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Abstract

In this paper we have investigate the exact travelling wave solutions
for the nonlinear Schordinger equation by using of the coupled projective
Riccati equations. New families of solutions written in the fractional
type in hyperbolic function and triangle function are found. These
studies reveal that the nonlinear Schordinger possesses of seeking a rich
variety of solutions.

1 Introduction

In recent years , nonlinear partial differential equations as well as their exact

travelling wave solutions have been studied widely . Many authors ( see for

example [15-22,40-43,66-71 ] ) presented various powerful methods to deal

with this subject . The basic purpose of them is to construct the solitary wave

solutions and periodic solutions as a polynomial in hyperbolic and triangle

functions.

In this paper we have investigated the exact travelling wave solutions for the

following nonlinear cubic Schrodinger equation

iqt + qxx + qyy + q(|q|2 − S(x, y, t)) = 0, (1)
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where i =
√−1 . Nonlinear equations of Schrodinger type are of great in-

terest due to their centeral importance to the theory of quantum mechanics.

They arise in plasma wave and nonlinear optics and are importance in devel-

opment of solitons and inverse scattering transform theory . Searching and

constructing exact solutions for linear and nonlinear partial differential equa-

tions are an ongoing research. A number of effective methods is presented in

the articles[5,10,14] ,such as inverse scattering theory, the truncated painleve

expansion , invariant method , sin-cosine method ,the extended tanh- function

method ,and other methods .

Zayed et al [15], Fan [5,7] have studies the explicit solutions of Hirota Satsuma

coupled KdV system using Jacobic elliptic function and q-deformed function.

Xie[12] has investigate Hirota Satsuma coupled KdV and has gives exact

travelling wave soliton solutions in rational form .

Khuri [12] has recently used a complex tanh -function method for construct-

ing multiple travelling wave solutions for nonlinear Schordinger equations with

complex phases and solutions. In this paper we would like to investigate the

Nonlinear Schordinger equation (1) using a new transformation based on the

coupled projective Riccati equations . As result new exact travelling wave solu-

tions written in rational forms in hyperbolic and triangle functions are found.

If we use the transformation

q(x, y, t) = u(x, y, t) + iv(x, y, t), (2)

then the equation (1) will be transformed to the following system:

ut + vxx + vyy + v(u2 + v2) − S(x, y, t)v = 0, (3)

vt − uxx − uyy − u(u2 + v2) + S(x, y, t)u = 0. (4)

2 Method for finding rational solitary wave so-

lutions

Our method is summarized up as follows[12] . For the given partial differential

equations
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F1(u, v, ut, vt, ux, vx, uy, vy, ........) = 0, (5)

G1(u, v, ut, vt, ux, vx, uy, vy, ........) = 0, (6)

we seek the following formal travelling wave solutions which are of important

physical significance:

u(x, y, t) = u(ξ), (7)

v(x, y, t) = v(ξ),

where ξ = λ1t + λ2x + λ3y and λ1, λ2 , λ3 are arbitrary constants. The

equations (5) and (6) are reduced to nonlinear ordinary differential equations.

F2(u, v, u´, v´, u´́, v´́, ........) = 0, (8)

G2(u, v, u´, v´, u´́, v´́, ......) = 0, (9)

where the prime denotes d
dξ

. We now seek the solutions of equations (8) and

(9) in the form

u =

r∑
i=0

aig
i(ξ) +

r∑
j=1

bjg
j−1(ξ)f(ξ), (10)

v =

s∑
k=0

ckg
k(ξ) +

s∑
n=1

dng
n−1(ξ)f(ξ), (11)

with
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f(ξ) =
1

A tanh(ξ) + Bsech(ξ)
,

g(ξ) =
sech(ξ)

A tanh(ξ) + Bsech(ξ)
, (12)

which satisfy

f´(ξ) = −Ag2(ξ) +
B

A
g(ξ)(1− Bg(ξ)),

g´(ξ) = −Ag(ξ)f(ξ),

f 2(ξ) = g2(ξ) +
1

A2
(1 − Bg(ξ))2, (13)

where A ,B , ai, bj , ck, dn , i = 1, 2, .., r,j = 1, 2, ..., r,k = 1, 2, ..s, n = 1, 2, .., s

are constants to be determined later and r, s can be determined by balancing

the highest order partial derivative and the nonlinear term in equations (8)

and (9).

Mean while ,we can also assume that

f(ξ) =
1

A tan(ξ) + Bsec(ξ)
,

g(ξ) =
sec(ξ)

A tan(ξ) + Bsec(ξ)
, (14)

which satisfy

f´(ξ) = −Ag2(ξ) − B

A
g(ξ)(1 − Bg(ξ)),

g´(ξ) = −Ag(ξ)f(ξ),

f 2(ξ) = g2(ξ) − 1

A2
(1 − Bg(ξ))2. (15)

Equations (13) and (15) can obviously be rewritten into the following unified

form
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f´(ξ) = −Ag2(ξ) +
δB

A
g(ξ)(1 − Bg(ξ)),

g´(ξ) = −Ag(ξ)f(ξ),

f 2(ξ) = g2(ξ) +
δ

A2
(1 − Bg(ξ))2. (16)

where δ = ±1.

The main steps of our method can be written as follows :

Step 1 . Determine the values of r and s by balancing the highest order partial

derivative and the nonlinear term in equations (8) and (9).

Step 2. With the aid of Maple or Mathematica , substituting (10),(11) along

with the condition (16) into system (8) , (9) and collecting the coefficients of

the same power of gj(ξ)f i(ξ)(i = 0, 1; j = 1, 2, .., m). Set each of the obtained

coefficients to zero to get an over -determined system of nonlinear algebraic

equations with respect to the unknown variables ai, bj , ck, dn , i = 1, 2, .., r,j =

1, 2, ..., r, k = 1, 2, ..s, n = 1, 2, .., s

Step 3 . We solve the above algebraic equations in step 2 yields the values of

ai, bj, ck, dn , i = 1, 2, .., r, j = 1, 2, ..., r, k = 1, 2, ..s, n = 1, 2, .., s .

Step 4. The solutions of the system (8) and (9) are found by substituting

these values into (10) and (11) .

Remark. We can use the following forms

f(ξ) =
coth(ξ)

A + Bcsch(ξ)
, g(ξ) =

csch(ξ)

A + Bcsch(ξ)
, (17)

instead of (12) and the forms

f(ξ) =
cot(ξ)

A + Bcsc(ξ)
, g(ξ) =

csc(ξ)

A + Bcsc(ξ)
, (18)

instead of (14).
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3 Exact solutions of nonlinear Schordinger Equa-

tion

According to the above method , using the travelling wave transformations

u(x, y, t) = U(ξ), v(x, y, t) = V (ξ), S(x, y, t) = S(ξ), where ξ = λ1t+λ2x+λ3y

and λ1, λ2 , λ3 are arbitrary constants. We reduce the equations (3) and (4)

to the following nonlinear ordinary differential equations.

λ1U
´(ξ) + λ2

2V
´́(ξ) + λ2

3V
´́(ξ) + V (ξ)(U2(ξ) + V 2(ξ)) − S(ξ)V (ξ) = 0, (19)

λ1V
´(ξ) − λ2

2U
´́(ξ) − λ2

3U
´́(ξ) − U(ξ)(U2(ξ) + V 2(ξ)) + S(ξ)V (ξ) = 0, (20)

To look for the explicit solutions of equations (19) and (20) we choose the

following ansatz in terms of step 1 in the above section ,we obtain

U = a0 + a1f(ξ) + a2g(ξ),

V = b0 + b1f(ξ) + b2g(ξ),

S = c0 + c1f(ξ) + c2g(ξ) + c3g
2(ξ) + c4f(ξ)g(ξ), (21)

where ai, bj(i = 0, 1, 2, j = 0, 1, 2) and ck(k = 0, 1, .., 4) are constants to be

determined later.

On substituting (21) into (19) and (20) and collecting all terms with the

same power in gj(ξ)f i(ξ)(i = 0, 1; j = 1, 2, .., m) .Setting the coefficients of

these terms gj(ξ)f i(ξ)(i = 0, 1; j = 1, 2, .., m) to zero ,yields a set of algebraic

polynomial equations namely :

2λ2
1a2δB

2 + a2b
2
2 − c3a2 − 2λ2

1a2A
2 +

3a2
1a2δB2+a2b21δB22a1b1b2δB2−c4a1δB2

A2

+2λ2
3a2A

2 + 2a1b1b2 + 2λ2
2a2A

2 + 2λ2
2a2δB

2 + 2λ2
3a2δB

2 + 3a2
1a2 − c4a1

+a2b
2
1 + a3

2 = 0,

a1b
2
2 + 2λ2

1a1δB
2 + a1(1 + δB2

A2 )b2
1 + 2λ32a1A

2 + 2λ32a1δB
2 + 2λ2

2a1δB
2

+3a1a
2
2 + 2λ2

1a1A
2 + 2a2b1b2 + 2λ2

2a1A
2 − c4a2 − c3a1 + a3

1(1 + δB2

A2 ) = 0,

−3λ2
2a2δB +

3a2
1a0δB2

A2 + 2a2b2b0 − 3λ2
1a2δB − c2a2 + 3a2

2a0 + a0b
2
1

−4a1b1b2δB
A2 − c1a1δB2

A2 + 2c4a1δB
A2 + a0b

2
2 + 3a2

1a0 − 3λ32a2δB − c3a0
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+λ1b1δB2

A
+

a0b21δB2

A2 + 2a1b1b0 + 2a1b1b0δB2

A2 − 2a2b21δB

A2 − 6a2
1a2δB

A2

−c1a1 + λ1b1A = 0,
2a1b1b0δB2

A2 − 6a2
1a2δB

A2 − 3λ2
2a2δB +

3a2
1a0δB2

A2 + 2a2b2b0 − 3λ2
1a2δB − c2a2

+3a2
2a0 + 2c4a1δB

A2 − 2a2b21δB

A2 + λ1b1A + a0b
2
1 − c1a1δB2

A2 + a0b
2
2 + 3a2

1a0

−3λ2
3a2δB − c1a1 − c3a0 + λ1b1δB2

A
+

a0b21δ2B2

A
+ 2a1b1b0

−4a1b1b2δB
A2 = 0,

−λ2
2a1δB − 2a1δBb21

A2 − λ2
1a1δB + 2a2b1b0 − c2a1 + λ1b2A + 2a0b1b2 +

−c1a2 − c4a0 + 6a1a2a0 − 2a3
1δB

A2 − λ32a1δB + 2a1b2b0 = 0,

a2b
2
0 − λ1b1δB

A
− 2a0b21δB

A2 + 2a1b1b2δ
A2 − 6a2

1a0δB

A2 + 3a2a
2
0 − c4a1δ

A2 + λ2
2a2δ

−c2a0 + λ2
1a2δ +

3a2
1a2δ

A2 +
a2b21δ

A2 − 4a1b1b0δB
A2 − c0a2 + 2a0b2b0 + 2c1a1δB

A2

+λ2
3a2δ = 0,

a3
1δ

A2 − c1a0 + 3a1a
2
0 − c0a1 + a1b

2
0 + 2a0b1b0 +

a1δb21
A2 = 0,

− c1a1δ
A2 − c0a0 +

a0b21δ

A2 + a0b
2
0 +

3a2
1a0δ

A2 + a3
0 + 2a1b1b0δ

A2 = 0,

2b0a1a0 − c1b0 +
b31δ

A2 + b1a
2
0 − c0b1 +

b1δa2
1

A2 + 3b1b
2
0 = 0,

−c1b1δ
A2 +

b0a2
1δ

A2 +
3b21b0δ

A2 − c0b0 + 2b1a1a0δ
A2 + b0a

2
0 + b3

0 = 0,

3b1b
2
2 + b3

1(1 + δB2

A2 ) + 2λ2
1b1δB

2 + 2λ2
2b1δB

2 − c3b1 + b1a
2
2 − c4b2λ

2
3

+b1δB
2 + 2λ32b1A

2 + 2b2a1a2 + b1(1 + δB2

A2 )a2
1 + 2λ2

1b1A
2

+2λ2
2b1A

2 = 0,

b3
2 + 2λ2

2b2A
2 − c4b1 + 2λ2

1b2A
2 − c4b1δB2

A2 + 2λ2
1b2δB

2 + 2λ32b2A
2

+
3b21b2δB2

A2 − c3b2 + 2λ2
2b2δB

2 + 2b1a1a2δB2

A2 + 2λ32b2δB
2 + b2a

2
2 +

b2a2
1δB2

A2

+2b1a1a2 + b2a
2
1 + 3b2

1b2 = 0,

−c4b0 − c2b1 − 2b1δBa2
1

A2 + 2b1a2a0 − 2b31δB

A2 − λ2
1b1δB − λ2

2b1δB − c1b2

+2b2a1a0 + 6b1b2b0 − λ1a2A − λ32b1δB + 2b0a1a2 = 0,

−λ1a1δB2

A
− 2b2a2

1δB

A2 − 3λ2
1b2δB + 2b2a2a0 − λ1a1A − 3λ2

2b2δB + 2c4b1δB
A2

−4b1a1a2δB
A2 + 3b2

2b0 − c2b2 − c1b1 − c1b1δB2

A2 + b0a
2
2 +

3b21b0δB2

A2 − c3b0

+2b1a1a0 − 6b21b2δB

A2 + 3b2
1b0 + 2b1a1a0δB2

A2 + b0a
2
1 − 3λ32b2δB

+
b0a2

1δB2

A2 = 0,

λ2
2b2δ − 6b21b0δB

A2 + 2b1a1a2δ
A2 − 4b1a1a0δB

A2 + b2a
2
0 + λ1a1δB

A
+ 2b0a2a0 +

3b21b2δ

A2

−c2b0 − c4b1δ
A2 + λ2

1b2δ + λ2
3b2δ − 2b0a2

1δB

A2 +
b2a2

1δ

A2 + 2c1b1δB
A2 + 3b2b

2
0

−c0b2 = 0,

(22)

With the aid of the Maple ,we can find a set of solutions of the algebraic
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equations (22) and we obtain :

(I) When δ = 1 we have the following cases:

Case 1

a2 =
λ1
√

c0A√
D2 − λ2

1

, b1 = A
√

c0,

c2 = −A[2c0D + D2 + λ2
1]√

D2 − λ2
1

, B =
AD√

D2 − λ2
1

,

c3 =
2A2D[c0D + 2D2 − λ2

1]

D2 − λ2
1

,

c1 = c4 = a0 = a1 = b2 = b0 = 0, (23)

where D = λ2
1 + λ2

2 + λ2
3 and λ1, λ2, λ3, A and c0 are arbitrary constants .

In this case the wave soliton solutions take the form

u1 =
λ1
√

c0sech(λ1t + λ2x + λ3y)

[
√

D2 − λ2
1 tanh(λ1t + λ2x + λ3y) + D sech(λ1t + λ2x + λ3y)]

,

v1 =

√
c0D2 − c0λ

2
1

[
√

D2 − λ2
1 tanh(λ1t + λ2x + λ3y) + D sech(λ1t + λ2x + λ3y)]

,

S1 = − [2c0D + D2 + λ2
1]sech(λ1t + λ2x + λ3y)

[
√

D2 − λ2
1 tanh(λ1t + λ2x + λ3y) + D sech(λ1t + λ2x + λ3y)]

+
2D[c0D + 2D2 − λ2

1]sech
2(λ1t + λ2x + λ3y)

[
√

D2 − λ2
1 tanh(λ1t + λ2x + λ3y) + D sech(λ1t + λ2x + λ3y)]2

+c0, (24)

Case 2

a1 =
−2b0AD

λ1
, b1 =

2a0AD

λ1
,

c0 =
A(a2

0 + b2
0)(λ

2
1 + 4D)

λ2
1

, c3 =
2A2D[2(a2

0 + b2
0)D + λ2

1]

λ2
1

,

c1 = c4 = c2 = a2 = b2 = B = 0, (25)
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where D = λ2
1 + λ2

2 + λ2
3, λ1, λ2, λ3, A, b0 and a 0 are arbitrary constants

.The wave soliton solutions take the form

u2 = a0 − 2b0D

λ1
coth(λ1t + λ2x + λ3y),

v2 = b0 +
2a0D

λ1
csch(λ1t + λ2x + λ3y)

S2 =
A(a2

0 + b2
0)(λ

2
1 + 4D)

λ2
1

(26)

+
2D[2(a2

0 + b2
0)D + λ2

1]

λ2
1

csch2(λ1t + λ2x + λ3y)

Case 3

b2 = − λ1
√

c0A√
D2 − λ2

1

, a1 = A
√

c0,

c2 =
−A[2c0D + D2 + λ2

1]√
D2 − λ2

1

, B =
AD√

D2 − λ2
1

,

c3 =
2A2D[c0D + 2D2 − λ2

1]

D2 − λ2
1

,

c1 = c4 = a0 = a2 = b1 = b0 = 0, (27)

where D = λ2
1 + λ2

2 + λ2
3, λ1, λ2, λ3, A and c0 are arbitrary constants .The

wave soliton solutions take the form

u3 =

√
c0(D2 − λ2

1)√
D2 − λ2

1 tanh(λ1t + λ2x + λ3y) + Dsech(λ1t + λ2x + λ3y)
,

v3 = − λ1
√

c0sech(λ1t + λ2x + λ3y)√
D2 − λ2

1 tanh(λ1t + λ2x + λ3y) + Dsech(λ1t + λ2x + λ3y)
,

S3 = − [2c0D + D2 + λ2
1]sech(λ1t + λ2x + λ3y)√

D2 − λ2
1 tanh(λ1t + λ2x + λ3y) + Dsech(λ1t + λ2x + λ3y)

+
2D[c0D + 2D2 − λ2

1]sech
2(λ1t + λ2x + λ3y)

[
√

D2 − λ2
1 tanh(λ1t + λ2x + λ3y) + Dsech(λ1t + λ2x + λ3y)]2

+c0. (28)

.where D = λ2
1 + λ2

2 + λ2
3
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Case 4

a2 =
b1λ1√

D1

, c0 =
b2
1 + a2

1

A2
,

c3 =
2

D1
{D2b2

1 + 2A2D3 + a2
1D − A2λ4

1 − A2(λ2
3λ

2
1 + λ2

1λ
2
2)}

c2 =
−1√
D1A

{A2D2 + 2(b2
1 + a2

1)D + A2λ2
1}

B =
Aλ1D√

D1

, b2 =
−a1λ1√

D1

,

a0 = b0 = c1 = c4 = 0, (29)

where D1 = D2 − λ2
1 and A, λ1, λ2, λ3 b1, a1 are arbitrary constants . Thus

, the soliton wave solutions take the forms:

u4 =
a1

√
D1

A[
√

D1 tanh(λ1t + λ2x + λ3y) + λ1Dsech(λ1t + λ2x + λ3y)]
+

b1λ1sech(λ1t + λ2x + λ3y)

A[
√

D1 tanh(λ1t + λ2x + λ3y) + λ1Dsech(λ1t + λ2x + λ3y)]
,

v4 =
b1

√
D1

A[
√

D1 tanh(λ1t + λ2x + λ3y) + λ1Dsech(λ1t + λ2x + λ3y)]
+

−a1λ1sech(λ1t + λ2x + λ3y)

A[
√

D1 tanh(λ1t + λ2x + λ3y) + λ1Dsech(λ1t + λ2x + λ3y)]
,

S4 = − {A2D2 + 2(b2
1 + a2

1)D + A2λ2
1}sech(λ1t + λ2x + λ3y)

A2[
√

D1 tanh(λ1t + λ2x + λ3y) + λ1Dsech(λ1t + λ2x + λ3y)]

+2{D2b2
1 + 2A2D3 + a2

1D − A2λ4
1 − A2(λ2

3λ
2
1 + λ2

1λ
2
2)} ×

sech2(λ1t + λ2x + λ3y)

A2[
√

D1 tanh(λ1t + λ2x + λ3y) + λ1Dsech(λ1t + λ2x + λ3y)]2

+
b2
1 + a2

1

A2
. (30)

Case 5

a2 =
b1λ1√

D1

, b2 =
−ib1λ1√

D1

,

c2 =
−A√
D1

{
D2 + λ2

1

}
, a1 = ib1 ,

B =
AD√
D1

, c3 =
2AD

D1

{
2D2 − λ2

1

}
c1 = c4 = b0 = a0 = c0 = 0 (31)
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where b1, λ1, λ2, λ3 are arbitrary constants. Consequently the solitary wave

solution in this case take the forms:

u5 =
ib1

A[tanh(λ1t + λ2x + λ3y) + D√
D1

sech(λ1t + λ2x + λ3y)]

+
b1λ1sech(λ1t + λ2x + λ3y)

A
√

D1[tanh(λ1t + λ2x + λ3y) + D√
D1

sech(λ1t + λ2x + λ3y)]

v5 =
b1

A[tanh(λ1t + λ2x + λ3y) + D√
D1

sech(λ1t + λ2x + λ3y)]

− ib1λ1sech(λ1t + λ2x + λ3y)

A
√

D1[tanh(λ1t + λ2x + λ3y) + D√
D1

sech(λ1t + λ2x + λ3y)]

S5 =
−{D2 + λ2

1} sech(λ1t + λ2x + λ3y)√
D1[tanh(λ1t + λ2x + λ3y) + D√

D1
sech(λ1t + λ2x + λ3y)]

− 2D {2D2 − λ2
1} sech2(λ1t + λ2x + λ3y)

D1[tanh(λ1t + λ2x + λ3y) + D√
D1

sech(λ1t + λ2x + λ3y)]2

(32)

Case 6

b1 = A
√

c0 , c3 = −2c0A
2,

c2 =
−iA {3λ2

1 + 4c0D
2
2 + 4λ2

1c0 + 4c0λ
2
3}

2(D2
2 + λ2

1 + λ2
2)

,

a2 =
2iA

√
c0(D

2
2 + λ2

1 + λ2
2)

λ1

, λ2 = D2 ,

B = iA ,

a0 = a1 = b2 = b0 = c1 = c4 = 0, (33)

where D2 is the root of the equation 2Z4 + 4(λ2
1 + λ2

3)Z
2 + 4λ2

1λ
2
3 + 2λ4

3 −
λ2

1 + 2λ4
1 = 0 and A, c0, λ1, λ2, λ3 are arbitrary constants .The soliton wave

solutions take the forms:



352 R. S. N. Alsaedi

u6 =
2i
√

c0(D
2
2 + λ2

1 + λ2
2)sech(λ1t + λ2x + λ3y)

λ1[tanh(λ1t + λ2x + λ3y) + isech(λ1t + λ2x + λ3y)]
,

v6 =

√
c0

tanh(λ1t + λ2x + λ3y) + isech(λ1t + λ2x + λ3y)

S6 = c0 − i {3λ2
1 + 4c0D

2
2 + 4λ2

1c0 + 4c0λ
2
3} sech(λ1t + λ2x + λ3y)

L[tanh(λ1t + λ2x + λ3y) + isech(λ1t + λ2x + λ3y)]

−2c0Asech(λ1t + λ2x + λ3y)

tanh(λ1t + λ2x + λ3y) + isech(λ1t + λ2x + λ3y)
. (34)

where L = 2(D2
2 + λ2

1 + λ2
2)

Case 7

a2 = ib2 , c2 = −3BD,

c3 = 2D(A2 + B2), c1 = −Aλ1i,

c0 = D ,

a0 = a1 = b1 = b0 = c4 = 0, (35)

where A, B, λ1, λ2, λ3 and b2 are arbitrary constants .The soliton wave so-

lutions take the forms:

u7 =
ib2sech(λ1t + λ2x + λ3y)

A tanh(λ1t + λ2x + λ3y) + Bsech(λ1t + λ2x + λ3y)]
,

v7 =
b2sech(λ1t + λ2x + λ3y)

A tanh(λ1t + λ2x + λ3y) + Bsech(λ1t + λ2x + λ3y)
,

S7 = D − iλ1A

A tanh(λ1t + λ2x + λ3y) + Bsech(λ1t + λ2x + λ3y)]

− 3BDsech(λ1t + λ2x + λ3y)

A tanh(λ1t + λ2x + λ3y) + B sech(λ1t + λ2x + λ3y)

+
2D(A2 + B2)sech2(λ1t + λ2x + λ3y)

[A tanh(λ1t + λ2x + λ3y) + B sech(λ1t + λ2x + λ3y)]2
.

(36)
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Case 8

a1 =
ib2λ1√

D3

, b0 =
ib2λ1D√

D3A
,

c3 =
2D

D3

{Db2
2 + A2(2D2 + λ2

1)}

c2 =
−i√
D3A

{−2Db2
2 + A2[λ2

1 + 2λ4
2 + 2λ4

1 + 2λ4
3 + 4λ2

1λ
2
2 + 4λ2

3λ
2
2]}

c0 = − b2
2M

D3A2
,

B = a0 = a2 = b1 = c1 = c4 = 0, (37)

where M = (λ2
1+λ2

2+λ2
3)

2+λ2
1, D3 = 2(λ2

1+λ2
2+λ2

3)
2+λ2

1 and A, λ1, λ2, λ3

b2 are arbitrary constants .The soliton wave solutions take the forms:

u8 =
ib2λ1

A
√

D3

coth(λ1t + λ2x + λ3y),

v8 =
ib2λ1D√

D3A
+

b2

A
csch(λ1t + λ2x + λ3y),

S8 = − b2
2M

D3A2
− i√

D3A2
{−2Db2

2 + A2[λ2
1 + 2λ4

2 + 2λ4
1 + 2λ4

3

+4λ2
1λ

2
2 + 4λ2

3λ
2
2]}csch(λ1t + λ2x + λ3y) +

2

D3A2
{D2b2

2

+A2[2D3 + λ4
1 + λ2

1λ
2
3 + λ2

1λ
2
2]}csch2(λ1t + λ2x + λ3y).

(38)

Case 9

b1 = −Aa0 , a2 = a0(A + iB),

c3 =
2(a2

0 − 3λ1Ai + λ1B)

a0
,

c2 = −i{2a2
0 + λ1Ai − 2λ1B} ,

λ2 = 4

√
(λ2

1 + λ2
3)

2 + λ2
1

{
cos

[
1

2
tan−1 λ1

(λ2
1 + λ2

3)

]
,

+i sin

[
1

2
tan−1 λ1

(λ2
1 + λ2

3)

]}

b2 = b0 = a1 = c0 = c1 = c4 = 0, (39)

where B,A, λ1, λ3 , a0 are arbitrary constants. The soliton wave solutions

take the forms:
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u9 =
a0(A + iB)sech(λ1t + λ2x + λ3y)

A tanh(λ1t + λ2x + λ3y) + Bsech(λ1t + λ2x + λ3y)]
,

v9 =
−Aa0

A tanh(λ1t + λ2x + λ3y) + Bsech(λ1t + λ2x + λ3y)
,

S9 = − i{2a2
0 + λ1Ai − 2λ1B} sech(λ1t + λ2x + λ3y)

[A tanh(λ1t + λ2x + λ3y) + B sech(λ1t + λ2x + λ3y)]

+
2(a2

0 − 3λ1Ai + λ1B)sech2(λ1t + λ2x + λ3y)

a0[A tanh(λ1t + λ2x + λ3y) + B sech(λ1t + λ2x + λ3y)]2
.

(40)

where λ2 is a constant given by the formula

λ2 = 4

√
(λ2

1 + λ2
3)

2 + λ2
1

{
cos

[
1

2
tan−1 λ1

(λ2
1 + λ2

3)

]
,

+i sin

[
1

2
tan−1 λ1

(λ2
1 + λ2

3)

]}
.

(II) Second , when δ = −1 ,we have the following cases:

Case 10

c0 = −b2
1 + a2

1

A2
,

c2 =
B

A2

{
2(b2

1 + a2
1) + A2(λ2

2 + λ2
3)

}
,

c3 =
1

A2

{
(b2

1 + a2
1)(A

2 − B2) + 2(λ2
2 + λ2

3)(A
4 − A2B2)

}
c1 = c4 = b0 = a2 = b2 = a0 = λ1 = 0 (41)

where A, B, a1, b1, λ2 and λ3 are arbitrary constants. Consequently the

soliton solutions take the form:

u10 =
a1

A tan(λ2x + λ3y) + Bsec(λ2x + λ3y)
,

v10 =
b1

A tan(λ2x + λ3y) + Bsec(λ2x + λ3y)
,

S10 =
B {2(b2

1 + a2
1) + A2(λ2

2 + λ2
3)} sec(λ2x + λ3y)

A2[A tan(λ2x + λ3y) + Bsec(λ2x + λ3y)]

+
{(b2

1 + a2
1)(A

2 − B2) + 2(λ2
2 + λ2

3)(A
4 − A2B2)} sec2(λ2x + λ3y)

A2[A tan(λ2x + λ3y) + Bsec(λ2x + λ3y)]2
.

(42)
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Case 11

a2 = ±2(D2
4 + λ2

1 + λ2
2)

2

A2
, λ2 = D4,

c0 =
c3

2A2
, B = ±A

c2 =
1

A

{
3D2

4A
2 + 3(λ2

1 + λ2
3)A

2 − c3)
}

, b1 =

√−c3

2
c1 = c4 = a0 = a1 = b2 = b0 = λ1 = 0 (43)

where D4 is the root of the equation 2Z4 + 4(λ2
1 + λ2

3)Z
2 + (λ2

1 + 4λ2
3λ

2
1 +

2λ4
3 + 2λ4

1) = 0, A, c3, λ1 and λ3 are arbitrary constants. Consequently , the

soliton solutions take the form:

u11 =
±2(D2

4 + λ2
1 + λ2

2)
2sec(λ1t + D4x + λ3y)

A3[tan(λ1t + D4x + λ3y) ± sec(λ1t + D4x + λ3y)]
,

v11 =

√−c3√
2A[tan(λ1t + D4x + λ3y) ± sec(λ1t + D4x + λ3y)]

,

S11 =
c3

2A2
+

{3D2
4A

2 + 3(λ2
1 + λ2

3)A
2 − c3)} sec(λ1t + D4x + λ3y)

A2[tan(λ1t + D4x + λ3y) ± sec(λ1t + D4x + λ3y)]

+
c3 sec2(λ1t + D4x + λ3y)

A[tan(λ1t + D4x + λ3y) ± sec(λ1t + D4x + λ3y)]2
, (44)

Case 12

a1 = − λ1b0A

D
, b2 = − b0A

√
D5

D
,

c2 =
A[−λ2

1D + 2D3 − 2b2
0D5]

D
√

D5

, c0 =
b2
0 {D2 − λ2

1)}
D2

,

c3 =
2

D5

[2b2
0A

2D5 + 2A2D3 − A2(λ4
1 + λ2

1λ
2
3 + λ2

1λ
2
2)]

c1 = c4 = a0 = a2 = b1 = B = 0 (45)

where D5 = 2D2 − λ2
1 and A, b0, λ1 ,λ2 and λ3 are arbitrary constants .

Consequently , the soliton solutions take the form:
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u12 = − λ1b0

D
cot(λ1t + λ2x + λ3y),

v12 = − b0A
√

D5

D
csc(λ1t + λ2x + λ3y),

S12 =
b2
0 {D2 − λ2

1)}
D2

+
2

D5

[2b2
0D5 + 2D3 − λ2

1D] csc2(λ1t + λ2x + λ3y)

[−λ2
1D + 2D3 − 2b2

0D5]

D
√

D5

csc(λ1t + λ2x + λ3y).

(46)

Case 13

a1 = − b0A, b2 = −b0B,

c2 =
3

2
Bλ1, λ2 =

√
λ1

2
− (λ2

1 + λ2
3),

c3 = b2
0A

2 + λ1(A
2 − B2)

c0 = c1 = c4 = a0 = a2 = b1 = 0 (47)

where λ1 < 1
4
+

√
1
16

− λ2
3 , 0 < λ3 < 1

4
and A, B, b0 are arbitrary constants

. Consequently the soliton solutions take the form:

u13 = − b0A

A tan(ξ) + Bsec(ξ)
,

v13 = − b0Bsec(ξ)

A tan(ξ) + Bsec(ξ)
,

S13 =
3Bλ1sec(ξ)

2A tan(ξ) + 2Bsec(ξ)

+
[ b2

0A
2 + λ1(A

2 − B2)]sec2(ξ)

[A tan(ξ) + Bsec(ξ)]2
. (48)

where ξ = λ1t +
√

λ1

2
− (λ2

1 + λ2
3)x + λ3y.
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