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Abstract. Left almost semigroups (LA-semigroups) or Abel-Grassmann’s groupoids
(AG-groupoids) have been studied by several authors and this motivated to extend
these concepts to Left Almost ring (LA-ring), which caries attraction due to its struc-
tural formation. In this paper we generalize the structure of commutative semigroup
ring (ring of semigroup S over ring R represented as R [X;S]) to a non-associative
LA-ring of commutative semigroup S over LA-ring R represented as R[X*®;s € S|,
consisting of finitely nonzero functions. Nevertheless it also possesses associative
ring structures. Furthermore we also discuss the LA-ring homomorphisms.
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1. INTRODUCTION

Assume that (R, +,-) is an associative ring and (5, %) is a semigroup. Let J be
the set of all finitely nonzero functions f from S into R. Suppose J is a ring with
respect to binary operations addition and multiplication defined as

(f+9)(s) = f(s)+4(s)
(f9)s) = D> f(t)g(u),

txu=s

where the symbol > indicates that the sum is taken over all pairs (¢, u) of elements
txu=s
of S such that ¢ * u = s and it is understood that in the situation where s is not

expressible in the form ¢ u for any t,u € S, then (fg)(s) = 0. J is known as
semigroup ring of S over R. If S is a monoid, then J is called monoid ring. This
ring J is represented as R[S] whenever S is a multiplicative semigroup and elements
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n

of J are written either as Y f(s)s or as > f(s;)s;. The representation of J will be
seS i=1

R[X; S] whenever S is an additive semigroup. As there is an isomorphism between

additive semigroup S and multiplicative semigroup {X* : s € S}, so a nonzero

element f of R[X;S] is uniquely represented in the canonical form ) f(s;) X% =
i=1

> fiX®, where f; # 0 and s; # s; for i # j.
i=1

The concepts of degree and order are not generally defined in semigroup rings. But
if we consider S to be a totally ordered semigroup, we can define the degree and order

of an element of semigroup ring R[X; S] in the following manner; if f = > f; X is
i=1

the canonical form of the nonzero element f € R[X;S], where 51 < 55 < ... < 8y,
then s, is called the degree of f and we write deg(f) = s,, and similarly the order of
f is written as ord(f) = s;. Now, if R is an integral domain, then for f, g € R[X; 5],
we have

deg(fg) = deg(f)+ deg(g)
ord(fg) = ord(f)+ ord(g).

If S'is Zy and R is an associative ring, the semigroup ring J is simply the polynomial
ring R[X]. So a polynomial ring is a particular case of the semigroup ring.

Left almost semigroups (LA- semigroups) or Abel-Grassmann’s groupoids (AG-
groupoids) have been discussed in [2], [4], [5], [7] and [8].

In [4], M. Kazim and M. Naseerudin introduced the notion of left almost semigroup
(LA-semigroup) which is a generalization of commutative semigroup. This structure
is also known as Abel-Grassmann’s groupoid (AG-groupoid) (see [2]). A groupoid
(S, *) is called a left almost-semigroup (LA-Semigroup) or Abel-Grassmann’s groupoid
(AG-groupoid), if it satisfies the left invertive law; (a *b) * ¢ = (c % b) * a for all
a,b,c € S. For example, let (Z,+) denote the group of integers which is an LA-
semigroup under the binary operation “x”, defined as; a x b = b — a, where “—”
denotes the ordinary subtraction defined in Z. By [4, Proposition 2.1], every LA-
semigroup (5, %) is medial that is

(a*xb)*(cxd)=(ax*xc)x(bxd) for all a,b,c,d € S.

Q. Mushtaq and M. S. Kamran extended the notion of left almost semigroup (LA-
semigroup) to left almost group (LA-group) (see [6]). A groupoid (G, *) is called
a left almost group (LA-group), if (i) there exists left identity e € G such that
exa=a forall a € G, (ii) for a € G there exists b € G such that b*a = e and (i)
left invertive law holds.
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It is important to note that if a” is left inverse of a in LA-group with left identity
e then o’ also becomes right inverse. Indeed,

’ ’ /

axa =(exa)xa =(a xa)xe=exe=e.

It can also be shown that every commutative semigroup implies an LA-semigroup.

Indeed,
(axb)xc=cx(axb)=cx(bxa)= (c*xb)*aforall ab,ces.

Recently in [9], S. M. Yusuf extended these notions to a non-associative structure
with respect to both binary operations “+” and “” namely left almost ring (LA-
ring). By a left almost ring, we mean a non empty set R such that (R,+) is an
LA-group and (R, -) is an LA-semigroup and both left and right distributive laws
hold. For example, from a commutative ring (R, +,-), we can always obtain an
LA-ring (R, ®,-) by defining, for a,b,c € R, a®b=0b—a and a-b is same as in the
ring. We can not assume the addition to be commutative in an LA-ring. An LA-ring
(R,+, ) is said to be LA-integral domain if ab =0, a,b € R, then a = 0 or b = 0.
Let (R,+,-) be an LA-ring and S be a non-empty subset of R and S is itself an
LA-ring under the binary operations induced by R, then S is called an LA-subring
of (R,+,-). If S is an LA-subring of an LA-ring (R, +,), then S is called a left
ideal of R if RS C S. Right and two-sided ideals are defined in the usual manner.

In this study, we generalize the structure of a commutative semigroup ring (ring of
functions from a commutative semigroup S to ring R represented as R[X; S]) to an
LA-ring of commutative semigroup S over LA-ring R represented as R[X*;s € S|,
which is a non-associative structure, consisting of finitely nonzero functions from a
commutative semigroup S into LA-ring R. Generally, the concepts of degree and
order are not defined in semigroup rings unless we consider S, a totally ordered
semigroup with 0 adjoined. Analogous to commutative semigroup rings R [X; 5],
we may define degree and order of an element of LA-ring R[X*;s € S].

2. THE CONSTRUCTION

Let (R,+,-) be an LA-ring with left identity and S be a commutative semigroup
under binary operation “«”. Let T'={f | f : S — R, where f are finitely nonzero}.

Define the binary operation “+” in T  as (f + g)(s) = f(s) + g(s).

(T, +) is an LA-group. Indeed, let f,g € T. Now as f(s),g(s) € R for all s € S,
so, (f+9)(s) = f(s)+g(s) € Rand hence f+g e T.
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Let f,g,h € T. As f(s),g(s), h(s) € R, so by left invertive law in (R, +), we have

((f +9)+h)(s) =

Hence (f +¢g)+h =

Thus left invertive law holds in 7'
Define the map o : S — R such that o(s) = 0 for all s € S,

(0+ f)(s) = o(s)+ f(s) =0+ f(s) = f(s)
o+f = f.

Thus o is left additive identity in T
For every f € T there exists a function —f :.S — R defined by
(—=f)(s) =—f(s) for all s € S and

(=f)+ 1)) = (=f(s))+ f(s)
—f(s)+ f(s)
0=o(s)

(=H+f = o

So the left inverses exist in (7,4). Hence (7,+) is an LA-group. We can say
f+(=f)=0as —f(s) is also the right inverse of f(s) in R by [6]. Now we define
binary operation “®” in T as follows

fogls) =Y ft)-g).

txu=s

We claim that (T, ®) is an LA-semigroup. As for f(¢) and g(u) € R, where t,u €
(S,*) and (R,-) is LA-ring, f ® g(s) € R. Since f,g are finitely nonzero on S,
therefore f © g € T. For f,g,h € T and s € S, consider
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[(f©9)©hl(s) =

213

Y (fOg)) - h(u)

txu=s

DAY q))} - h(u)

txu=s t=px*q

> (F) - 9(a) - h(u)

(pxq)*u=s

> (h(u)-g(q) - f(p).

(uxq)*p=s

As every commutative semigroup implies an LA-semigroup, so (p*q)*u = (uxq)*p

for all p,q,u € (S, *).
Hence

[(f ©9) © hl(s)

(uxq)*p=s

Z{Z 7))} f(p)

v xp=s 1’ =uxq

Y (hog)E) - f(p)

/
T *p=s

[(h©g) © f](s).

Thus (7, ®) is an LA-semigroup. Now we verify that the binary operation “®” is

distributive over addition. Indeed as f (t), g

distributive over addition in R, so

[folg+h)l(s) =

(u) and h (u) € R and multiplication is

Z f@) - (g+h)(u
Eff@(m)+mm)

:i_:s(f () - g (u)+ f(t)-h(u)
gffmsﬂ)+§:f® h (u)
(Fon®+(om

= [fOg+fOR(s).

Hence f® (g+h) =

fOg+foOh
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Similarly

[(g+R) O fl(s) = > (g+h) () f(u)

= 35@@+h®%fW)

- :is(g () f(u) +h(t) f(u)
:gﬂ@¢@+zmwmo
- GONE+He N

9O f+ho fl(s).
Hence (9 +h) O f = gOf+hof.

Thus (7, +, ®) is an LA- ring of commutative semigroup (S, *) over LA-ring (R, +, -).

Remark 1. If we take S = Z; then polynomial LA-ring becomes a particular case
of LA-ring (T, +, ®).

2.1. Representation of elements of T'. To represent the elements of ring (7, 4, ®),
we first define LA- modules over an LA-ring R.

Definition 1. Let (R, +,.) be an LA-ring with left identity. An LA-group (M, +)
is said to be LA-module over R if R x M — M defined as (a, m) — am € M, where
a € R, m € M satisfies

(1) (a+b)m = am + bm;

(2) a(m +n) = am + an;

(3) a(bm) = b(am);

(4) 1.m =m,

for all a,0 € R, m,n € M.

For instance, let (R, +, ) be an LA-ring with left identity and S be a commutative
semigroup. It is important to note that every commutative semigroup is an LA-
n

semigroup. Now it is easy to verify that R[S] = {}_ a;s; : a; € R,s; € S} is
an additive LA-group. We claim that R[S] is an LX—:rlnodule over R. Indeed, let
R x R[S] — R[S] be defined as (a, i a;s;) — »_(aa;)s; which is obviously well-
defined. "~

J=1
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The first two and fourth properties are easy to verify. We verify the third property.

Consider a(bz ajs;) = a(y (baj)s;)

1

= (Q_(a(bay))s;)

j=1

J=1

S <

As R is an LA-ring with left identity, so by [7, Lemma 4], a(bc) = b(ac) holds for
all a,b,c € R.

n

Hence a(bZaij) = (Z(b(aaj))sj)

n

= b _(aay)s;)

J=1

= b(a Z a;s;)
j=1

Thus a(bZajsj) = b(aZajsj).
j=1

J=1

Remark 2. If (S,) is a commutative semigroup, then 7' = R[S] and elements of
LA-ring T' are written either in the form of > __o f(s)s or D1 f(si)s;. Thus (1) S
is a free basis for R[S] as an LA-module over LA-ring R and (2) multiplication in
R[S] is determined by using distributivity and by setting (r151)(r282) = (r17r2)(s152)
where r1,75 € R and s1, so € S. Indeed, consider

f(s1)s1+ f(s2)s2 + ... + f(sn)sn = 0.

Since s1,82,...,8, € S and s; # 0 for all i=1,2,....,n, so, f(s;) = 0 for all i =
1,2,...,n. Thus s1, S, ..., 8, are linearly independent. Now let f(s1), f(s1), ..., f(sn) €
R and sy, Sg, ..., 8, € S. Then, f(s1)s1 + f(s2)s2 + ... + f(Sn)Sy is a linear combina-
tion of elements of S whose coefficients are from the LA-ring R. Thus S is a free
basis for ring 7" as an LA-module over an LA-ring R. Now let f = >""" | f(s;)s; and
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9=> i 9(t:)t:.
Forn = 1m=1, f-g=(f(s1)s1) - (g9(t1)t1)
= f(s1)g(t1) - s1ta
Forn = 2,m=2, (f(s1)s1+ f(s2)s2) - (9(t1)t1 + g(t2)t2)
= f(s1)s1- (g(t)tr + g(t2)t2) + f(s2)s2 - (g9(tr)tr + g(ta2)t2)
= f(s1)s1-g(t)t + f(s1)s1- g(ta)ta) + f(s2)s2 - g(t1)t1 + f(s2)s2 - g(t2)t2)
= f(s1)g(t1) - sity + f(s1)g(t2) - sita + f(s2)g(t1) - sat1 + f(s2)g(t2) - sats

4 m+n
= Z f(s:)g(t;)s;t;. Thus in general, f - g = Z f(si)g(tj)sit;.
i+j=2 i+j=2

Remark 3. If (S,+) is a commutative semigroup, then the elements of T are writ-
ten either in the form >~ o f(s)X* or Y f(s;)X*.

From next lemma, it is obvious that the introduction of symbol X and notation X*
has the effect of transforming (S, +) into ({X* | s € S}, ) by means of isomorphism.

Lemma 1. For a semigroup (S, +), there exists a semigroup ({X*®: s € S}, ) which

1s isomorphic to S, where “7 is usual multiplication.

Thus by the effect of this isomorphism, the representation of an element f of T’
gets the form f = >~ f(s;) X or > f; X%, where f; = f(s;). We shall represent T’
i=1 i=1
by R[X*;s € S].
2.2. Degree and order of elements of LA-ring R[X?;s € S]. The concepts of
degree and order are not generally defined in semigroup rings unless we have to
consider S, a totally ordered semigroup with 0 adjoined (that is ordered monoid).

The structure of LA-ring R[X?®;s € S] is also not convenient for defining degree
and order of an element unless (S, %) is totally ordered. Here we define support of

f=>_ f;X® abbreviated as Supp(f) = {s; : f; # 0}. The order and degree of f is

=1
defined as ord(f) =min(supp(f)) and deg(f) =max(supp(f)).
Lemma 2. (1) If R is an LA-ring with left identity, then for f,g € R[X®;s € S|,

deg(f.g) <deg(f) +deg(g).
(2) If R is an LA-integral domain, then deg(f.g) =deg(f)+deg(g) .

Proof. (1) Let f = (fo+ iX + ..., fuX™) and g = (g0 + 1 X + ..., g X™) where
frnsgm # 0. So
f-9 = (fogo, (frgo + fog) X + ...+ fugm X"
Now if f,, - gm # 0, then, deg(f-g) =n+ m = deg(f) + deg(g) and if f, - g,, =0, then
deg(f -g) < deg(f)+deg(g). Thus deg(f.g) < deg(f) +deg(g).
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(2) As R is an LA-integral domain, so for f,, # 0, g,, # 0, the product f, - g, # 0.
Thus clearly deg(f.g) =deg(f)+deg(g). 1

3. FURTHER DEVELOPMENTS
In [9], a mapping ¢ of an LA-ring (R, +,-) into an LA-ring (R',+, ) is called a
homomorphism if ¢ (a + b) = ¢ (a) + ¢ (b) and ¢ (ab) = ¢ (a) - ¢ (b) and for the two
sided ideal I of R, the mapping v : R — R/I defined as v (a) = a + I is called the
natural epimorphism of LA-ring R onto R/I.
Let @ be an epimorphism of an LA-ring R to an LA-ring R, then R/Kerf ~ R'.
The following is a generalization of [1, Theorem 7.1].

Theorem 1. Let R be an LA-ring and L, M be commutative semigroups. Then
R[X" ™ (1,m) e Lo M] ~ (R[X%1 € L])([X™;m e M]),
where L & M the is external direct sum of commutative semigroups L and M.

Proof. Here we regard the elements of LA- ring R, as finitely non-zero functions
from commutative semigroup to LA-ring R.
Assume that (R [X';1 € L])([X™;m € M]) = A. Define ¢ : A — R[X"™; (I,m) € L& M|
by [¢(f)] (I,m) = [f(m)](l) where f(m) € R[X';l € L], f € Aand f : M —
R[X';1 € L]. Clearly ¢ is surjective because if h € R [X"™; (I,m) € L & M], then
the element f € A defined by
[f (m)](I) = h(l,m) is such that

(D (NIUm) = [f(m)] (1) =h(l,m).

Now Suppose [ # g.
Then f(m) # g¢(m) for some m € M.

[f(m)] (1) # [g(m)](l) for somel € L,me M
o (f)(L,m) # o(g)(l,m)
o(f) # ¢(9)
Thus ¢ is one-one. It is an LA-ring homomorphism. Indeed, let f,g € A and
(I,m) e L& M.
[0 (f+9lm) = [(f+g)(m)] (1)
Lf (m) + g (m)] (1)
[f (m)] (1) + [g (m)] (1)
[0 (N (,m) +[9(g)] (I,m)
[6(f) + ¢ (9)] (I, m)

= ¢
Hence ¢ (f+9) = o(f)+¢(9).



218 Tariq Shah and Inayatur-Rehman

Now consider

o (fogllm) = [(fo©g)m))
= [> (fl@-g®)I)

axb=m

= > (X (F(@)(©) ((g(8) (@)

axb=m cxd=l

= Y. (Fa) (@) ((g0) (@)

(exd,axb)=(l,m)
(cxa)+(dxb)=(l,m)
— [6(/)© 6lg)] (1,m) for all (lm) € L& M.
Hence ¢ (f©®g) = ¢ (f) ®¢(g).

Thus ¢ is an isomorphism.

Remark 4. From above result, for the finite set {Y;}_, of indeterminates, isomor-
phism of R[Y1,Ya, ..., Y,] and R[X;Zy] follows by induction.

The following theorem is an extended form of theorem 1.

Theorem 2. The polynomial LA-ring R[{Y\}xea], where R is an LA-ring and
{Ya}ren is a family of commuting indeterminates and F = Z:UGA Zy such that Zy
~ Zy. Then R[{Y\}rea] is isomorphic to LA-ring R[X;F] of free commutative
semigroup (F,+) over R.

Proof. As F = Z:UGA Zy such that Z, ~ Z, for each X\ and {e,},., be the standard
free basis for F' that is the A-th coordinate of ey is 1 and all others coordinates
are 0. Each element of F is uniquely expressible in the form a = Y kye,, for
some ky > 0 (k) € Z)). For each r,X* € R[X; F], we have

ZTQHAEAY)\IC/\ €ER [{Y)\}AEA] . We define

¢:R[X;F] — R [[YA]AEJ by &3 raX®) = 3 ralLea Vi,

acF acel
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Suppose Z r X

acel

Here, a

Skye
E ¢ A

acF

E Tanl€1+k262+"'+k>‘6/\+"'

acF

> rgXherxhee Xk

acF

ZTbXb.

beF

Zk‘,\e,\ and b = Zk:\e,\, where k), k;\ > 0.

’
Dkyexa
E TbX A

beF

2 :Tka;el+kéeg+...+k;e>\+...
beF

! ’
> XXk xHe

beF

! !
(k1,0,0,...) (.-,0,0,0,ky ...) (k1,0,0,...) (0,...,0,ky ,0...)
g ra X X ML = g re X X AL
acF beF
! / !
K <k k
> o YPLYRLY L = > YR Y
acF beF
k k)
— A
E rollyeaYr = E rpllrenY)y
acF beF
a b
¢(§ raX) = ¢(§ X )
a€eF beF

Thus ¢ is well-defined. Now it is straight forward to prove that ¢ is an isomor-
phism. &

The following is a generalized form of [1, Theorem 8.1].

Theorem 3. Let R be an LA-ring with left identity e and let (S, %) be a commutative
semigroup. Let R[X®;s € S| be an LA-ring of S over R. Then R[X®;s € S] is an
LA-integral domain if and only if R is an LA-integral domain and S is an torsion
free and cancellative.

Proof. Assume that R is an LA-integral domain. Now S is torsion free and cancella-
tive if and only if S admits a total order < compatible with its operation (see [1,
corollary 3.4]).

Let f,g € RI[X®;se S]\{0} such that
f - ZfZstag - Zg’iXti7
i=1 i=1

where s; < s < ... <s, and t; <ty < ... <t,.

If fi # 0,91 # 0, then s; + ¢; €supp(f ®¢g) and f1g; X5t is the corresponding
term in f ® g. In particular, f-g # 0 hence R[X*;s € S] is an LA-integral domain.
Conversely, assume that R[X?;s € S] is an LA-integral domain. On the contrary,
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suppose that R is not an LA- integral domain then for a,b € R\ {0}, we have
a.b=0.1f s € S, then aX® ® bX* = 0, where aX® # 0,bX*° £ 0. This implies that
R[X?®;s € S] is not an LA-integral domain. Similarly, if S is not cancellative and
s,t,u € S are such that s +t = s + u but t # u, then for r € R\ {0}, we have
rX*@(rX"—rX") =0, where rX*® and r X’ —r X" are nonzero. Hence R[X?;s € 5]
is not an LA-integral domain. Finally, assume that R is an LA-integral domain and
that S is cancellative but not torsion free. Let s,t € S be such that s # ¢t while
ns = nt for some n € Z* and choose k € Z* minimal so that ks = kt.

If0 # r€R,then 0= (r2X* —r2X*)
k—1
= (TXS—TXt)Q(ZT’X

=0

(k—i—1)s+it

).

Since S is cancellative the choice of k implies

(k/’—ll—]_)S—i-’th 7& (k—lg—l)s—f-lgtforogll<Zg§k—1
k—1
Thus ZTX

1=0

(k—i—1)s+it

£ 0

Hence again R[X?;s € S] is not an LA-integral domain. 1

The next result generalizes [1, Theorem 7.2] and contains some basic informations
concerning homomorphisms of LA-rings of commutative semigroups over LA-rings.

Theorem 4. Let i : R — Ry be an LA-ring homomorphism. Let A =kerp and ¢ :
S — Sy be a semigroup homomorphism, where S, Sy are commutative semigroups
with 0 adjoined to them. Then the following statements holds;

(1) p* : R[X*% s €S| — Ry [X*% s €8] isdefined as p* (3, i X%) = >0 pu(ri) X,
is LA-ring homomorphism such that kerp* = A[X?®;s € S| =kern [X®;s € S]. p* is
surjective if | is surjective.

(2) ¢* : R[X?%; s € S| — R[X*;s € Sp] defined as ¢*(> 1 1 X)) =Y 0 ri X6,
is surjective and ker¢* = I. The ideal of R[X®;s € S| generated by

{rX®—rX":¢(a) =¢(b),r € R}. ¢" is surjective if ¢ is surjective.

(3)7: R[X%s €S| — Ry[X®s € So] defined as T(3_1 7 X)) = S0 | pu(r;) X0,
is an LA-ring homomorphism such that kerr = keru*+ker¢* = A[X*;s € S] + I.
Then 7 s surjective if p and ¢ are surjective.

Proof. Same as in [1, Theorem 7.2].

Corollary 1. Assume that A is an ideal of the LA-ring R and that ~ is a congru-
ence on commutative semigroup S = SU{0}. Let I = {rX* —rX": ¢ (a) = ¢ (b),r € R},
¢ : S — S/ ~ is a canonical epimorphism. Then R[X®% s € S]/A[X®;s€ S] ~
RBX%s€eS]) and R[X%s€S)/I ~ R[X%seS/~], where the ideal I is called

the kernel ideal of congruence.
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Proof. As ¢ : S — S/ ~ is defined by ¢ (s) = [s]. So we define ¢* : R[X?;s € S| —
R[X%s€ S/~ as¢ (D r mX®) =" r, X% =3, Xl which is an LA-ring

=1
epimorphism. Therefore

R[X?®;s € S] /ker¢p* ~ R[X*;s € S/ ~].

Similarly we may define a map

n n

* s R s * s; Sq
i :R[X;SGS]HZ[X;SGS] by,u(Zrin):Zu(m)Xl,
i=1 i=1

where p: R — £ is a surjective LA-ring homomorphism defined as y (r) = r + A.

p* is also LA- ring epimorphism. Hence R [X*;s € S] /kerp* ~ & [X*; s € S].
It can be shown that kerp* = A[X®;s€ 9].
R
Therefore, R[X®;s € S] JA[X®se€ S| =~ 1 R GHERSICID
|

Definition 2. An ideal P of an LA-ring R is called prime if and only if AB C P
implies that either A C P or B C P, where A and B are ideals in R.

Theorem 5. Let R be an LA-ring with left identity 1. Then P is a prime ideal in
R if and only if R/ P is an LA-integral domain having the left identity 1 + P.

Proof. Same as [3, Theorem 2.16]. B
The following is a generalized form of [1, Corollary 8.2].

Corollary 2. Let A be a proper ideal of LA-ring R, then A[X®;s € S| is prime
ideal in R[X®;s € S] if and only if A is prime ideal in R and S is cancellative and
torsion free semigroup.

Proof. Follows from theorem 3 and corollary 1.
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