) = r,(y), so xye V& = yye Vy.
This implies that zyeye V xye = (zve V x)ye = (yye V y)ye = yyeye V yye.
Since eve < e, xyeve < xve and yyeye < yvye. Hence xye = xyeye V xye =
yvyeve V yye = yye. Similarly, (z,y) € L, implies eyz = evy. 0

Lemma 1.6 If H is an H-class of M and v € H, then eyx A xye =
eYqu N que.

Proof. Assume that H is an H,-class of M and x € H. Then (z,qy) € H,. It
follows from Lemma 1.5 that eyx = eyqy and zye = qyye. Hence eyxr Azye =

eYqu N qurye. O

2 Main Results

In this section, we characterize the relationship between the H.,-classes of M
satisfying Green’s condition and the semigroup < M., o > and give some condi-
tions which ensure that an H,-class of M forms a subgroup or a subsemigroup
of the semigroup < M,, 0 >.

The following theorems collect several properties that hold in every H,-
class of M satisfying Green’s condition.

Theorem 2.1 Let H be an 'H.-class of M satisfying Green’s condition and
q = qu- Then we have the following statements:

(a) qvq € H and q = eyq A qye.

(b) The element q is the only y-quasi-ideal element in H.
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(¢c) If x,y € H, then y < eyx and y < x~e.

(d) For each integer n > 2, let v1,%2, ..., o1 € {v}. Then qyq = qyeyq =
4719729 --QVn—1q; 0 particular, qyq is a y-idempotent.

(e) Every element of H is a ~y-intra-regular element.

(f) The element q is a y-idempotent if and only if q is a y-reqular element
in which case every element of H is a y-regular element.

Proof. (a) Since H satisfies Green’s condition, there exist b,c¢ € H such that
byc € H. Since b,c € H, we have b < ¢ and ¢ < ¢. Thus byec < qyq <
qve, this implies that r,(byc) < r,(qvq) < r,(gye). Since (byc,q) € H.,,
(bye,q) € R,. Thus r,(byc) = r,(¢). On the other hand, since eve < e, we
have 7, (gve) = gyeveV qyve = qve < qveV q = 1,(q). Hence r,(q) = r,(byc) <
r(qvq) < ry(qve) = gve < 1ry(q), so r4(q) = r,(¢7q) = qye. By symmetry,
l,(q) = l,(qvq) = eyq. Therefore (q,qvq) € H,, so gyqg € H. It follows that
q=1,(q) N7y (q) = evg A qve.

(b) By (a), q is a y-quasi-ideal element in H. Now let t be any y-quasi-ideal
element in H. By (a) and Lemma 1.6, we have t < ¢ = eygAgye = eyt Atye <
t. Hence t = ¢, so we conclude that ¢ is the only y-quasi-ideal element in H.

(c) Let any x,y € H. By (a) and Lemma 1.6, we have y < ¢ = eyqgAgye =
evyr A xzye. Hence y < eyx and y < xve.

(d) By (a), ¢ = eyq A qye < qye. Thus ¢yq < gyeyq. Since eyg < e,
qyveyq < qye. Similarly, since qye < e, gyeyq < eyq. Thus q¢yeyq < eyg A
qve = q. Hence gygveyq < qvq. By (a), we get (¢7q,q) € R,. By Lemma 1.5,
qve = qvqye and it follows that ¢yeyq = qvqyeyq. Hence qyq < gveyq and
qyveyq < qvq, so qyq = qyeyq. Now let any integer k£ > 2 and vy, 72, ..., Ve_1 €
{7} be such that ¢y1¢72q...¢ 19 = ¢vq. Then ¢v1972q...¢V-197q¢ = ¢vqV7q =

qv(qveva) = (gvgve)yq = qvevq = gvg. In particular, (¢vq)y(¢vq) = qvq.
Hence gvq is a y-idempotent.

(e) Let any z € H. Then x < q. By (a), we get ¢ < eyq and g < ¢ye. Thus
x < eyq < eygye. By (a), we get (¢vq,q) € R,. By Lemma 1.5, gye = gygye.
This implies that < eygve = ey(qyqve) = (evq)y(gve). Since (z,q) € H,, it
follows from Lemma 1.5 that eyq = eyx and ¢ye = xye. Hence x < eyxvyxye,
so we conclude that x is a y-intra-regular element.

(f) Assume that ¢ = ¢yq. By (d), ¢vqg = qyeyq. Thus ¢ = gyeyq, so q
is a y-regular element. If v € H, then x < ¢. Since (z,q) € H,, it follows
from Lemma 1.5 that eyq = eyz and gye = xye. Hence x < g = (qve)yq =
(xye)vq = zy(eyq) = xyeyx. Therefore z is a y-regular element.

Conversely, assume that ¢ < ¢yeyq. By (d), ¢vq = gveyq. Thus q < ¢vq.
By (a), ¢yq € H. Thus gyq < ¢q. Hence ¢ = ¢7q, so we conclude that ¢ is a
~v-idempotent.
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Therefore we complete the proof of the theorem. O
Using the Theorems 2.1 (a) and 2.1 (d), we have Corollary 2.2.

Corollary 2.2 An H.-class H of M satisfies Green’s condition if and only
iof it contains a y-idempotent.

Theorem 2.3 An H,-class H of M is a subgroup of < M., o > if and only
if it consists of a single idempotent.

Proof. Assume that H is a subgroup of M, and let ¢ = qy. Then ¢vq =
qoq € H, so qyq < q. Denote by ¢ the identity element of H. Then ¢ < ¢, so
qgoq=qyq<q=qoi=qvyi <qyqg=qoq. Hence q o q = ¢, so we conclude
that ¢ = i. Now let ¢ be an arbitrary element of H. We denote by ¢t~! the
inverse element of ¢t in H. Thent™ ! < ¢, soq=i=tot ! =tyt7! <tyqg=
toq=toi =t On the other hand, ¢t < ¢q. Therefore t = ¢, so we conclude
that H consists of a single idempotent.

The converse is obvious. 0

Theorem 2.4 Let H be an H,-class of M and g = qu. Then the following
statements are equivalent:

(a) An H.-class H is a subsemigroup of < M., o >.
(b) If x € H, then xyz € H.

(¢) An H,-class H satisfies Green’s condition and xvq = qyq = qyx for
every x € H.

Proof. Since H is a subsemigroup of M., we immediately have zyx =z oz €
H for all x € H. Therefore (a) implies (b). Let any « € H. Then zyx € H,
so H satisfies Green’s condition and (z,zyx) € H,. By Lemma 1.5, eyx =
eyryr and xye = xyxye. Similarly, since (z,q) € H,, we get eyr = eyq and
xye = qye. By Theorem 2.1 (d), ¢yq = qyeyq. Hence xyqyq = zv(qyeyq) =
zy(qve)yq = zy(zye)yq = (vyzye)yq = (zve)yq = (qve)yq = qyg. Similarly,
qyqyxr = qvq. Since x,qvq € H, we have x < ¢ and ¢yq < q. Hence ¢yq =
xyqyq < xvq < qvq, so we conclude that xyq = ¢vyq. Similarly, gyx = ¢vq.
Thus (b) implies (c). Let any xz,y € H. Then (y,q) € H,, so (y,q) € R,.
Thus 7, (y) = r,(q), so yye Vy = gqye V q. Hence r,(zyy) = zyyye V xyy =
xy(yyeVy) = zy(qveVq) = zyqyeV xyq = r(xyq). Since x € H, xyq = qvq.
This implies that r.(zyy) = r,(¢yq). By Theorem 2.1 (a), ¢yq € H. It follows

that r,(¢vq) = r,(q). Hence r,(zvy) = r,(q), so (zyy,q) € R,. Similarly,
since (y,q) € L., we have (zyy, q) € L,. We conclude that (z7vy,q) € H.,, so
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xoy = xyy € H. Therefore H is a subsemigroup of M,, so we have that (c)
implies (a).

Hence the theorem is now completed. 0

As a consequence of Theorem 2.4, we immediately have Corollary 2.5.

Corollary 2.5 If H is an Hy-class of M and quyx = qu = xyqu for all
x € H, then H is a subsemigroup of < M,,o >.

Lemma 2.6 If H is an Hy-class of M satisfying Green’s condition and
q = qu 1S a y-ideal element, then qyx = q = xyq for all x € H.

Proof. Assume that H is an H,-class of M satisfying Green’s condition and
¢ = qp is a y-ideal element. Then [,(¢) = ¢ and r,(q) = ¢, so eyq < ¢ and
gve < q. By Theorem 2.1 (c¢), we have ¢ < eyq and g < gye. This implies that
eyq = q = qye. By Theorem 2.1 (a), ¢yg € H. Thus (¢, qvq) € L, it follows
from Lemma 1.5 that eyq = eyqyq. Therefore gyeyq = (evq)vq = eyq = q.
Now let x be an arbitrary element of H. By Lemma 1.5, we have eyx = evyq
and zye = gvye. Hence xvq = ay(evq) = (vve)yq = (qve)yq = ¢ and gyz =
(gve)yx = qy(eyz) = qy(evq) = q. Therefore gyxr = g = xyq for all z € H.

Hence the proof of the lemma is completed. O

Immediately from Corollary 2.5 and Lemma 2.6, we have Corollary 2.7.

Corollary 2.7 If H is an H,-class of M satisfying Green’s condition and
qu 15 a y-ideal element, then H is a subsemigroup of < M., o >.

Corollary 2.8 An H,-class H of the greatest element e of M is a subsemi-
group of < M, o > if and only if e is a y-idempotent.

Proof. Assume that an H,-class H of the greatest element e of M is a
subsemigroup of M,. Then eye = eoe € H, so H satisfies Green’s condition.
Since e € H, e < qy. Thus gy = e. Since e < eyeVe = l,(e) =r,(e) <ee,
we have [,(e) = e = r,(e). Hence e is a 7-ideal element. By Lemma 2.6,
eyr = e = xye for all x € H. Hence e = eve, so e is a y-idempotent.
Conversely, assume that e is a y-idempotent in an H,-class H. Then eye =
e € H, so H satisfies Green’s condition. By the above proof, gy = e and e is
a y-ideal element. It follows from Corollary 2.7 that H is a subsemigroup of
M

-

Hence the proof is completed. O
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Theorem 2.9 Let H be an H,-class of M such that its representative -
quasi-ideal element ¢ = qg is minimal in the set of all y-quasi-ideal elements
of M. Then H ={x € M : x < q} is a subsemigroup of < M., o >.

Proof. If x € H, then z < ¢q. Now assume that z is an element of M such
that + < ¢. Then [,(z) A ry(z) < l,(¢) A 7,(q) = ¢. By Lemmas 1.1 and
1.2, I,(x) A ry(z) is a y-quasi-ideal element. Since ¢ is a minimal y-quasi-
ideal element, [, (x) A ry(z) = ¢. Thus ¢ < l,(z) and ¢ < r,(x). By Lemma
1.1, we have I,(¢q) < I,(l,(z)) = I,(z) and r,(q) < ry(ry(x)) = 7y(x). Since
z < ¢, we have [, (z) < I,(¢) and r,(z) < r,(¢). Hence l,(x) = Il,(q) and
ry(z) = r4(q), so (x,q) € L, NR, = H,. Therefore x € H, so we conclude
that H = {z € M : x < q}. Now let x be an arbitrary element of H. Then
x < q. Since z < e, we have zyz < eygAgve < 1,(¢) Ary(¢) = g. This implies
that xyx € H. It follows from Theorem 2.4 that H is a subsemigroup of M,,.

Therefore the proof of the theorem is completed. OJ
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