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Abstract

We can see that any semigroup can be considered as a Γ-semigroup.
The concept of the Green-Kehayopulu relations in le-semigroups was
introduced in 2002 by Petro and Pasku [3]. In this paper, we introduce
the concept of the Green-Kehayopulu relations in le-Γ-semigroups mim-
ics the definition of the Green-Kehayopulu relations in le-semigroups.
We show that, an Hγ-class of an le-Γ-semigroup M satisfies Green’s
condition if and only if it contains a γ-idempotent and an Hγ-class of
an le-Γ-semigroup M is a subgroup of < Mγ , ◦ > if and only if it consists
of a single idempotent.

Mathematics Subject Classification: 20N99, 06B99

Keywords: Γ-semigroup, le-Γ-semigroup, γ-idempotent, Green’s condi-
tion, Green-Kehayopulu relation

1 Introduction and Preliminaries

In 2002, Petraq Petro and Elton Pasku [3] introduced the concept of the Green-
Kehayopulu relations in le-semigroups and showed that a nonsingleton H-class
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cannot be a subgroup and an H-class satisfying “Green’s condition” need not
constitute a subsemigroup.

In this paper, we introduce the concept of the Green-Kehayopulu relations
in le-Γ-semigroups and give necessary and sufficient conditions in order that an
Hγ-class of le-Γ-semigroup M is a subgroup or a subsemigroup of < Mγ , ◦ >.

To present the main results we first recall the definition of a Γ-semigroup
which is important here.

Let M and Γ be any two nonempty sets. M is called a Γ-semigroup [5]
if there exists a mapping M × Γ × M −→ M, written as (a, γ, b) −→ aγb,
satisfying the following identity (aαb)βc = aα(bβc) for all a, b, c ∈ M and
α, β ∈ Γ. For any γ ∈ Γ, an element x of a Γ-semigroup M is said to be a
γ-idempotent if xγx = x [6]. For a Γ-semigroup M and any γ ∈ Γ, if we define
a ◦ b = aγb for all a, b ∈ M , then M becomes a semigroup. We denote this
semigroup by Mγ [6].

Examples of Γ-semigroups can be seen in [1, 4] and [5], respectively.

The following definitions in this paper are introduced analogously to some
definitions in [3].

A Γ-semigroup M is called an le-Γ-semigroup if < M ;∨,∧ > is a lattice
with a greatest element (the element is always denoted by e below) [2] and for
any a, b, c ∈ M and γ ∈ Γ,

cγ(a ∨ b) = cγa ∨ cγb and (a ∨ b)γc = aγc ∨ bγc.

Throughout this paper M will stand for an le-Γ-semigroup. We shall con-
sider the usual order relation ≤ on M defined by for any a, b ∈ M , a ≤ b if
and only if a ∨ b = b. Then we can show that for any a, b, c ∈ M and γ ∈ Γ,
a ≤ b implies aγc ≤ bγc and cγa ≤ cγb. Hence we have known that ordered
Γ-semigroups (some author called po-Γ-semigroup) are a generalization of le-
Γ-semigroups. For any γ ∈ Γ, let the mappings lγ , rγ : M −→ M be defined
by for any x ∈ M ,

lγ(x) = eγx ∨ x and rγ(x) = xγe ∨ x.

Then we define equivalence relations on M as follows:

Lγ := {(x, y) ∈ M × M : lγ(x) = lγ(y)},
Rγ := {(x, y) ∈ M × M : rγ(x) = rγ(y)},
Hγ := Lγ ∩Rγ .

We shall call the equivalences Lγ,Rγ and Hγ the Green-Kehayopulu relations
of M . An element x of M is said to be a γ-left ideal (γ-right ideal) element if
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lγ(x) = x (rγ(x) = x) and a γ-ideal element if it is both a γ-left ideal element
and a γ-right ideal element; it is called a γ-quasi-ideal element if eγx∧xγe ≤ x.
An element x of M is said to be a γ-regular element if x ≤ xγeγx and a γ-
intra-regular element if x ≤ eγxγxγe. An Hγ-class H of M satisfying Green’s
condition if there exist elements a and b of M such that aγb ∈ H .

Before the characterizations of the Hγ-class of M for the main results, we
give auxiliary results which are necessary in what follows.

Lemma 1.1 For each x ∈ M and γ ∈ Γ,

lγ(lγ(x)) = lγ(x) and rγ(rγ(x)) = rγ(x).

Proof. From the definition of the mapping lγ it follows that lγ(lγ(x)) =
lγ(eγx∨x) = eγ(eγx∨x)∨eγx∨x = eγeγx∨eγx∨eγx∨x = eγeγx∨eγx∨x.
Since e is the greatest element in M , we also have eγe ≤ e. Thus eγeγx ≤ eγx,
so eγeγx ∨ eγx = eγx. Hence lγ(lγ(x)) = eγx ∨ x = lγ(x). By symmetry,
rγ(rγ(x)) = rγ(x). �

Lemma 1.2 If an element a of M is a γ-left ideal element and an element
b of M is a γ-right ideal element, then a ∧ b is a γ-quasi-ideal element.

Proof. Assume that a is a γ-left ideal element and b is a γ-right ideal element
of M . Then eγa ∨ a = lγ(a) = a and bγe ∨ b = rγ(b) = b, so eγa ≤ a and
bγe ≤ b. Hence eγ(a ∧ b) ∧ (a ∧ b)γe ≤ eγa ∧ bγe ≤ a ∧ b. Therefore a ∧ b is a
γ-quasi-ideal element. �

Lemma 1.3 For each x ∈ M and γ, β ∈ Γ,

lβ(lβ(x) ∧ rγ(x)) = lβ(x) and rγ(lβ(x) ∧ rγ(x)) = rγ(x).

Proof. Since x = x∧x ≤ lβ(x)∧rγ(x) ≤ lβ(x), it follows from Lemma 1.1 that
lβ(x) ≤ lβ(lβ(x) ∧ rγ(x)) ≤ lβ(lβ(x)) = lβ(x). Hence lβ(lβ(x) ∧ rγ(x)) = lβ(x).
By symmetry, rγ(lβ(x) ∧ rγ(x)) = rγ(x). �

Lemma 1.4 Each Hγ-class H of M has a greatest element which is equal
to lγ(a) ∧ rγ(a) where a is an arbitrary element in H.

Proof. Let a be an element of the Hγ-class H of M . By Lemma 1.3, we have
(lγ(a)∧rγ(a), a) ∈ Lγ and (lγ(a)∧rγ(a), a) ∈ Rγ. Thus (lγ(a)∧rγ(a), a) ∈ Hγ,
so lγ(a) ∧ rγ(a) ∈ H . Now let any x ∈ H . Then (x, a) ∈ Hγ = Lγ ∩ Rγ , this
implies that x ≤ lγ(x) = lγ(a) and x ≤ rγ(x) = rγ(a). Hence x ≤ lγ(a)∧ rγ(a),
so lγ(a) ∧ rγ(a) is a greatest element of H . �
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Lemmas 1.1 and 1.2 imply that for each element a of M , the meet lγ(a) ∧
rγ(a) is a γ-quasi-ideal element. Lemma 1.4 implies that for each element a of
the Hγ-class H , lγ(a) ∧ rγ(a) is a greatest element of H . We call the element
lγ(a) ∧ rγ(a) the representative γ-quasi-ideal element of the Hγ-class of a; the
representative γ-quasi-ideal element of an Hγ-class H will be denoted by qH .
From Lemma 1.4, the following properties of qH hold.

(1) qH ∈ H .

(2) For each x ∈ H , lγ(x) ∧ rγ(x) = qH ; in particular, lγ(qH) ∧ rγ(qH) = qH .

(3) For each x ∈ H , x ≤ qH .

Lemma 1.5 If elements x and y of M are Rγ-related (resp. Lγ-related),
then xγe = yγe (resp. eγx = eγy).

Proof. Assume that (x, y) ∈ Rγ . Then rγ(x) = rγ(y), so xγe ∨ x = yγe ∨ y.
This implies that xγeγe ∨ xγe = (xγe ∨ x)γe = (yγe ∨ y)γe = yγeγe ∨ yγe.
Since eγe ≤ e, xγeγe ≤ xγe and yγeγe ≤ yγe. Hence xγe = xγeγe ∨ xγe =
yγeγe ∨ yγe = yγe. Similarly, (x, y) ∈ Lγ implies eγx = eγy. �

Lemma 1.6 If H is an Hγ-class of M and x ∈ H, then eγx ∧ xγe =
eγqH ∧ qHγe.

Proof. Assume that H is an Hγ-class of M and x ∈ H . Then (x, qH) ∈ Hγ . It
follows from Lemma 1.5 that eγx = eγqH and xγe = qHγe. Hence eγx∧xγe =
eγqH ∧ qHγe. �

2 Main Results

In this section, we characterize the relationship between the Hγ-classes of M
satisfying Green’s condition and the semigroup < Mγ , ◦ > and give some condi-
tions which ensure that an Hγ-class of M forms a subgroup or a subsemigroup
of the semigroup < Mγ , ◦ >.

The following theorems collect several properties that hold in every Hγ-
class of M satisfying Green’s condition.

Theorem 2.1 Let H be an Hγ-class of M satisfying Green’s condition and
q = qH . Then we have the following statements:

(a) qγq ∈ H and q = eγq ∧ qγe.

(b) The element q is the only γ-quasi-ideal element in H.
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(c) If x, y ∈ H, then y ≤ eγx and y ≤ xγe.

(d) For each integer n ≥ 2, let γ1, γ2, ..., γn−1 ∈ {γ}. Then qγq = qγeγq =
qγ1qγ2q...qγn−1q; in particular, qγq is a γ-idempotent.

(e) Every element of H is a γ-intra-regular element.

(f) The element q is a γ-idempotent if and only if q is a γ-regular element
in which case every element of H is a γ-regular element.

Proof. (a) Since H satisfies Green’s condition, there exist b, c ∈ H such that
bγc ∈ H . Since b, c ∈ H , we have b ≤ q and c ≤ q. Thus bγc ≤ qγq ≤
qγe, this implies that rγ(bγc) ≤ rγ(qγq) ≤ rγ(qγe). Since (bγc, q) ∈ Hγ,
(bγc, q) ∈ Rγ . Thus rγ(bγc) = rγ(q). On the other hand, since eγe ≤ e, we
have rγ(qγe) = qγeγe∨ qγe = qγe ≤ qγe∨ q = rγ(q). Hence rγ(q) = rγ(bγc) ≤
rγ(qγq) ≤ rγ(qγe) = qγe ≤ rγ(q), so rγ(q) = rγ(qγq) = qγe. By symmetry,
lγ(q) = lγ(qγq) = eγq. Therefore (q, qγq) ∈ Hγ, so qγq ∈ H . It follows that
q = lγ(q) ∧ rγ(q) = eγq ∧ qγe.

(b) By (a), q is a γ-quasi-ideal element in H . Now let t be any γ-quasi-ideal
element in H . By (a) and Lemma 1.6, we have t ≤ q = eγq∧qγe = eγt∧tγe ≤
t. Hence t = q, so we conclude that q is the only γ-quasi-ideal element in H .

(c) Let any x, y ∈ H . By (a) and Lemma 1.6, we have y ≤ q = eγq∧ qγe =
eγx ∧ xγe. Hence y ≤ eγx and y ≤ xγe.

(d) By (a), q = eγq ∧ qγe ≤ qγe. Thus qγq ≤ qγeγq. Since eγq ≤ e,
qγeγq ≤ qγe. Similarly, since qγe ≤ e, qγeγq ≤ eγq. Thus qγeγq ≤ eγq ∧
qγe = q. Hence qγqγeγq ≤ qγq. By (a), we get (qγq, q) ∈ Rγ . By Lemma 1.5,
qγe = qγqγe and it follows that qγeγq = qγqγeγq. Hence qγq ≤ qγeγq and
qγeγq ≤ qγq, so qγq = qγeγq. Now let any integer k ≥ 2 and γ1, γ2, ..., γk−1 ∈
{γ} be such that qγ1qγ2q...qγk−1q = qγq. Then qγ1qγ2q...qγk−1qγq = qγqγq =
qγ(qγeγq) = (qγqγe)γq = qγeγq = qγq. In particular, (qγq)γ(qγq) = qγq.
Hence qγq is a γ-idempotent.

(e) Let any x ∈ H . Then x ≤ q. By (a), we get q ≤ eγq and q ≤ qγe. Thus
x ≤ eγq ≤ eγqγe. By (a), we get (qγq, q) ∈ Rγ . By Lemma 1.5, qγe = qγqγe.
This implies that x ≤ eγqγe = eγ(qγqγe) = (eγq)γ(qγe). Since (x, q) ∈ Hγ , it
follows from Lemma 1.5 that eγq = eγx and qγe = xγe. Hence x ≤ eγxγxγe,
so we conclude that x is a γ-intra-regular element.

(f) Assume that q = qγq. By (d), qγq = qγeγq. Thus q = qγeγq, so q
is a γ-regular element. If x ∈ H , then x ≤ q. Since (x, q) ∈ Hγ , it follows
from Lemma 1.5 that eγq = eγx and qγe = xγe. Hence x ≤ q = (qγe)γq =
(xγe)γq = xγ(eγq) = xγeγx. Therefore x is a γ-regular element.

Conversely, assume that q ≤ qγeγq. By (d), qγq = qγeγq. Thus q ≤ qγq.
By (a), qγq ∈ H . Thus qγq ≤ q. Hence q = qγq, so we conclude that q is a
γ-idempotent.
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Therefore we complete the proof of the theorem. �

Using the Theorems 2.1 (a) and 2.1 (d), we have Corollary 2.2.

Corollary 2.2 An Hγ-class H of M satisfies Green’s condition if and only
if it contains a γ-idempotent.

Theorem 2.3 An Hγ-class H of M is a subgroup of < Mγ , ◦ > if and only
if it consists of a single idempotent.

Proof. Assume that H is a subgroup of Mγ and let q = qH . Then qγq =
q ◦ q ∈ H , so qγq ≤ q. Denote by i the identity element of H . Then i ≤ q, so
q ◦ q = qγq ≤ q = q ◦ i = qγi ≤ qγq = q ◦ q. Hence q ◦ q = q, so we conclude
that q = i. Now let t be an arbitrary element of H . We denote by t−1 the
inverse element of t in H . Then t−1 ≤ q, so q = i = t ◦ t−1 = tγt−1 ≤ tγq =
t ◦ q = t ◦ i = t. On the other hand, t ≤ q. Therefore t = q, so we conclude
that H consists of a single idempotent.

The converse is obvious. �

Theorem 2.4 Let H be an Hγ-class of M and q = qH . Then the following
statements are equivalent:

(a) An Hγ-class H is a subsemigroup of < Mγ , ◦ >.

(b) If x ∈ H, then xγx ∈ H.

(c) An Hγ-class H satisfies Green’s condition and xγq = qγq = qγx for
every x ∈ H.

Proof. Since H is a subsemigroup of Mγ , we immediately have xγx = x ◦ x ∈
H for all x ∈ H . Therefore (a) implies (b). Let any x ∈ H . Then xγx ∈ H ,
so H satisfies Green’s condition and (x, xγx) ∈ Hγ . By Lemma 1.5, eγx =
eγxγx and xγe = xγxγe. Similarly, since (x, q) ∈ Hγ , we get eγx = eγq and
xγe = qγe. By Theorem 2.1 (d), qγq = qγeγq. Hence xγqγq = xγ(qγeγq) =
xγ(qγe)γq = xγ(xγe)γq = (xγxγe)γq = (xγe)γq = (qγe)γq = qγq. Similarly,
qγqγx = qγq. Since x, qγq ∈ H , we have x ≤ q and qγq ≤ q. Hence qγq =
xγqγq ≤ xγq ≤ qγq, so we conclude that xγq = qγq. Similarly, qγx = qγq.
Thus (b) implies (c). Let any x, y ∈ H . Then (y, q) ∈ Hγ , so (y, q) ∈ Rγ .
Thus rγ(y) = rγ(q), so yγe ∨ y = qγe ∨ q. Hence rγ(xγy) = xγyγe ∨ xγy =
xγ(yγe∨ y) = xγ(qγe∨ q) = xγqγe∨xγq = rγ(xγq). Since x ∈ H , xγq = qγq.
This implies that rγ(xγy) = rγ(qγq). By Theorem 2.1 (a), qγq ∈ H . It follows
that rγ(qγq) = rγ(q). Hence rγ(xγy) = rγ(q), so (xγy, q) ∈ Rγ. Similarly,
since (y, q) ∈ Lγ, we have (xγy, q) ∈ Lγ. We conclude that (xγy, q) ∈ Hγ , so
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x ◦ y = xγy ∈ H . Therefore H is a subsemigroup of Mγ , so we have that (c)
implies (a).

Hence the theorem is now completed. �

As a consequence of Theorem 2.4, we immediately have Corollary 2.5.

Corollary 2.5 If H is an Hγ-class of M and qHγx = qH = xγqH for all
x ∈ H, then H is a subsemigroup of < Mγ , ◦ >.

Lemma 2.6 If H is an Hγ-class of M satisfying Green’s condition and
q = qH is a γ-ideal element, then qγx = q = xγq for all x ∈ H.

Proof. Assume that H is an Hγ-class of M satisfying Green’s condition and
q = qH is a γ-ideal element. Then lγ(q) = q and rγ(q) = q, so eγq ≤ q and
qγe ≤ q. By Theorem 2.1 (c), we have q ≤ eγq and q ≤ qγe. This implies that
eγq = q = qγe. By Theorem 2.1 (a), qγq ∈ H . Thus (q, qγq) ∈ Lγ, it follows
from Lemma 1.5 that eγq = eγqγq. Therefore qγeγq = (eγq)γq = eγq = q.
Now let x be an arbitrary element of H . By Lemma 1.5, we have eγx = eγq
and xγe = qγe. Hence xγq = xγ(eγq) = (xγe)γq = (qγe)γq = q and qγx =
(qγe)γx = qγ(eγx) = qγ(eγq) = q. Therefore qγx = q = xγq for all x ∈ H .

Hence the proof of the lemma is completed. �

Immediately from Corollary 2.5 and Lemma 2.6, we have Corollary 2.7.

Corollary 2.7 If H is an Hγ-class of M satisfying Green’s condition and
qH is a γ-ideal element, then H is a subsemigroup of < Mγ , ◦ >.

Corollary 2.8 An Hγ-class H of the greatest element e of M is a subsemi-
group of < Mγ , ◦ > if and only if e is a γ-idempotent.

Proof. Assume that an Hγ-class H of the greatest element e of M is a
subsemigroup of Mγ . Then eγe = e ◦ e ∈ H , so H satisfies Green’s condition.
Since e ∈ H , e ≤ qH . Thus qH = e. Since e ≤ eγe ∨ e = lγ(e) = rγ(e) ≤ e,
we have lγ(e) = e = rγ(e). Hence e is a γ-ideal element. By Lemma 2.6,
eγx = e = xγe for all x ∈ H . Hence e = eγe, so e is a γ-idempotent.

Conversely, assume that e is a γ-idempotent in an Hγ-class H . Then eγe =
e ∈ H , so H satisfies Green’s condition. By the above proof, qH = e and e is
a γ-ideal element. It follows from Corollary 2.7 that H is a subsemigroup of
Mγ .

Hence the proof is completed. �
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Theorem 2.9 Let H be an Hγ-class of M such that its representative γ-
quasi-ideal element q = qH is minimal in the set of all γ-quasi-ideal elements
of M. Then H = {x ∈ M : x ≤ q} is a subsemigroup of < Mγ , ◦ >.

Proof. If x ∈ H , then x ≤ q. Now assume that x is an element of M such
that x ≤ q. Then lγ(x) ∧ rγ(x) ≤ lγ(q) ∧ rγ(q) = q. By Lemmas 1.1 and
1.2, lγ(x) ∧ rγ(x) is a γ-quasi-ideal element. Since q is a minimal γ-quasi-
ideal element, lγ(x) ∧ rγ(x) = q. Thus q ≤ lγ(x) and q ≤ rγ(x). By Lemma
1.1, we have lγ(q) ≤ lγ(lγ(x)) = lγ(x) and rγ(q) ≤ rγ(rγ(x)) = rγ(x). Since
x ≤ q, we have lγ(x) ≤ lγ(q) and rγ(x) ≤ rγ(q). Hence lγ(x) = lγ(q) and
rγ(x) = rγ(q), so (x, q) ∈ Lγ ∩ Rγ = Hγ . Therefore x ∈ H , so we conclude
that H = {x ∈ M : x ≤ q}. Now let x be an arbitrary element of H . Then
x ≤ q. Since x ≤ e, we have xγx ≤ eγq∧ qγe ≤ lγ(q)∧ rγ(q) = q. This implies
that xγx ∈ H . It follows from Theorem 2.4 that H is a subsemigroup of Mγ .

Therefore the proof of the theorem is completed. �
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