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Abstract

In this article, we derive a complex inversion formula and some new
theorems related to Widder-transform defined in [2],[3],we give also
some identities involving Ls-transform and the new transforms.Some
constructive examples are also given.
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1 Introduction

The basic aim of the transform method is to convert a given problem into
one that is easier to solve. Integral transform methods provide effective ways
to solve a variety of problems arising in the engineering and physical sci-
ences.The Laplace - transform is by far the most prominent in application.
Many other Transforms have been developed, but most have limited appli-
cability. This work also contains some discussion on several other integral
transforms that have been used recently successfully in the solution of certain
problems and in other applications. Included in this category are, Lo-transform,
Stieltjes-transform, Widder potential integral transform ( [2],[3] ). The Laplace-
transform of the function is defined as

+0o0

LU} =F(s) = [ exp(—st)f(t)at (1-1)
The inverse laplace-transform is given by the integral relationship
1 o+100

FO) =P} = o= [ F(s)etds (1-2)
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where o is any suitably chosen large positive constant.This improper inte-
gral is a contour integral taken along the vertical line s = o + 7 in complex
s-plane. for more detail see[4]. The Laplace-type integral transform called
Lo-transform where the Ly-transform is defined as
La{f(t);sh = [ texp(=s)f(t)dl (1-3)
0

If we make a change of variable in the right-hand side of the above integral
(1-4)

(1-3) we get,
1 oo 2
Lof{f(trsy =5 [ e f(yat
we have the following relationship between the Laplace-transform and the Lo-
(1-5)

La{f(0)s 5} = S LU (VI )

transform

First, we calculate L, -transform of some special functions.
Example 1.1 :

kt Fo0 kt 1
LQ{erf( )} = / te st er/( )dt = arctan —
t 0 t s\/m s

Solution : Setting s = 1 in the above integral, we obtain,
1
= — arctan(k)

/0+Oo e Cerf(kt) dt NG

(m+3) 1x3x--x(2m—1)y7
B 2mqgmts

(1-6)

Examplel.2: Show that
~+o00 I

/ t2mem qt = .

2am+§

0
Solution: By definition , Lo{t™; s} = [¢° t" T exp(—s*t?)dt
the integral on the right-hand side may be evaluated by changing the vari-
2t2 —

able of the integration from t to u where, s
du 1 © n o
= W/O u2e “du (1—7)

1 n+1
(e 9] u?2
Lo{t"; s :/ — e "
2{ } 0 ( S ) 25u>

using some Gamma function’s relation in (1-8), we obtain
I'(5+1)

LQ{tn; 8} - 2gn+2
In the above relationship, we set n = 2k — 1,5 = m and simplifying to

I(m+ 1) _1x3xx(2m-1)ym
2mam+%

yield,

+oo
/ 2me " gt = :
2a™t3

0
Example 1.3:We have the following
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1.
Lofeits s} — 2—; - “4{ (4 )Er fe(a) (1-8)

2.
Lo{Erf(at); s} = 282\/% (1-9)

Solution 1:see [1].
Solution 2: By definition,

Lo{Erf(at);s} = / texp(—s*t?)Er f(at)dt

= / texp(—st?) (/ exp(—uQ)du> dt (1-10)

changing the order of in integration in (1-11), we get
Lo{Erf(at);s} = 2 /OO exp(—u?) /Ootexp(—SQtQ)dt du
’ v Jo g

= # /OOO exp <—u2(1 + Z-Z)) du (1-11)

1/2
ifwesetu(l—i—j—z)/ = v , one has

a
252y/5% 4 a?

Note : In the above relationship, if we set s = a = 1,we get the following

Ly{Er f(at); s} =

/teterf()dt 2\/_

Lemma 1.1 : Let us assume that Ly{f(¢); s} = F(s) then,
t
LoAf(2); s} = a*F(as)
Proof : By definition, Ly{ f(1);s} = J§~ texp(—s°t) f(%)dt

setting L =u =t = au ,we get

LAfChish = @ [ uwexp(—sau) fu)du
= a’ /Ooo wexp —(as)*u? f(u)du = a*F(as) Q.E.D

Lemma 1.2 : Let us assume that Lo{f(t); s} = F(s) , then
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LQ{/Ot wf(u)du, s} —QLSQF(S)

Proof: By definition of Ls-transform,we have

Lo{ [ wf () duss} = [T e u( [ upu) duyds

changing the order of integration, to get

t +o0 +<>o 00 2 9
Lg{/o uf(u)du} :/0 uf(u)du/u Pat = 5 12/ ue " f(u)du = —Q—;F(s)

Example 1.4 : It is easy to show that Lo{<3%} = e i therefore, by
the above theorem we obtain

a2

Lg{/ COS au)du} Lg{/ cosau)du} = LQ{— sinau} = ﬁe 12

on the other hand , one gets

1 a2
LQ{/ (cosau)du} = —2{£ 7?} = £ e a2
which is the same result.
Example 1.5 :
t o0 2.9 t
Lg{/ udo(au) du, s} = / e ! t(/ udo(au) du)dt
0 0 0
1 1 _a2
= gaigat
or,

¢ 1«2
LQ{/O udo(au)du} = 1€ 152

Now, if we sets = 1,a = 2,one has the following relationship

e8] t
/ te_tgdt/ udo(au)du = —
0 0

2 Complex Inversion Formula for L, -transform

Main Theorem : Let F(y/s) is analytic function of s (assuming that s=0 is
not a branch point) except at finite number of poles each of which lies to the
left of the vertical line Re s = ¢ and if F'(y/s) — 0 as s — oo through the left
plane Res < ¢, suppose that :
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Lol ()i} = [ texp(=s4)f(t)dt = F(s)
then,

LY =10 = 5 [ aR(/R)e
= f:[ Res {2F(\/§)68t2}, § = si]

k=1
Proof : We may use the same procedure as complex inversion formula for

Laplace Transform [1].

Example 2.1 : By using complex inversion formula for Ls-Transform, show
that

a sin at?
L;'[= arctan %] =
2 [2 arctan — | %

52
Solution: Letting, F'(s) = %Arctg;% then we have ,

1
F(y/s) = 3 arctan%

therefore, s = 0 is a singular point(essential singularity not branch point).
After using the above mentioned complex inversion formula, we obtain the
original function as following,

1
f(t) = Res{- arctan a expst’;s =0} = b_;
s s

where b_; is the coefficient of the term % in the Laurent expansion of
2F(/s) exp st®. Therefore we get the following relationship,

(st2)? a3 ab a’
o +...][a__+___+...]

S () +

2F (v/s) exp st? =

from the above expansion we obtain,

a3t4 &5t8 a7t10

JO =by = o=zt 5 ==+
_ L at®  at® a0 _ sinat?
B L T T R A

Example 2.2 : Using Complex inversion formula, show that

4 L(n+1)
1 _ 42n
Ly Sy 1=
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Solution : We have, F(\/s) = Fiﬁf) on using complex inversion formula,
we get

1 c+ioco 12 _ 1 . d" st?
10 =g [, PPl = S+ e
— t2n

Example 2.3 : Show that

[(n)

Liff——’
2 [2(32 + a?)"

] _ t2(n71)€fa2t2

Solutz'on. : Letting F(s) = % which implies, F'(y/s) = Q(Lﬂzg)n
upon using Complex inversion formula for Lo-Transform, we have

ft) L/CCHOO?{L)n}e"”tQals = f(t)= L), {dn__esﬂ}

T 2mi Jeino T \2(s + a2) (n— 1)1 sma2 g1
ft)= lim_ )" e = f(t) = D@
Note :In the above example ,s = —a? is a pole of order n.

Lemma 2.1: Show that,

[ texp(-)(int)? di 04 2yt L2 T
XPl— = — — _
o P 27T Ty
Proof- .. n 1 D(241)
roof: By definition, we have Ly{t";s} = 5Zz2 or,
o0 L(3+1)
Ly{th; s} = /0 texp(—s*t?) tAdt = ﬁ

If we differentiate the above relation w.r.t A(using Leibnitz’s rule ),we obtain

o0 d T'(3+1)
2,2\ 1A _ 2
or,
o0 1 D(2£2). IV(242)
/0 texp(—s*tH)t*Int dt = @[ 322’\ ] [F(AT_@ —21In ] (2-1)

if we set A = 0 and assuming (1) = —v , we get

v+ In s?
282
If we differentiate relation (2-1) w.r.t A for second time and setting
A=0,s=1, one has

/Ootexp(—SQtQ) Int dt = ly[Int] =
0
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445y +17(1)
2

/Oootexp(—t2)( Int)? dt =

but, we have I'"(1) = 72 + % , therefore, one gets

/Oot (—t*)(Int)? dt = 2+5 +1 +7T2
expl— n = -
o P 27T T

3 Stieltjes Transform

Stieltjes Transform is defined as follows

pif(t) }/Hy

It is well-known that the second iterate of the laplace transform is the
Stieltjes-Transform;[2],[5],that is,

LA f(t);y} = L{L{f(t);u},y} = p{f(t),y} = F(y) (3-1)

Example 3.1 : For f(t) = 0(t — a) , we can verify the above relationship we

have
o(t —a) dt 1

p{o(t —a),y} = / ~

t+y a+vy

on the other hand , second iterate of the Laplace transform of §(t — a) is,
L{6(t —a),u} = e and L{e ™ y} = — Q.ED

y+a
Example 3.2 : show that p{t#~! y} = T¥ 0<p<l

sin pm

Solution :Upon using relationship (3-1)

tH— 1

t+y

LA f )y} = LAL{f () u} w} = p{f ().} = /+<><>

P(F0rw) = LG @:u)y) = L)) = L{ )

= T(p)L{u ™"y} =T(py(1 - py" " = my“

'y}

3.1 Widder potential Transform

is defined as follows

t2+y

P{f(t),y} = /



768 A. Aghili and A. Ansari

It is well-known that the second iterate of the L,- transform is the Widder
potential transform; [3]that is,

L3{f )y} = La{ La{ £ (£);u}, v} = P{S(1),y} = /°°tf

2+ y?
Example 3.1 :

©ti(t—a)dt  a
24y a4y

P{3(t—a).y} = [

Lemma 3.2 : We have the following relationship,

—p{smty} P{ ,y}

Solution : Let us assume that I'r be the closed contour composed of a

quarter circle z = Re®, 0 < # < T in first quadrant and two line segments

2
[0,R],[0,iR] traversed in counter clockwise, and let F'(z) = ejr ,a >0, then by

Cauchy theorem, one has

eiz
j{ dz=0
'r 2+ a
Now, we expand the above integral to obtain
(iR™)

R iz el &0 0 ¢iliy) y 0
/ox+a / Reif 1 q +/Riy+a2y_

taking limit as R tends to infinity, to get

oo el T Gi(iRY) 0 eiliy)
/ dr + lim 7d9+/ idy = 0
0o T+a R—+oo Jo Re? +a oo Yt a

the second integral tends to zero ( in absolute value) therefore, one has the
following
+oo el 0 i(iy)
/ ° dx + / 'e tdy =0
0 r+a +oo W+ a

+oo el +oo  geV
/ dx = / dy
0o T+a oy +a?

taking imaginary part of both sides of the above relationship, to yield

or,

€

1 pt+o° sinx too  p=—
—/ dx:/ 5 = de
a Jo T +a 0 ‘- +a
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in terms of Widder potential and Stiltjes Transforms, we have

—x

1 e
~plsina, a} = P{—,

a}

3.2 Complex inversion formula for Stieltjes Transform
and Widder transform

The inverse Stieltjes Transform is given by the following integral relationship

1O = ) = g [ e anetas (32)

where o , \ are any suitably chosen large positive constants. This improper
integral is a contour integral taken along the vertical lines y = o 4 7 and
x = A+ in in complex-plane.

Example 3.2: Show that

pHr V2y it =t
Proof : Since Stieltjes transfom is second iterate of Laplace transform, we

can re-write Relation (3-1) as follows

3

Ft) = LML nvB y a1}
using the fact that ¢V = L~} {F(errll } hence, L™ {mv2 y~ 1,2} = 2 gz 1
finally,

>l>l

f(t) = LL V2 y 5 bt} = L7

RN
fo D = o

3.3 Complex inversion formula for Widder Transform

Theorem 3.2 : Let P{f(t),y} = Jo° tté(ﬁjt = F(y) then we have,

0= g [ Mg [ 2P by € o

271 Je—ico 211 —100
Provided that, all integrals involved are convergent.
Proof: That is the natural consequence of definition of Widder Potential

transform and complex inversion formula for Lo- transform .
Lemma 3.3 : We have P{®2% y} = m y>0

Proof: we take the function f(z) = ;ff_zz where z = re, 0 €] — I, 37]

We consider the closed path I' of integration consists of, two segments
[~ R, —¢], e, R] of the x-axis together with the upper semi-circles C. : z = ¢ ¥
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and Cg : z = re" with 0 < § < 7 . We consider the branch of log z which
is analytic on I' and its interior, hence, so is f(z) . By residue theorem one
has,

mlny  ir?
2y

—e 1 2
[ tedz+ [ oy dz+/ dz+/ de =128 1T
-R foa Y 2y

If we take the limit as ¢ — 0, R — +o00 , integrals along two semi-circles
tend to zero, therefore we get

ﬁf(z)dz = 2mi Res{f(z), yi} =

or,

2

Py /o ln\2x|+z7r x+/+oo 2lngz: de}:ﬂlny+i7r_7
o T o z*+vy Y 2y

taking real part of the two sides, yields

/+<>° Inx miny Inx
0

e T QD

4 Conclusion

In this article, author provided complex inversion formula for Stieltjes and
Widder Potential integral transforms. Some identities involving these new
transforms are given .We conclude by remarking that many identities involving
various integral transforms can be obtained and some other infinite integrals
can be evaluated by applying the results considered here.
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