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Abstract

In this paper we have investigate the exact travelling wave solutions
for the nonlinear Schordinger equation by using of the coupled projective
Riccati equations. New families of solutions written in the fractional
type in hyperbolic function and triangle function are found. These
studies reveal that the nonlinear Schordinger possesses of seeking a rich

variety of solutions.

1 Introduction

In recent years , nonlinear partial differential equations as well as their exact
travelling wave solutions have been studied widely . Many authors ( see for
example [15-22,40-43,66-71 | ) presented various powerful methods to deal
with this subject . The basic purpose of them is to construct the solitary wave
solutions and periodic solutions as a polynomial in hyperbolic and triangle

functions.

In this paper we have investigated the exact travelling wave solutions for the

following nonlinear cubic Schrodinger equation

i + Qow + @y + q(|q)* — S(2,y,1)) = 0, (1)
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where i = /—1 . Nonlinear equations of Schrodinger type are of great in-
terest due to their centeral importance to the theory of quantum mechanics.
They arise in plasma wave and nonlinear optics and are importance in devel-
opment of solitons and inverse scattering transform theory . Searching and
constructing exact solutions for linear and nonlinear partial differential equa-
tions are an ongoing research. A number of effective methods is presented in
the articles[5,10,14] ,such as inverse scattering theory, the truncated painleve
expansion , invariant method , sin-cosine method ,the extended tanh- function
method ,and other methods .

Zayed et al [15], Fan [5,7] have studies the explicit solutions of Hirota Satsuma
coupled KdV system using Jacobic elliptic function and g-deformed function.
Xie[12] has investigate Hirota Satsuma coupled KdV and has gives exact
travelling wave soliton solutions in rational form .

Khuri [12] has recently used a complex tanh -function method for construct-
ing multiple travelling wave solutions for nonlinear Schordinger equations with
complex phases and solutions. In this paper we would like to investigate the
Nonlinear Schordinger equation (1) using a new transformation based on the
coupled projective Riccati equations . As result new exact travelling wave solu-
tions written in rational forms in hyperbolic and triangle functions are found.

If we use the transformation

a(@,y,t) = u(z,y,t) +iv(z,y, 1), (2)
then the equation (1) will be transformed to the following system:

Ut + Vg + Vyy + (0 + 0*) — S(2,y,t)v =0, (3)

Vp — Uy — Uyy — u(u® +0?) + S(z,y, t)u = 0. (4)

2 Method for finding rational solitary wave so-

lutions

Our method is summarized up as follows[12] . For the given partial differential

equations
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Fi(w, v, 1y, vy, Uy, Ug, Uy, Uy o ) =0, (5)

G (u, v, Uy, U, Uy, Vg, Uy, Uy oo ) =0, (6)

we seek the following formal travelling wave solutions which are of important
physical significance:

where & = A\t + Aoz + A3y and A, Ay , A3 are arbitrary constants. The
equations (5) and (6) are reduced to nonlinear ordinary differential equations.

Fy(u,v,u,0,0,0, ........ ) =0, (8)
Go(u, v, u,v,u, v, ...... ) =0, 9)
where the prime denotes d%. We now seek the solutions of equations (8) and

(9) in the form

U= Z&igi(f) + ijgjfl(f)f(f): (10)

v= g (&) + ) dug"(F(E), (11)

with
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1
f§) = Atanh(¢) + Bsech(€)’
Je) - sech(¢) (12)

Atanh(¢) + Bsech(€)’

which satisfy

F&) = ~Ag(©) + S9©)(1 - By(©))
6 = ~Age)F(c),
&) = O+ (1 - B(©) (13)

where A B, a;,b;,¢cp,d,, , i1 =1,2,.,r5=1,2,...,1k=1,2,.5,n=1,2,..,s
are constants to be determined later and r, s can be determined by balancing
the highest order partial derivative and the nonlinear term in equations (8)
and (9).

Mean while ,we can also assume that

1
1o = Atan(§) + Bsec(§)’
© seo(¢) (14)
g Atan(§) + Bsec(€)’
which satisfy
, , . B
f&) = —Ag°(§) — 491 — By(€)),
9(€) = —Ag(&)f (&),
PO = ¢~ 51~ Bo(©)” (15)

Equations (13) and (15) can obviously be rewritten into the following unified
form
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F&) = ~AF©) + Lo(e)1 - Bo(©))

§©) = A5 (©)
PO = g6 + 51— Byle))” (16)

where § = +1.

The main steps of our method can be written as follows :

Step 1. Determine the values of r and s by balancing the highest order partial
derivative and the nonlinear term in equations (8) and (9).

Step 2. With the aid of Maple or Mathematica , substituting (10),(11) along
with the condition (16) into system (8) , (9) and collecting the coefficients of
the same power of ¢/ (&) f*(£)(i = 0,1;j = 1,2,..,m). Set each of the obtained
coefficients to zero to get an over -determined system of nonlinear algebraic
equations with respect to the unknown variables a;, b;, ¢y, d,, , i =1,2,.. 1,7 =
1.2,...rk=12,.5, n=1,2,...s

Step 3 . We solve the above algebraic equations in step 2 yields the values of
a, bj,cpdy, 1=1,2,.r, =12, ...rk=12,.5n=12 5.

Step 4. The solutions of the system (8) and (9) are found by substituting
these values into (10) and (11) .

Remark. We can use the following forms

_ __coth(§) __osch(§)
1) = A3 Beseh(®)" 98) = A Bosen(®)" (17)
instead of (12) and the forms
fO=7 foz;i)c(g)’ 98)=7 fsz—czefs)c(g)’ (18)

instead of (14).
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3 Exact solutions of nonlinear Schordinger Equa-
tion

According to the above method , using the travelling wave transformations

u(z,y,t) = U(§), v(x,y,t) = V(§), S(z,y,t) = 5(£), where § = Ait+ Aoz +Azy
and A1, A2 , A3 are arbitrary constants. We reduce the equations (3) and (4)
to the following nonlinear ordinary differential equations.

MU(€) + AV (€) + MV (€) + V(OU(€) + VZ(€) = SV(§) =0, (19)

MV (E) = MU(€) = MU (€) = U©)(U2(§) + V2(€)) + S()V(€) =0, (20)

To look for the explicit solutions of equations (19) and (20) we choose the

following ansatz in terms of step 1 in the above section ,we obtain

U = ap+aif(§) +axg(§),
bo + b1 f(§) + b2g(§),
co+ c1f(€) + cag (&) + e3g*(€) + caf(§)g(8), (21)

n =
|

where a;,0;(i = 0,1,2,5 = 0,1,2) and ¢x(k = 0,1,..,4) are constants to be
determined later.
On substituting (21) into (19) and (20) and collecting all terms with the
same power in ¢/(&)f"(£)(: = 0,1;5 = 1,2,..,m) .Setting the coefficients of
these terms ¢7(£) f4(£)(i = 0,1; 5 = 1,2,..,m) to zero ,yields a set of algebraic
polynomial equations namely :
2/\%@(532 i a2b§ — Caty — 2/\%(12142 i 3a§a2532+a2b§5323‘21b1b2532—C4a1532
+2X2a9A? + 2a1b1by + 2X\3a5 A% + 2)\3a20 B? + 22020 B? + 3a%ay — cqay
+asbi + a3 =0,
ayb? + 2X\2a,0B% + ay (1 + 8- )62 + 2)3%2a, A% 4+ 2)03%a,0 B* + 2)\2(11582
+3a1a3 + 2\a A% + 2a2b1b2 +2X2a, A% — chay — czay + a3 (142 ) =0,
—3\3a20B + 3‘11“053 + 2aboby — 3\2a30 B — a5 + 3a3ag + aobl
_tmbibodB claAgB + 20158 | 0012 4 3020y — 3A32020 B — c3a0
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\1b15B2 agb?8B? 2a1b1bgdB2 _ 2a2b36B 6a2a20B
AT 2o 4 2a1b1bp 4 T S

—cia1 + /\1b1A 0
2ubibgdB? _ Soies0l 3020, B + 241990 | 2a,b0hy — 3A2a20B — coaz
+3a2a + 204(1153 2a2b 0B + )\1b1A + aon C1a15B + aon + 3@10/0

—3)\2&2(53—61&1 _CSCLO"‘)\lbeQ +aob6B —|—2alblb0

A
__4a1b1b26B 0
A2 -

—)\261153 — 2(116317 )\%&1(58 -+ 2@26160 — CoQq + )\1[9214 -+ 2@0[)162 +
—C1a2 — C4Qq + 6@1(12@0 QGA;SB — )\32a15B + 2@1[)2()0 = O
ay b2 _ AbidB 2C’«ObQ(SB 4 2a1b1b20 6010«063 4 3@2@0 _ 04(115 + )\2a25

A A2 A2
—coay + )\lag(S + 3‘11“26 + aifgé 4“122053 — Ccoay + 2aobgb0 + 2612#
+A3a20 =
‘ﬁf c1ag + 3aya — coar + a1b + 2apbiby + =0,
clf(‘gé Cottp + Ajé 0b2 3a1a05 ta + 2a1b1b06 — 0,
2bgaiay — c1by + A2 4 brad — cob1 + bléal + 3b162 =0,
_Clbl(s I boal i 3bAb205 — cobo + M + bpal + b2 =0,
3b1b2 + b3(1 +8BY) 1 202,082 + 2>\2b1532 — c3by + bra2 — cibo A2
+b,6B2 + 2>\32b1A2 + 2byarag + by (1 + 2B )a? 4 2X2b, A2
+2A3b; A% = 0,
D3 4 2X3by A2 — by + 2X2by A? — 8BS 4 932, 5 B2 4 232D, A?
4 BB by 4 2A3by6 B2 4 201014208 4 93325, 5 B2 4 a4 24005
+2b1ayag + baa? + 3b2by = 0,
— 4y — coby — 2”153“1 + 2byagag — 28— \2b,6B — \2b,6B — ¢1by
+2bsayag + 6b1b2b0 — ANasA — )\321)163 + 2bgaias = 0,
—dadB? _ 2oaoB 332 5B 4 Ohyagag — Ajas A — 3A2by6 B + 240408

3b bod B2
4b1a1a268 + 3b2b0 _ CQbQ - Clbl C1b15B + bO 2 AO2 _ C3b0

15b

+2b1a1a0 S gy 2b1a1a05B + boa? — 3A32h,0 B
+boajéj32 —0,

Ao — PR | hoiead  AbiarandB | p 02 4 MawdB 4 op o B0
ol — B8 4 X2d + A2byd — 2b0a163 L e QClbléB © 32
—coby = O,

(22)

With the aid of the Maple ,we can find a set of solutions of the algebraic
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equations (22) and we obtain :
(I) When 0 =1 we have the following cases:

Case 1
ALy/cA
Qa2 = \/DQj—)\%’ by = A\/%,
AReyD +D* + )] AD
C g —_ s g 77
’ VD2 — X2 VD= X2
2A2D[cyD + 2D? — N3]
C3 = D2 — A% )
cC1 = c4:a0:a1:b2:b020, (23)

where D = A + A2 + A2 and A\, Ay, A3, A and ¢ are arbitrary constants .
In this case the wave soliton solutions take the form
. /\1 \/%SGCh(/\lt + )\21[’ + )\3y)

[/D? — A2 tanh( At + Aoz + A3y) + D sech( Mt + doz + Azy)]’

U1

\/ C0D2 — Co)\%

T [VDZ — A tanh(Mt + Aot + Agy) + D sech (Mt + Aot + Agy)]

U1

[2coD + D? + Nsech(Ait + Ao + A3y)

B [v/D? — M tanh(\it + Xow + A3y) + D sech(Mt + doz + A3y)]
2D[coD + 2D? — Msech?(\it + Aoz + A3y)
[v/D? — M tanh(\it + doz + A3y) + D sech( At + Aoz + A3y)]?
+co, (24)

S1

Case 2

—2b0AD by — 2GOAD
Al ) 1 — Al )

ap =

A(a2 +3) (N2 +4D) 2A%D[2(a2 + b2)D + N
Coy = y C3 = 22 )
1

)\2
1
cT = 04262:&22622820, (25)
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where D = A + X2 + A2, A\, Mg, A3, A, by and a ( are arbitrary constants

.The wave soliton solutions take the form

2by D
Uy = ag— ——coth(A\it + Ao + \zy),
1
2a0D
vy = by+ %o csch( A\t + Aoz + A3y)
1
A(a + B2) (N2 4+ 4D)
Sy = 2
A
2D[2(a2 + b2)D + \?
+ 245 )\%0) 1 csch? (Mt + Aoz + A3y)
Case 3
NG _
—A[2coD + D? + \? AD
- [ Ccol) + + 1]’ B =

VD%
2A2DcoD + 2D? — A2]
3 = )
D=

cC, = c4za0:a2:b1:b020,

(26)

(27)

where D = A2 + A2+ )2, A\;, Ao, A3, A and ¢y are arbitrary constants .The

wave soliton solutions take the form

co(D? — A})

U = ,

’ /' D? — X2 tanh(\it + Ao + A3y) + Dsech(At + Aoz + A3y)

A1y/Cosech(Ait 4+ Aoz + Asy)

v3 = — ,

’ V' D? — X2 tanh(\it + Ao + A3y) + Dsech(A\it + Ao + A3y)
g [2coD + D? + N2]sech (At + Aoz + A3y)

3

B V' D? — X2 tanh(\it + Ao + A3y) + Dsech(A\it + Ao + A3y)
2D[coD + 2D? — X2]sech?( A\t + Aox + A3y)

[\/D? — A tanh(At + Aoz 4+ A3y) + Dsech(Ait + Aoz + A3y)]?

+co.

where D = \2 + \2 + \2

(28)
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Case 4
bl)\l b% + a%
Az = ) Co = )
v Dy A?
2
¢ = HADM 124D +aiD — APN| - A OGN + AN}
1
—1
Cy = \/EA{AQDQ +2(b3 +a3)D + A*X\3}
B — AAlD by — —al)\l
- ’ 2 — )
VD1 VD
ayg = b():Cl:C4:O, (29)

where D1 = D? — \? and A, A1, Mo, A3 b1, a; are arbitrary constants . Thus
, the soliton wave solutions take the forms:

a1/ D1

= A[v/Dy tanh(A\it + Aoz + A3y) + A1 Dsech(Mt + Aoz + A3y)] *
by Aisech( At 4+ Aoz + A3y)
A[v/Dy tanh(A\it + Moz + A3y) + A\ Dsech( A\t + Aox + Asy)]’
Vg = bl\/D_l +
A[v/Dy tanh(\it + Aoz + A3y) + Ay Dsech(At + Ao + A3y)]
—aiAisech( At + Aoz + A3y)
A[v/Dy tanh(A\it + Aoz + A3y) + A\ Dsech( A\t + Aoz + Asy)]’
S — _ {A2D? + 2(b% + a3) D + A?X¥}sech( A\t + Aox + A3y)
A2[\/Dy tanh(\it + Aoz + A3y) + Ay Dsech(At + Aoz + A3y)]
+2{D?? +2A’D? + aiD — A*X\] — A2(A3\T + AIA))} x
sech?( A\t + Ao + A3y)
A2[\/Dy tanh(\it + Ao + A3y) + A Dsech (At + Aoz + Azy)]2
b2 +a? (30)
A2
Case 5
b —
2 = /p 2= "5
cg = \;—Z‘%{DMA%}, ay = iby |
B - %’ ¢y = 2;? {20” — X2

i = C4:b0:&0:COZO (31)
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where b1, A1, A2, A3 are arbitrary constants. Consequently the solitary wave
solution in this case take the forms:

by
A[tanh()\lt + )\233' + )\3y) + \/LD—ISGCh<)\1t + )\Q.CIT + Agy)]
bl)\lsech(/\lt + )\21[’ + )\3y)

+
A\/ Dl[tanh()\lt + )\2]7 + )\3y) + \/LD—ISQCh()\lt + )\233' + )\3@/)]

Uy =

2!
Altanh(Mt + Aoz + A3y) + \/LD—lsech(/\lt + Aoz + A3y)]
ibl)\lsech()\lt + )\2]7 + )\3y)

Ay/Dqtanh (At + Aoz + A3y) + \/%sech()\lt + Aoz + A3y)]

Vs —

—{D? + M} sech(\it + Aoz + A3y)
VD1 [tanh(A\it + Aoz + A3y) + \/LD—lsech()\lt + Ao + A3y)]
2D {2D?% — A} sech?( At + Aoz + A3y)
Di[tanh(Ait + Aoz + Asy) + \/%sech()\lt + Xo + A3y))?

(32)

Case 6

by = AVc, c3 = —2c0 A2,
—iA{3\] + 4co D3 + 4N3co + dcphi}
2(D3 + A7+ A3) ’
~ 2 122 )\2
@ = M\@(Dif M) o= Dy,
B — iA

apg = &1:b2:b0201:C4:0, (33)

Cy =

where Dy is the root of the equation 2Z% + 4(A? + \2)Z2 + 4\2)\2 + 2)\] —
A +2X1 = 0 and A, g, A\, A2, A3 are arbitrary constants .The soliton wave

solutions take the forms:
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2i\/Co(D3 + A; + A3)sech( Mt + Aoz + A3y)

Ve —

Ap[tanh( Ayt + Ao + A3y) + isech( At + Ao + A3y)]’

NG

tanh (At + Aoz + Agy) + isech(Mt + Aoz + A3y)
S6 = Cy —

i {3\3 + 4o D3 + 4N3co + 4cpAi } sech( Mt + Aoz + A3y)
Litanh(At + Aoz + Azy) + isech(Ait + Aoz + A3y)]
—2coAsech(Mt + Aoz + A3y)

. 34
tanh (At + Aoz + Agy) + isech(Mt + Aoz + A3y) (34)
where L = 2(D3 + A\ + \3)
Case 7
ay = Zbg s Cy = —BBD,
C3 = 2D(A2 + B2), C1 = —A/\li,
Ch = D s
ag = &1:b1:b0:C4:0, (35)

where A, B, A1, Ay, A3 and by are arbitrary constants .The soliton wave so-
lutions take the forms:

Uy =

ibasech (At + Ao + A3y)

vy =

Atanh(Ait + Aoz + A3y) + Bsech(At + Aoz + A3y)]’

ngGCh()\lt + )\21‘ + )\3y)

Atanh(\it + Aox + A3y) + Bsech(A\it + Aoz + A3y)’

1AM A

D—
Atanh(A\t + Aoz + A3y) + Bsech(At + Aoz + A3y)]

3BDsech(Ait + Aoz + A3y)

_Atanh()\lt + Ao + A3y) + B sech(Ait + Ao + A3y)

2D(A? + B*)sech?( At + Ao + A3y)

[Atanh(A\t + Az 4 Agy) + B sech(Ait + Ao + Asy)|?

(36)
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Case 8
0 = 1bo A\ b 1bo D
1 - 0 — \/ﬁSA,

v Dy ’
_ @ 2 2 2 2
o = DV ARD 4 N

= ' 2Db% + A%[N2 + 2X3 + 20T + 205 + 4NIN3 4 40202
Co _A{ + AZ[A] 4205 + 207 +2)3 + + ol
b2M
Co = T/ a2
D3 A?
B = a0:a2:b1201:c4:0, (37)

where M = (A2 4+ X2+ X2)2+ 22, D3y =2(A2+ X3+ A2)2+ 22 and A, A\, Aa, A3

by are arbitrary constants .The soliton wave solutions take the forms:

ug = 1421[)\2/% COth()\lt + /\21' + /\3y)7
bo D by
vy = 02 lA chch()\lt + Ao + A3y),
Sy = — bM ' {—2Db5 + A2[AT+2X5 + 2X] + 2X5
DsA2 /D A2

H4ANINS 4 4X3N3] Fesch(Art + Xox + Azy) +

{D?b3

Dj A2
+A2[2D® 4+ A} 4+ A3+ AIA3 Yesch? (At + Aoz + Asy).

(38)
Case 9

bl = —Aao s ag = CL()(A +ZB),
2(a2 — 3\ Ai + M\ B)
C3 = )
Qo

co = —i{2a5 + M\ Ai -2\ B},
1 _ A1
AQ = </(A% + )\%)2 + )\% {COS |:§ tan 1 m} s

+i sin 1 tan™" M
2 (AT +23)
b2 = bOZCLl:CO:Cl:C4:0, (39)

where B,A, A\, \3 , ag are arbitrary constants. The soliton wave solutions
take the forms:
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ap(A + iB)sech(A\t + Aoz + A\3y)

to = Atanh(A\it + Aoz + A3y) + Bsech(Ait + Aoz + A3y)]’
B —Aay

o= Atanh(A\it + Aoz + A3y) + Bsech(Ait + Aoz + A3y)’

S, — i{2a% + N\ Ai — 2\ B} sech(\it + Aoz + A3y)

[Atanh(Ait + Aoz + A3y) + B sech(A\it + Aoz + A3y)]
i 2(@% - 3)\114@ + AlB)SeCh2(/\1t + )\21[’ + )\3y)
ao[A tanh(A1t + Aoz + A3y) + B sech( At + Aoz + A3y)]?

(40)
where \; is a constant given by the formula
1. Al
Ay = f/()\f + A2)2+ A2 {cos {5 tan™! 1) )\%)} ,
~+1i sin E tan ™! M
2 A+ 1)
(IT) Second , when § = —1 ,we have the following cases:
Case 10
b2 +a?
0 = — 1A2 L
B 2, 2 2012 2
@ = {2003 + af) + A2(\;+ A}) },
1
s = o3 {67 + a?)(A® — B?) +2(\3 + \J)(A' — A°B?%)}
T = C4:b0:&2:b2:&0:)\1:0 (41)

where A, B,aq,b;, \s and A3 are arbitrary constants. Consequently the
soliton solutions take the form:

to = Atan(Aox + A3y) + Bsec(Aox + A3y)’
2!
U0 =y tan(Aox + A3y) + Bsec(Aoz + A\3y)’
o _ B{2(b3 4 a3) + A%(A\3 + A\3)} sec(Aax + A3y)
0 =

A?2[Atan( Aoz + A3y) + Bsec(Aaz + Asy)]
07+ af)(A = B%) +2(X + X)(AT = A2B)} sec* Aoz + Aay)
A?2[Atan( Aoz + A3y) + Bsec(Aox + A3y)|?

(42)
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Case 11

2(DF + AT 4 23)°

a; = =+ (Dy A21 2), Ay = Dy,
C3

= — B=+A

o= oaz
]_ _

¢ = 7 (3DIAT 30N+ XA — o)}, b= %

ci = c4:a0:a1:b2:boz)\120 (43)

where D, is the root of the equation 2Z% +4(A2 + A\2)Z% + (A3 + 4X\2)\? +
2X\3 + 2)]) = 0, A, 3, \; and A3 are arbitrary constants. Consequently , the

soliton solutions take the form:

+2(D% + X2 4+ \2)%sec(\it + Dy + A3y)

= A3 [tan(/\lt —+ D4ZE —+ )\3y) =+ SGC()\lt —+ D4ZE —+ )\3Q)]7
vy = A
H V2A[tan( M\t 4 Dz + Asy) £ sec(M\t 4+ Dyz + Asy)]’
s _ C3 {3DZA2 + 3(/\% + /\%)A2 - 03)} SGC()\lt + D4ZE + A3y)
H 2A2 A?[tan(Ait + Dyx + A3y) £ sec(A\it + Dy + A3y)]
N 3 sec? (At + Dyx + A3y) (44)
Aftan(At + Dyx + A3y) £ sec(Mt + Dyx + A3y)]?’
Case 12
AlboA boA\/Dg,
0 == "5 by = — — 0D
A A[=MD + 2D? — 203 Ds] o bi{D?— )}
2 — D\/D_5 ) 0 — D2 )
2
cg = E)[ngA?DE) +2A%D3 — A2(A] + AIA2 + AIND)]
cT = c4:a0:a2:blzB:0 (45)

where Ds = 2D? — X2 and A, by, A\; ,\2 and )\ are arbitrary constants .
Consequently , the soliton solutions take the form:
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A1h

Uy = — i) 0 cot (Mt + Aoz + A3y),
b A\/
Vg = — 0PV csc(/\lt + Aoz + A3y),
D2 2
Sy = bO{D—QJ} + 3[2b8D5 +2D? — AID] esc? (Mt + Ao + A3y)
5
—\2D +2D3 — 202D
(=AY +D\/F5 0Ds] csc(Ait + Aoz + Azy).
(46)
Case 13
a; = — boA, = —bo
Cy = §B)\l, )\2 \/— - )\2+)\2
C3 = b2A2 + )\1(142
Co — 01204:(10:(12:[)1:0 (47)

where A\ < 3 + \/ — N, 0< A<= and A, B, by are arbitrary constants
. Consequently the sohton solutions take the form:

. b()A
s ~ Atan(€) + Bsec(€)
B bo Bsec(§)
= ~ Atan(é) + Bsec(€)’
3BAisec(§)
Si3 =

2Atan(€) + 2Bsec(€)
[ B6A* + A1 (A® — B?)[sec?(€)
[Atan(€) + Bsec(€)]2

(48)

where & = \it + \/ (A2 + \2)x + Azy.
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