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Abstract
In this article, authors derive a complex inversion formula and some
new theorems related to Widder Potential and Ej3 ; - transform defined
in [2], some identities and constructive examples involving these trans-
forms are also given.
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1 Introduction

In this work, we study the widder potential and E, ;-transforms, which, while
closely related to Lo-transform where the Ls- transform is introduced by Yurekli
and Sadek [3]. We state and prove the inversion formula for the above men-
tioned transforms and develop some of the more important technique associ-
ated with its definition as a contour integral. We do not attempt to present
the basic theorems in their most general forms. Proofs of theorems are pro-
vided, when feasible. The following Laplace-type integral transform called
Lo-transform where the Lo-transform

Loff (05} = [ texp(=s*) 1 (1)t (1-1)

If we make a change of variable in the right-hand side of the above integral
(1-1), we get,

L{f(0:s} =5 [ e (/i (1-2)

we have the following relationship between the Laplace -transform and the
Lo-transform

Lot f(0): ) = S LUF(VA): 7). (1-3)
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First, we calculate Lo-transform of some special functions.
Example 1.1:

Ccos ax +too 5 2cOSaT too 5 9
Lof } = / e *F dx:/ e " cosaxdr
T 0 T 0
T _ a2
= £€ 452 . (1—4)

2s

Setting s = 1 in the above integral, we obtain,

+oo 2 m a2
/ e " cosardr = %e T,
0

we differentiate (1-4) w.r.t a , we get the following

+oo 2.2 /T _ %
/ ze % sinaxr dx = \/S_e 157,
0 4s

In terms of Lo-transform

2
Ly{sinaz,s} = e 152 (1-5)

Examplel.2: Show that

Ly{H(t—a);s} = —=e .

252

Solution:

Lo{H(t — a); s} = /Oootexp(—s2t2)H(t —a)dt = /aootexp(—SQtQ)dt

1 — 242 0 . 1 —s2g2
= _ﬁ a = @6 (t > CL).
Examplel.3: Show that
(2 +1)
Lg{t)\; S} = ﬁ (1'6)

Solution: By definition , Ly{t*; s} = [° t*" ! exp(—s°t?)dt the integral on the
right-hand side may be evaluated by changing the variable of the integration
from t to v where, s?t?> = u

A+1
A oo (3 _, du 1 © A,
Lg{t ,S} = /0 ? e — = W/O uze du, (1-7)

1
2su?
using some Gamma function’s relation in (1-7), we have

r($+1)

Al _
LQ{t ,S} - 25)\+2
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2 Complex Inversion Formula for L, -Transform

Main Theorem :Let F'(1/s) is analytic function of s ( assuming that s = 0 is
not a branch point) except at finite number of poles each of which lies to the
left of the vertical line Re s = ¢ and if F/(y/s) — 0 as s — oo through the left
plane Res < ¢, suppose that :
Lo{f(t)ss} = [ texp(=s*)f(t)dt = F(s),
0
then, [1]
1 m

LFE) = 0= o [ T oP(s)eds = S| Res {2F(V3)e™ ) s = i)

270 Jeioo =
Proof : By definition, we have Lo{ f(t); s} = [5° t exp(—s*t?) f(t)dt = F(s)
now, let s2 = r , then we have
+oo
F(VD) = [t exp(=rt) f(t)dt,
0

now, letting t?> = x , to yield

Fr) =5 [ exp(—ra) f(va)dr,
2F(VF) = [ expl—ra) f(VE)d = L{T(VE)}

By complex inversion formula for Laplace-Transforms one has,

FOA) = g [ 2B () explra)dr

271 Je—ioo

If we set t? = x , we obtain

f(t) = = /CCHOO 2F (/1) exp(rt?)dr.

278 Je—ico

If we replace r by s , one has finally

f(t) ! /CCHOO 2F (v/s) exp(st?)ds. Q.E.D

271 Je—ico

Lemma 2.1: We have the following relationship

1 oo
_/ ey du
V7 Jo Vu

2
Proof: Let us assume that, g(\) = —= JoFe e*(“ﬁ_u)%,
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then, application of Leibnitz’s rule leads to, g(\) = —¢'(\) with g(0) =1
which gives finally, g(\) = e .
Example 2.1 :

1
252 (Q_t)
Solution: We have F(s) = < , which gives 2F (y/s) = &

using complex inversion formula for Lo-transform leads to,

—Vs

£ =5

]_ /C“F’LOO 67\/g65t2 d
- — aSs
211 Je ’

—100 S

using lemma 2.1, we get the following

c+zoo +o0 6*(“+ﬁ) €5t2

" 2mi Jem \/_ Vu du} s

changing the order of integration, which is permissible, leads to

ds,

f(t) = )’ ds}du,

1 +oo pTU 1 c+i00 ef(ﬁ)s
7wl
but the value of the inner integral is H (t* — ﬁ),hence,
+oo e —u 1
— —)d
\/_ / 4u) *

using definition of Heaviside’s function, one gets

c—100 S

1 [tooe™™
\/_ 4t2 \/_

at this point, if we make a change of variable u = w? , we get finally

ft) =

rn=—/"

Example 2.2 : Using complex inversion formula for Ls- transform show
that

2 1
e dw = Erfc(%). Q.E.D

Ly TZ t= t\/;

Solution : we have the following,

1 c+ico 268t2
p- L s
f( ) 271 Je—ico /S5 + 1

at this point, in order to avoid the complex integration around a compli-

cated key-hole contour, we use the integral representation for \/T as follows,
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2 +oo 1
JT / e (T gy = ;
VvV Jo s+1

we get,

c+zoo +o0
/ / 6—(5+1)u2du} GSthS,
" 27 Jem \/7_1' 0

changing the order of integration, one has

e i /+OO du{_ /CJFZOO e*(tQ*UQ)SdS}
V7 Jo 270 Je—ioo

the value of inner integral, is §(¢* — u?) therefore,

_ 2 oo w2 2 2
t)_ﬁ/() e " o(t* — u)du,

letting u? = 2 and using some elementary properties of Dirac-delta func-
tion, one has finally

2¢~t

1= G

3 Widder potential Transform

Widder potential Transform is defined as follows

ﬁ+y

P{f(t),y} = /

It is well-known that the second iterate of the Lo- transform is the Widder
potential transform; [2] that is,

+00 tf

dt.
12 + 92

L3I0y} = LA La{f (@); wd v} = 5PU 0.9} =5 [

Lemma 3.1 : We have the following relations,

BULAS ), 9)}, 8} = 5L (), )

LyP = PLs.
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Proof: see [2].
Example 3.1 :

to(t — a)dt a
2y a+y?

Pot—a)y} = [
on the other hand

Lo{{Ls(6(x — a),y)},t} = Lofae™™V" 1} =

a

1
m: §P{5(I —a),t}

3.1 Complex inversion formula for Widder Potential Trans-
form

Theorem 3.1 :Let

P{f(t),y} = /t2+y = F(y),

then we have,

0= [l [T R ey ] €
AT Je—ice 20 /afioo Y Ywoywl € G-
Provided that, all integrals involved are convergent.
Proof: That is the natural consequence of definition of Widder Potential trans-
form and complex inversion formula for Lo- transform .
Example 3.2: Using complex inversion formula for Widder Potential
transform show that

P_l{ge_my, t} = sinmt

Solution :

F0 = g5m [ ol [ 2P () dy ] €

22711 Je—ico 271 Ja—ico

F(y) = 5e™™ = 2F(yg) =7 "7,

1 c+i00 1 a+100
Flt) = — / 2 / T e ™I dy), e, (3-1)

47y Je—ico 271 Ja—ico

1 a+1i00 2 m m
—/ eIV dy = LT He ™Y w?) = e w?,
270 Ja—ico 2y mw"

Setting the above integral in relation (3-1), we get
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. . 2
(1) = g J5S 2m s imem e dw = 5/l [T e o et duw}.

At this point, if we use relation (1-5) ,we obtain

m . 1

Example 3.3 : The following relations hold true,

o
e 4w ;t*} = sinmt.

1 PRy = Tn(a +y),

2. P{ty} = T30

3. P{EECE) )y = R{<Z ) Brfe(L).

Proof 1:By definition of the Widder transform,we have the following rela-
tion

2, 2 oo 2, 2 oo 2, 2 +o0 2 4,2
P{ln(x +a)’y}:/ In(z* +a®) xzdx / In(x —|—a)dx_l/ In(z +a)d:c
0 0

T T x2+y2 - x2+y2 72 oo x2+y2
if we set log( )
og(z + ar 2 2 :
F(z)=———5%, =z =0—z==+1y,
(2) 2 +y — y

by residue theorem, we have
%F(z)dz = 2miRes(F(z), z = iy),
or,

+R ] ; 7] 60 ; )
/ Mdm + Mi}%ewdﬁ = 2miRes(F(z2),z = iy) = b_1,

R 22+1y? 0 R2e2i0 4 42

by =lim, (2 — s)F(z)

b, = ]‘imZ*)Z'y(Z o iy)log(z—kai) _ log(2+ai) __ log(y—f—a)z"

limzﬂiy

22192 2+iy 2iy
Letting R — o0
oo | : ™ log(Re” + ai) ., , 1 '
[ loslr ) g iy [ OB g o8 £
e 1 RoooJo  R2€2i0 4 q2 21y

™ log(Re™ + ai) . 4
IR = 0 m@Re d9,
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we can show that limg_.., Igr =0 as follows,

™ log(Re" + ai) . .
0< |Ig] < — __  iRe"db
< al = 0 R2e2i0 4 42
log(Re" + ai) "
— __ iRe"dO
/0 R2€210 +y
/7r R(In(R + a) +7T)d9—> 0as R — oo
0 R? — 2

2y Ty
Proof 2: In relation(1) if we set a = 0 , we get the desired result.
Proof 3: By definition of widder-transform , one has

(-%) T

exp(—% +oo e

p(EE) .

= e

In order to calculate the above integral, we may use Fourier Cosine trans-

form and Parseval’s identity for cosine transforms as follows

we have F.{exp(—az),s} = (Sgﬂi‘é_ﬂ and F.{exp(—% ) s} = exp(—%)

upon using Parseval’s identity, we get

o 2 | 2
:>/ In(x +a)dx_7rln(y—|—a)
0

2 2

[t e 5)ks = [ expl-am) exp(— 5

after simplifying, we obtain

—+00 6_% +oo 22
/ - ds = / e 2 dx,
s“4+a 0
“+o0 —5— 1 “+00 2
e 2 T i
/ ORI ds = — —/ e ¥ dx,
0 s +a aV 2 Jo

oo 7% NLs T a
ds = E —).
/o 2t+az® a rfc(\/i)

or,

finally,

[¥]
[

3.2 Application of Widder Potential transform in eval-
uating the Integrals

Example 3.4: Show that

+oo
/ e sintr do =t T(2)\) sin.
0
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Solution : Let us assume that I(t) = [;F* 2?*~sintx dz , taking Widder
transform of the two sides, yields

tdt

oo T a1
P{I(t),y} = /0 m(/o ¥ sintx dx),

changing the order of integration and using Example 3.2, we get

+oo tsin at

+o0
oS th) = g/ P e vy,
Y 0

PLI(t),y} = /0 T A /O

or,

P9} = S

at this point, we use complex inversion formula for Widder potential trans-
form to get

1 c+ico 1 d+ioco 1“(2)\) ) ,
10 == [ ol [T = e )] e du,
®) 271 Je—ioo HQm’ d—ico { Tyt € Yhe \F] € w

hence,
I(t) = t2T(2)\) sin 7.

3.3 L5;-Transform
Es ;-transform is defined as follows

Ea{f(t).5} = [ wexp(a®y) By () f (),

where E;(z) is the exponential integral defined as

By = [ 22 g

It is well-known that the third iterate of the Lo-transform is the Fj ;-
transform [2] , that is,

Ly{f(t);y} = Lo{ Lo{ Lo{ f(t); u}, v}, y) = iE2,1{f(t)a yy=Fly).  (3-2)
Example 3.5 : Show that
Ey 1 {0(t—a),y} = ae®V’ By (a*y?).

Proof: We know that, Lo{{Ls(f(z),y)},t} = s P{f(z),t}
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L%‘U@)% y} = Lo{Lo{ Lo{f(t); u}, v}, y) = iEQ,l{f(t)vy} = F(y),

on the other hand we have

to(t — a)dt a
t2+y _a2+y2’

Ps(t—a)yy = [
finally we have
Eay {3t — a),y} = 4L3{5<t —a)iy} =4 x 1L2{p{5<t —a).u}.y}
= () =2 X SL{ (V) )

P Yt =a {u+a2,y}
— aeayE(Q 2)

4 Conclusion

In this article, authors provide some identities involving new transforms such
as Widder Potential and Ej;-transform. They also derive complex inversion
formula for the above-mentioned transforms .They conclude by remarking that
many identities involving various integral transforms can be obtained and some
other infinite integrals can be evaluated by applying the results considered here.
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