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Abstract
Adomian decomposition method has been applied to solve many
functional equations so far. In this article, we have used this method to
solve some hyperbolic equations, Cuachy problems, with initial condi-
tions.
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1 Introduction

Analytical methods commonly used for solving hyperbolic equations are very
restricted and can be used in very special cases.

Adomian decomposition method has a useful feature in that it provides the
solution in a rapid convergent power series with elegantly computable conver-
gence of the solution.

The decomposition method has proven to be very effective and results in con-
siderable savings in computation time.

In this work we focus our study to hyperbolic equations.

These equations can be written in the form

11Uy + 2019Usy + A99Uzy + biuy + bouy, + cu = f where a%z — aj1a9 > 0
(1)

with initial condintions:

u(z,0) = fo(x)

Ju(z,0)

o = hia) @
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2  Analysis of Adomian decomposition method

In an operator Form, Equation.(1) becomes

1
L(u) = _a_(2a11utaz + A92Uzs + iy + Doy + cu — f). (3)
11

Where the differential operator L is

with the inverse

L) = /Ot /Ot(.)dtdt. (4)

operating with L™ on the both sides of equation (4) and using the initial
conditions yields to

1
u(x,t) = folx) +tfi(z) + L*1(7(2a12u1x + aolyy + by + by + cu — f))
11
(5)

To solve Equation.(3) by Adomian decomposition method ,well addressed
in [2,3],let’s consider the solution as the summation of a series,say; u =

Dm0 Un(T:1)

So that the components u,, will be determined recursive.And the integrand on
the right side as the sum a series as

1 oo
a_(2a12uac;t + A22Uty + blut + b?“a) + cu — f) = Z An(u()u Uy, U,y ... 7un)
11
n=0
(6)

Where A, (ug,uy,us, ... ,u,) are called Adomian polynomials and should be
computed.By using an Alternate Algorithm for computing Adomian polyno-
mial [4] we have

_(2a12unm1’ + A22 Uity + blunt + bQUnm + Cly — f) = An(“Ou Uy, U,y . .. 7un)‘

11 (7>



Hyperbolic equations 747

Substituting v = >~ u, and A, (ug, u1, ug, ... ,uy,) in (5), we drive
0 1 B
> un = fole) +thi(e) + L7 (®)
n=0

1
+ Z Lil(_(2a12umcm + A22Unty + 01Ut + Doty + cun)
n=0 an

Therefor from (8) the following procedure can be defined

uo(x,t) = fO(x) + tfl(x)>

t ot
Upa(z,t) = / / A (ug, up, ug, . .. uy)dtdt, n=0,1,2,... (9)
o Jo

In some cases, having some terms we can recognize the general term and
the solution can be denoted as a series. If the series can be recognized as the
series of a specified function, the solution can be introduced as an analytic
function.In other cases we can have the solution as summation of a few terms
of below series;

n
u = E U
k=0

3 Numerical results

To illustrate the method five examples in different spaces are presented. Con-
sider the following partial differential equations, which are known as Cauchy
problems [1]

Example 1. Cauchy problem for infinite string

Ugs :aQ(um—iruyy—l—uzz) —oco<r,y<oo t>0

u(z,0) = cos(bx + cy)

u(z,0) = sin(bx + cy)

By using (9)

up(x,t) = cos(bx + cy) + tsin(bx + cy)
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Upy1(z,t) = a? fo fo Upze + Uoyy + Uoz. )dEdE n=20,1,23,...

we have
u = —a?[L (b + 2)cos(bx + cy) + 5 (0 + ) sin(bx + cy)]
Uy = [i—(b2 + ¢?)%cos(bx + cy) + g—i(bQ + c)%sin(bx + cy)].

The general term can be recognized as

t2n+1

Uy = (—=1)"a®"[(0* + ¢*)*cos(bx + cy) + Gy (07 + ¢)*" T sin(ba + cy).

Hence the solution is
2(p2 242 412 2244
u= S0 uy, = cos(bz+cy)(1— =L m Ll s e )+ﬁsin(bx+
cy)

(Cl /bQ ¥ 2t — a3(b:23!+02)t3 o a5(b2+c?!2\/b2+02 t5 +... )

and therefore the exact solution is
u(z,t) = cos(bx + cy)cos(av/b? + c2t) + Wsm(bx + cy)(sin(avb? + c*t)

Example 2. In this example we solve a partial differential equation in two
dimentions

Upp = Ugy + €77 —00 < T < 400

u(z,0) = sinx

u(z,0) = cosz —00 <2 < +00

By using (9) the Adomian scheme would be as follows
ug = sinx + tcosx

Upy1 = fo fo Unze + €7 1) dtdt n=20,1,2,3,...

For the first few values of n, we have
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fo fo (sinx + tcosx) + e~ tdtdt = (sznw + cosxg,) +et+t—1

fo fo sme,—l—cosxS,—l—e t4t—1)dtdt = smx —i—cosx +e 1—|—t—§—|—§

. 2n 2n+1 _ 2 3 4 2n 2n+1
Uny1 = SinTog + cosvogy e — 14t — G4 5 — T+ — ) + Gary
u=>° u—Sin:E(l—ﬁ-i-ﬁ—ﬂ-i- )+cosx(t— Py _ g4
. n=0 =" ! 4! 6! ) Qn' 30 51 70
n 2 n
) e+t — 14 n(e t)—n(1—t+g!—§j+..,+;!)

lim,, o0 Uy, = Sinx cost + cosx sint +e '+t —1
u=sin(z+t)+et+t—1
Example 3. Let’s consider the following P.D.E
Upp = Ugy + Uyy +ts1NYy  —00 < T,y <00 >0
u(x,y,0) = 2
u(z,y,0) = siny.
By using (9) the Adomian scheme would be as follows
up = x% + tsiny
Unt1 = L™ (Ungg + Unyy + tsiny)
For the first few values of n, we have

= f(f fg 2 — tsiny + tsiny = t*

= Jo Jy0=0

Up4+1 = 0
So the exact solution is

u= a2+ 1%+ tsiny
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Example 4.A partial differential equation, with initial conditions, in three
dimensions is discussed here

Upp = Ugg + Uyy + Uz + 22Y2 —oco<x,Yy,z <00, t>0
uw(x,y, z,0) = 22 + y? — 222,

ui(x,y, 2,0) = 0. —00 < x,Y,z < 00
By using (9)we obtain

uy =2 +y?—222 +t

Ups1 = L7 (Unge + Ungyy + Unzz + 22Y2)

For the first few values of n, we have

w = [y fs2+2—4+tdtdt =L

uy = [ f5 0dtdt

U3:0

U, = 0.

And therefore the exact solution is

u(z,t) = 22 + y? —222—|—§

Example 5.The following P.D.E, with initial conditions is considered
Upp = Ugg + Uyy + Uz + t€7sin(3y)cos(42)

u(x,0) = % cos(10z2)

ug(x,0) = 3 sin(5z).

By using (9) we get

ug = €% c0s(102) + e = sin(5zx)
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Upt1 = L7 (Ungz + Unyy + Unze + €7 sin(3y)cos(4z)). n=0,1,2,3,...
For the first few values of n,we have

uy = &P sin(3y)cos(42)

UQZO

u3:0

and therefore the exact solution would be as

u(z,t) = e ¥cos(102) + te 42 sin(5x) + L P sin(3y)cos(4z).

4 Conclusions

The main goal of this article has been to derive an analytical solution for
hyperbolic equations. We have achieved this goal by applying Adomian de-
composition method.The results show that this method is very simple and
effective for such equations.
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