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Abstract

In this article, we derive a complex inversion formula and some new
theorems related to Stieltjes-transform and exponential integral trans-
form defined in [2],[3],we also give some illustrative examples.
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1 Introduction

Integral transforms are used to accomplish the solution of certain problems
with less effort and in a simple routine way. Laplace transforms provides
a powerful method for solving differential and integral equations. Recently,
many other Transforms have been developed, but most have limited applicabil-
ity. This work also contains some discussion on several other integral transforms
that have been used recently successfully in the solution of certain bound-
ary value problems and in other applications. Included in this category are,
Stieltjes-transform, exponential integral transform ([1],[2],[3])which have also
been given.The Laplace-transform of the function is defined as

LU0} = F(s) = [ exp(st) (1)t (1-1)

The inverse laplace-transform is given by the integral relationship

F(#) = LY P(s)) = —— / T p(s)etds, (1-2)

2me —100
where o is any suitably chosen large positive constant.This improper inte-
gral is a contour integral taken along the vertical line s = ¢ + 7 in complex
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s-plane. for more detail see[4].
Example 1.1 : The following are immediate consequences of definition (1-1)

1.
L{§(z — a)} = exp(—as).
2. ]
L{exp(—azx)} = P
3.
L{x n a} =e “Fi(as).

Example 2.1:Using complex inversion formula for Laplace transform to

find

R

Solution : We have the following relation,

\/s—i-l_ 1 . 1
S _\/s+1 s\/s+1’

therefore, it is sufficient to evaluate L’l{ﬁ} , using relation (1-2), leads

to

1 c+1i00 eSt J
l) =+-— —ds
f(®) 2m1 Je—ico A+ 1
at this point, in order to avoid the complex integration around a compli-

cated key-hole contour, we use the integral representation for ﬁ as follows,

2 / [
V7 Jo Vs+1

Inserting in the above relationship, we get,

c—Hoo 1
/ / —(s+1)u? du} €Std8
27m c—

changing the order of integration, to obtain

/+oo —u? du{ / oo (t—uQ)SdS}
\/_ 211 c—100 ’

but, the value of inner integral, is §(f — u?) therefore,

1 +eo —u? 2
t)_ﬁ/o e o(t — u”)du,
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letting u? = 2 and using some elementary properties of delta function,
one has finally

1 et
L =ft)= :
and,
Vs+1, o, 1 g
Rl L ——1}
S vs+1 svs+1
hence,
1 —t t -z
L = s [ H -0 =,
s vt Jo VT T
finally,
Vs +1 et
L' = t).
() = = e (Vi)
2 Stieltjes Transform
Stieltjes Transform is defined as follows
o{f(t),y} = / , + e

It is well-known that the second iterate of the Laplace transform is the Stieltjes-
transform [2],[3], that is,

L{f(t);y} = L{L{f(t);ub y} = o{f(t), y} = F(y). (2-1)
Example 2.1: For f(t) = §(t — a) , we can verify the above relationship

we have
d(t —a)dt 1

p{o(t —a),y} = / =

t+y  a+y’

on the other hand , second iterate of the Laplace transform of §(t — a) is,

L{6(t —a),u} = e,

and ]
L{e ™ y} = . .E.D
{e7™y} = e ¢
Example 2.2: show that
(= yy == v 0<pu<1)
& Yy = sin i 2 .

Solution :Upon using relationship(3-1)
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o

t+y

() = LEL@d ol = ol o) = [

= LU0} = LI u) o) = L ) ) = L2 )
= T(wL{u™ y} =TI - py*" = %y (0<p<1)

2.1 Complex inversion formula for Stieltjes Transform

The inverse Stieltjes Transform is given by the following integral relationship

ft) =9 {F()}= ﬁ /A " /a UZ:O F(y)e”dy)e” dz, (2-2)

oo

where o,\ are any suitably chosen large positive constants.This improper
integral is a contour integral taken along the vertical lines y = o 4 7 and
r = A+ in in complex-plane.

Example 2.3: Show that
o Hr V2y ity =11,

Proof : Since Stieltjes transform is second iterate of Laplace transform, we
can re-write relation (2-2) as follows

f(t)Z LYL V2 y 5, ) 1),

using the fact that, ¢ = L={ZWUY hence,

l/+1

2
vyt ah = T o)

finally,

T2 = V2
re " L(DE()
Example 2.4: Evaluate p{cost} and p{sint}.

Solution : Let us assume that I'p be the closed contour composed of a
quarter circle z = Re??, 0 < 0 < 5 in first quadrant and two line segments
[0,R],[0,iR] traversed in counter clockwise, and let F(2) = <= ,a > 0, then

z+a
we have A
e’LZ
j{ dz=10
'r 2+a

=
=

() = LHL 2y a6y = L

t4 =1t 1.
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now, we expand the above integral to obtain

Revag+ [ iay— 0
/o x+a / Re® 4 a ¢ * Riy—i—azy_ ’

taking limit as R tends to 1nﬁnlty7 to get

dr + lim — iReY dh + -
T+a R—to0Jo Re? 4 a too W+ a

too it T o(iRY) , 0 eiliy)
/ ’ 1dy =0,
0

the second integral tends to zero ( in absolute value) therefore, one has the

following
oo it 0 i)
/ dx + / 1dy = 0,
0o x+t+a +oo 1Y+ a

+o0 eim +oo ye ydy +oo ae Y
/ - / +i | dy.
0 T+ a y? + a? o y*+a?

Separating real and imaginary parts of both sides of the above relationship,
to get

or,

+to© cosx too et
dxr = / dx,

2+ a?

(si ) +oo ginx too  ge”®
p(sinz) = T = _
o xT+a z2 + a2

p(cosx) = /0

r+a

dx.

3 =;-Transform

FE,-Transform is defined as follows

20y} = [ exploy) Bi(wy)f (@)do

where E)(z) is the exponential integral defined as

Biw) = [ g

It is well-known that the third iterate of the Laplace transform is the =-
Transform [2],[3], that is,

LA f(t);y} = LILAL{f (1) u} vl y) = E{f(8), ) = F(y). (3-1)

Example 3.1 : The following relations hold true

1.
E1{(x —a)} = e “Ey(as).
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2.
= (2 _Wr(l—)\),\l
=127} sin( A7)
Theorem 3.1 : The following identities hold true,
1.
o{L{g(x);s +u};y}t = L{e™ Ei(zy)g(x); s}.
2. ,
o{L{g(x);s +ul;y} = EL{EI('I')Q(;)? e 1}.
3, »
b = [ explon) B el ).
4. i
ko3 K —i— Tex E ’%r —k
@{\gw ep(=2)y} = 5 Vkn p( )y 2Erf(=5).
5. )
p{Er(z),y} = L{M,y}-
6.
E{f@iyh = [ e Eiay) f@)de = L{Ey(ay)f(2): —y}.
7. ,
p{zexp(—az),y} = P e By (ay).
Proof 1

f@) = e g(e) = L{f@)u} = L gy = [ e e g(a)da

—+o00
= /0 et g(2)de = L{g(x); s + u} =

ol L{f(x);u};yt = e{l{g(x);s+u};y}

= @{L{f( i upy} = oo Heaaud gy

oo L[ ko0 emure=se g () dx }du

u+y

If we change the order of integration and letting y + u = z in the inner
integral, we get,
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00 0o T UT o0 o) 6—(2’—2!)m
/ e’smg(x)dx/ du :/ e"”‘“g(x)dx/ dz,
0 0 0 Yy

z

or,
zZT

/Oo e g(x)dx e¥* /Oo < dz,
0 Y V4

making a new change of variable xz = t, one has

/Ooo e *g(x)dx{ e:vy/x —dt} / 2)e™ By (zy)dz = L{e* E; (zy)g(z): s}.

Proof 2 : Setting xy =t , in part 1 of Theorem 3.1 to get,

plLglaysudint = [ B9 it =+ [T G B @O

or finally,
x

1 S
= ;L{El(flf)g(—); ;o 1}.

<

Proof 3:

p{ﬁ;y} = L{L{ﬁw};y} = L{/O

—ZT ,—ax

1 xf%
" 2dy} = L{L{ﬁ;z +a}y} =

{( %,y} / Y(z+a) 2dz,

Let z—i—a:gtoget

1 2 [ T
L{———;y} = e“y—/ e dt = e“y\/ierfc Vay).
{(z—l—a)5 J VY vay Y e

Proof 5:
B o0 1 o0 e—u B o0 e—u u 1 _ o0 e—u y
p{El(ac)}—/O Hy{/x . du}dx—/o . {/O x+ydm}du—/0 ™ u
At this point, we set “—Zy —1=z
00 1 1 1 1
/ LRy LU S
0 x T
Proof 6:

Ev{f(@)iyh = [ eI Bi(ay)f(w)de = L{Ey(ay)f (2); ~}.
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Proof 7:

Ool'@ axr

p{zexp(—ax),y} = / x+y

making a change of variable x +y = % | one has

Q|

1 1
——ye¥Biay) =~ —y eV Ei(ay).

3.1 Complex inversion formula for =, —Transform

The inverse =, — Transform is given by the following integral relationship

100 A+i00 o+ico
10 =S} = o [ T e anetas
(3-2)

where o , A\ |, i are any suitably chosen large positive constants.
This improper integral is a contour integral taken along the vertical lines
y=o+1i1,xr=A+1inand z = pu + is in complex - plane.
Example 3.2 : Show that

——1 T(1— A\ A1.,0 =X
1Y sin(A) up =

Solution:

171 (1_/\) cudiole 11 mI'(1—A) uw ol
{1 { 51n(/\7r) pvker = LHL {sm()m) ra—-x bk

_ L*l 71—F(l - /\) A—1. o 7TF(1 - /\) S |
— L Gomraoary! Y T swra - rora—nyt o F

Example 3.3 : Show that

|7 L@ ety = [ f(@) Ei{gtu):ahda.

Solution:

| Lis@rola@yivtdy = [ olg@ighl [ e fla)daldy =

/0 f(:r)[/o e olg(u);y)dylds = / F(@) L{p{g(u); y}; o} = / F(@) Ex{g(w); 2} de.
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Example 3.4 :

/OOO E{f(x);ytolg(u);ytdy = /OOO g(uw)p{ Bl f(2);y}; updu.

Solution:

/OOOEl{f(x);y}@{g(U);y}dyz/0 B f(z / 9 d Vy —

[ ot [T B gy wg(U)p{El{f(fr);y};u}dU-

u+y

Example 3.5 :

/OOO E{f(x);ytolg(u);ytdy = /Ooo o{f(x);y} Ei{g(w); y}dy.

Solution:

/OOO E{f(z);ytelg(u);ytdy = /OOO L{p{f(x);v];y}plg(u);ytdy =

| olaiod ]| e ol ) vidvay,
| olr@id ] e olgtwipbdglao = [ o ()i o} L{o{g()iy}s vddo =

/Ooo ol f(z);v}Er{g(u);vidv = /Ooo o{ f(x);y}Er{g(u); y}dy.

Example 3.6 : Show that

sin A\w [ 1
L . )x—ld — —>\'
7['(\) /0 {u—l—a’y}y y=a

Solution:We have from Example 3.5

sin A\ [ 1 _y, _sinim [ L ! )
o0, M = [ Bl - skl Pl

sin? A\ a5 SINZ AT

= m/j E{o(z—a)iybp{a iy} = m/ooo pl{o(z—a);y} Er{z* Y y}dy

sin \r oo gy sin A7 N sin A\ _\ _
= dy = sa) = rCa— A = :
- /0 L plyap = ——TNI(1-XNa" =a



790 A. Aghili and Z. Kavooci

4 Conclusion

In this article, authors provide complex inversion formula for Stieltjes - trans-
form and Exponential integral transform. Some identities involving these new
transforms are given.Our primary objective is to introduce methods to use the
integral transform rather than concerning ourselves too deeply with the general
theorems.We have included a large number of worked examples to illustrate the
applicability of these new transforms. We conclude by remarking that many
identities involving various integral transforms can be obtained and some other
infinite integrals can be evaluated by applying the results considered here.
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