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Abstract
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1 Introduction, Definitions And Preliminaries

Let A be the class of analytic functions f(z) = z +
∑∞

n=2 anz
n defined on the

open unit disc U = {z : | z |< 1}. Let S denote the subclass of A consisting
of functions that are univalent in U . The Hadamard product of two functions
f(z) = z +

∑∞
n=2 anz

n and g(z) = z +
∑∞

n=2 bnz
n in A is given by

(f ∗ g)(z) = z +
∞∑

n=2

an bn zn. (1)
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For complex parameters α1, . . . , αq and β1, . . . , βs (βj ∈ C\Z−
0 ; Z

−
0 = 0,−1,

−2, . . . ; j = 1, . . . , s), we define the generalized hypergeometric function

qFs(α1, . . . , αq; β1, . . . , βs; z) by

qFs(α1, α2, . . . , αq; β1, β2, . . . , βs; z) =
∞∑

n=0

(α1)n . . . (αq)n

(β1)n . . . (βs)n

zn

n!

(q ≤ s + 1; q, s ∈ N0 = N ∪ {0}; z ∈ U),

where N denotes the set of positive integers and (x)k is the Pochhammer
symbol defined, in terms of the Gamma function Γ, by

(x)k =
Γ(x + k)

Γ(x)
=

{
1 if k = 0

x(x + 1)(x + 2) . . . (x + k − 1) if k ∈ N = {1, 2, , . . . }.

Corresponding to a function h(α1, . . . , αq; β1, . . . , βs; z) defined by

h(α1, . . . , αq; β1, . . . , βs; z) := z qFs(α1, α2, . . . , αq; β1, β2, . . . , βs; z),
(2)

Dziok and Srivastava considered a linear operator

H(α1, . . . , αq; β1, . . . , βs; z) : A −→ A

defined by Hadamard product (or convolution):

H(α1, . . . , αq; β1, . . . , βs; z)f(z) := h(α1, . . . , αq; β1, . . . , βs; z) ∗ f(z).

The linear operator H(α1, . . . , αq; β1, . . . , βs; z)f(z) includes (as its special
cases) various other linear operators which were introduced and studied by
Hohlov [9], Carlson and Shaffer [3], Ruscheweyh [15] and so on.

Corresponding to the function h(α1, . . . , αq; β1, . . . , βs; z) defined by (2),
we define a function hμ,p(α1, . . . , αq; β1, . . . , βs; z) given by

z +
∞∑

n=2

(n + μ)p

(μ + 1)p
zn ∗ hμ, p(α1, . . . , αq; β1, . . . , βs; z) (3)

= h(α1, . . . , αq; β1, . . . , βs; z).
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Analogous to H(α1, . . . , αq; β1, . . . , βs; z), Selvaraj et. al. considered a linear
operator Gp

μ(α1, . . . , αq; β1, . . . , βs; z) on A as follows:

Gp
μ(α1, . . . , αq; β1, . . . , βs; z)f(z) = hμ, p(α1, . . . , αq; β1, . . . , βs; z) ∗ f(z)

(4)

(αi, βj ∈ C \ Z
−
0 ; i = 1, . . . , q; j = 1, . . . , s; μ �= −1; p ∈ N0 =

{0, 1, 3, . . . }).
For convenience, we write

Gp
μ, q, s(α1) = Gp

μ(α1, . . . , αq; β1, . . . , βs; z). (5)

It can be easily verified from the definition of (4) that

z(Gp+1
μ, q, s(α1)f(z))

′
= (μ + 1)Gp

μ, q, s(α1)f(z) − μGp+1
μ, q, s(α1)f(z) (6)

and

z(Gp
μ, q, s(α1)f(z))

′
= α1Gp

μ, q, s(α1 + 1)f(z) − (α1 − 1)Gp
μ, q, s(α1)f(z). (7)

To provide a unified approach to the study of various properties of the
certain subclasses of A, we now introduce the most generalized subclass of A
by using the operator (4).

Definition 1.1 For any non-zero complex number λ, 0 ≤ γ < 1 and k ≥ 0,
a function f ∈ A is said to be in I(α1, q, s : k, γ, λ) if and only if it satisfies
the condition

Re

{
λGp

μ, q, s(α1 + 1)f(z)

Gp
μ, q, s(α1)f(z)

− (λ − 1)

}
> k

∣∣∣∣λGp
μ, q, s(α1 + 1)f(z)

Gp
μ, q, s(α1)f(z)

− λ

∣∣∣∣ + γ. (8)

The family I(α1, q, s : k, γ, λ) is of special interest for it contains many well-
known as well as many new classes of analytic univalent functions. For λ = α1

and for appropriate choices of the parameters I(α1, q, s : k, γ, λ) reduces to
L(a, c; α, β)[5]. We note that the family S∗(α) of starlike function of order
α (0 ≤ α < 1)[4, 6], the family C(α) of convex function of order α (0 ≤ α <
1)[4, 6], k−UCV (α)[2], k−UST (α) and many other well known subclasses of
S (see also the work of Kanas and Srivastava [10], Goodman [7, 8] and Rønning
[13, 14]) are the special cases of I(α1, q, s : k, γ, λ).

Further we define IT (α1, q, s : k, γ, λ) = I(α1, q, s : k, γ, λ) ∩ T , where T
is the subclass of S consisting of functions of the form

f(z) = z −
∞∑

n=2

anz
n, an ≥ 0, ∀n ≥ 2 (9)

was introduced and studied by Silverman [16].
In this paper we provide necessary and sufficient conditions, coefficient

bounds, extreme points, radius of convexity, starlikeness and close-to-convexity,
closure theorem for functions in IT (α1, q, s : k, γ, λ).
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2 Characterization

We employ the technique adapted by Aqlan et al. [1] to find the coefficient
estimates for our class.

Theorem 2.1 f(z) ∈ IT (α1, q, s : k, γ, λ) if and only if

∞∑
n=2

(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n) an ≤ (1 − γ)

(10)

where Ψ(n) =
(μ + 1)p(α2)n−1 . . . (αq)n−1

(n + μ)p(β1)n−1 . . . (βs)n−1
. This result is sharp.

Proof.By definition f(z) ∈ IT (α1, q, s : k, γ, λ) if and only if the condition (8)
is satisfied. Upon the fact that

Re{λw − (λ − 1)} = k | λ(w − 1) | +γ

⇐⇒ Re
{

(λw − (λ − 1))(1 + keiθ) − keiθ
}

> γ − π ≤ θ < π.

Equation (8) can be written as

Re

{(
λGp

μ, q, s(α1 + 1)f(z)

Gp
μ, q, s(α1)f(z)

− (λ − 1)

)
(1 + keiθ) − keiθ

}
> γ

or equivalently

Re

{(
λGp

μ, q, s(α1 + 1)f(z) − (λ − 1)Gp
μ, q, s(α1)f(z)

)
(1 + keiθ)

Gp
μ, q, s(α1)f(z)

−keiθGp
μ, q, s(α1)f(z)

Gp
μ, q, s(α1)f(z)

}
> γ. (11)

Now we let A(z) =(
λGp

μ, q, s(α1 + 1)f(z) − (λ − 1)Gp
μ, q, s(α1)f(z)

)
(1 + keiθ) − keiθGp

μ, q, s(α1)f(z)

and let B(z) = Gp
μ, q, s(α1)f(z).

Then (11) is equivalent to | A(z) + (1 − γ)B(z) |>| A(z) − (1 + γ)B(z) | for
0 ≤ γ < 1. For A(z) and B(z) as above, we have | A(z) + (1 − γ)B(z) |

=

∣∣∣∣(2 − γ)z −
∞∑

n=2

(
λ(α1 + 1)n−1 +

[
(2 − γ) − λ

]
(α1)n−1

)
Ψ(n) anz

n
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−keiθ

∞∑
n=2

(
λ
[
(α1 + 1)n−1 − (α1)n−1

])
Ψ(n) anz

n

∣∣∣∣
≥ (2 − γ) | z |

−
∞∑

n=2

(
λ(1 + k)(α1 + 1)n−1 +

[
(2 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n) an | z |n,

and similarly
| A(z) − (1 + γ)B(z) |

< γ | z | +
∞∑

n=2

(
λ(1 + k)(α1 + 1)n−1 +

[− γ − λ(1 + k)
]
(α1)n−1

)
Ψ(n) an | z |n .

Therefore, | A(z) + (1 − γ)B(z) | − | A(z) − (1 + γ)B(z) |
≥ 2(1 − γ) | z |

−2
∞∑

n=2

(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n) an | z |n≥ 0,

or

∞∑
n=2

(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n) an ≤ (1 − γ)

which yields (10).
On the other hand, we must have

Re

{(
λGp

μ, q, s(α1 + 1)f(z)

Gp
μ, q, s(α1)f(z)

− (λ − 1)

)
(1 + keiθ) − keiθ

}
> γ − π ≤ θ < π.

Upon choosing the values of z on the positive real axis where 0 ≤| z |= r < 1,
the above inequality reduces to

Re

{
(1 − γ) − ∑∞

n=2

(
λ(α1 + 1)n−1 +

[
(1 − γ) − λ

]
(α1)n−1

)
Ψ(n) anrn−1

1 − ∑∞
n=2(α)1Ψ(n) anrn−1

−keiθ
∑∞

n=2

(
λ
[
(α1 + 1)n−1 − (α1)n−1

])
Ψ(n) anrn−1

1 −∑∞
n=2(α)1Ψ(n) anrn−1

}
≥ 0.
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Since Re(−eiθ) ≥ − | eiθ |= −1, the above inequality reduces to

Re

{
(1−γ)−�∞

n=2

(
λ(1+k)(α1+1)n−1+

[
(1−γ)−λ(1+k)

]
(α1)n−1

)
Ψ(n) anrn−1

1−�∞
n=2(α)1Ψ(n) anrn−1

}
≥ 0.

Letting, r → 1−, we get the desired result.
Finally, the function f(z) given by

f(z) = z − 1 − γ(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n)

zn

(12)

for (n ≥ 2) is an extremal function for the assertion of Theorem (2.1).

Corollary 2.2 If f(z) ∈ IT (α1, q, s : k, γ, λ), then

an ≤ 1 − γ(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n)

. (13)

Equality being attained for the function f(z) given by (12).

Remark 2.3 For different choices of p, q, s, k, μ, λ, γ, α1, α2 and β1 as
stated in Theorem (2.1) leads to necessary and sufficient condition for a func-
tion f of the form (9) to be in the classes S∗(α), C(α), k−UCV (α), k−UST (α)
and LT (a, c; α, β).

For convenience we shall henceforth denote

ξn(α1, q, s : k, γ, λ) =
(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n).
(14)

3 Growth and Distortion Theorems

Theorem 3.1 Let f ∈ IT (α1, q, s : k, γ, λ). If
{
ξn(α1, q, s : k, γ, λ)

}∞
n=2

is
a non-decreasing sequence, then, for | z |= r < 1

r − 1 − γ

ξ2(α1, q, s : k, γ, λ)
r2 ≤| f(z) |≤ r +

1 − γ

ξ2(α1, q, s : k, γ, λ)
r2 (15)

and if
{
ξn(α1, q, s : k, γ, λ)/n

}∞
n=2

is a non-decreasing sequence, then, for |
z |= r < 1

1 − 2(1 − γ)

ξ2(α1, q, s : k, γ, λ)
r ≤| f

′
(z) |≤ 1 +

2(1 − γ)

ξ2(α1, q, s : k, γ, λ)
r. (16)

The results (15) and (16) are sharp for the function f(z) given by

f(z) = z − 1 − γ

ξ2(α1, q, s : k, γ, λ)
z2. (17)
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Proof. We only prove the right hand side inequality in (15), since the other
inequality can be justified using similar arguments. Since f ∈ IT (α1, q, s :
k, γ, λ), by Theorem (2.1),

∞∑
n=2

(
λ(1 + k)(α1 + 1)n−1 +

[
(1 − γ) − λ(1 + k)

]
(α1)n−1

)
Ψ(n) an ≤ (1 − γ).

Now

ξ2(α1, q, s : k, γ, λ)
∞∑

n=2

an =
∞∑

n=2

ξ2(α1, q, s : k, γ, λ)an

≤
∞∑

n=2

ξn(α1, q, s : k, γ, λ)an

≤ 1 − γ

and therefore

∞∑
n=2

an ≤ 1 − γ

ξ2(α1, q, s : k, γ, λ)
. (18)

Since f(z) = z − ∑∞
n=2 anzn,

| f(z) |≤| z | + | z |2
∞∑

n=2

an | z |n−2≤ r + r2

∞∑
n=2

an ≤ r +
(1 − γ)

ξ2(α1, q, s : k, γ, λ)
r2

which yields the right hand side of (15).
Also from Theorem (2.1), we have

ξ2(α1, q, s : k, γ, λ)

2

∞∑
n=2

nan ≤
∞∑

n=2

ξn(α1, q, s : k, γ, λ)an ≤ 1 − γ

Thus,

| f
′
(z) | ≤ 1 +

∞∑
n=2

nan | z |n−1≤ 1 + r
∞∑

n=2

nan ≤ 1 +
2(1 − γ)

ξ2(α1, q, s : k, γ, λ)
r.

On the other hand,

| f
′
(z) | ≥ 1 −

∞∑
n=2

nan | z |n−1≥ 1 − r

∞∑
n=2

nan ≥ 1 − 2(1 − γ)

ξ2(α1, q, s : k, γ, λ)
r.

This completes the proof.
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4 Radii of Convexity, Starlikeness and Close-

to-Convexity

Theorem 4.1 If f ∈ IT (α1, q, s : k, γ, λ), then f is convex of order ρ in
| z |< R, where

R = inf
n≥2

[
(1 − ρ) ξn(α1, q, s : k, γ, λ)

n(n − ρ)(1 − γ)

] 1
n−1

. (19)

Proof.By a computation, we have∣∣∣∣zf
′′
(z)

f ′(z)

∣∣∣∣ =

∣∣∣∣−
∑∞

n=2 n(n − 1)anz
n−1

1 − ∑∞
n=2 nanzn−1

∣∣∣∣ ≤
∑∞

n=2 n(n − 1)an | z |n−1

1 − ∑∞
n=2 nan | z |n−1

Thus f is convex of order ρ if

∞∑
n=2

n(n − ρ)

1 − ρ
an | z |n−1≤ 1. (20)

Since f ∈ IT (α1, q, s : k, γ, λ), we have

∞∑
n=2

ξn(α1, q, s : k, γ, λ)

1 − γ
an ≤ 1. (21)

Now, (21) holds if

n(n − ρ)

1 − ρ
| z |n−1≤ ξn(α1, q, s : k, γ, λ)

1 − γ
,

that is, if

| z |≤
[

(1 − ρ) ξn(α1, q, s : k, γ, λ)

n(n − ρ)(1 − γ)

] 1
n−1

(22)

which yields the desired result.

Corollary 4.2 If f ∈ IT (α1, q, s : k, γ, λ), then f is starlike of order ρ in
| z |< R, where

R = inf
n≥2

[
(1 − ρ) ξn(α1, q, s : k, γ, λ)

(n − ρ)(1 − γ)

] 1
n−1

. (23)

Corollary 4.3 If f ∈ IT (α1, q, s : k, γ, λ), then f is close-to-convex of
order ρ in | z |< R, where

R = inf
n≥2

[
(1 − ρ) ξn(α1, q, s : k, γ, λ)

(1 − γ)

] 1
n−1

. (24)
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5 Extreme points of the class IT (α1, q, s : k, γ, λ)

Theorem 5.1 Let f1(z) = z and fn(z) = z − 1 − γ

ξn(α1, q, s : k, γ, λ)
zn,

n = 2, 3, 4, . . . . Then f ∈ IT (α1, q, s : k, γ, λ) if and only if it can be repre-
sented in the form

f(z) =

∞∑
n=1

λn fn(z), (25)

where λn ≥ 0 and
∑∞

n=1 λn = 1.

Proof. Suppose f(z) can be expressed as in (25). Then

f(z) =
∞∑

n=1

λn

{
z − 1 − γ

ξn(α1, q, s : k, γ, λ)
zn

}
= z −

∞∑
n=2

λn
1 − γ

ξn(α1, q, s : k, γ, λ)
zn.

Now,

∞∑
n=2

λn
1 − γ

ξn(α1, q, s : k, γ, λ)

ξn(α1, q, s : k, γ, λ)

1 − γ
=

∞∑
n=2

λn = 1 − λ1 ≤ 1.

Thus f ∈ IT (α1, q, s : k, γ, λ).

Conversely, suppose f ∈ IT (α1, q, s : k, γ, λ), then an ≤ 1 − γ

ξn(α1, q, s : k, γ, λ)
, . . . ,

and therefore we set λn =
ξn(α1, q, s : k, γ, λ)

1 − γ
an, n = 2, 3, . . . , and λ1 = 1 −

∞∑
n=2

λn.

Then f(z) =
∑∞

n=1 λnfn(z). Hence the proof is complete.

Corollary 5.2 The extreme points of IT (α1, q, s : k, γ, λ) are the functions

f1(z) = z and fn(z) = z − 1 − γ

ξn(α1, q, s : k, γ, λ)
zn, n = 2, 3, 4, . . .

6 Integral means inequalities for fractional deriva-

tives of IT (α1, q, s : k, γ, λ)

Definition 6.1 [12]The fractional derivative of order λ is defined, for a
function f , by

Dδ
zf(z) =

1

Γ(1 − δ)

d

dz

∫ z

0

f(ζ)

(z − ζ)δ
dζ (0 ≤ δ < 1), (26)

where the function f is analytic in a simply-connected region of the complex
z-plane containing the region and the multiplicity of (z − ζ)−δ is removed by
requiring log(z − ζ) to be real when (z − ζ) > 0.
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Definition 6.2 [17]Under the hypothesis of definition 6.1, the fractional
derivative of order (m + δ) is defined, for a function f , by

Dm+δ
z f(z) =

dm

dzm
Dδ

zf(z)

where 0 ≤ δ < 1 and m = 0, 1, 2, . . .

It follows from (26) in definition 6.1 that

Dδ
zz

k =
Γ(k + 1)

Γ(k − δ + 1)
zk−δ (0 ≤ δ < 1). (27)

We shall also need the following subordination theorem of Littlewood [11]
in our investigation.

Lemma 6.3 If the functions f and g are analytic in U with g(z) ≺ f(z),
then, for τ > 0 and z = reiθ (0 < r < 1),

∫ 2π

0

| g(reiθ) |τ dθ ≤
∫ 2π

0

| f(reiθ) |τ dθ

Theorem 6.4 Let f ∈ IT (α1, q, s : k, γ, λ) and suppose that

∞∑
n=2

(n − m)m+1an ≤ (1 − γ) Γ(r + 1) Γ(3 − m − δ)

ξr(α1, q, s : k, γ, λ) Γ(r + 1 − δ − m) Γ(2 −m)
(r ≥ 2)

for 0 ≤ δ < 1. Also let the function fr be defined by

fr(z) = z − 1 − γ

ξr(α1, q, s : k, γ, λ)
zr, r = 2, 3, 4, . . . . (28)

If there exists an analytic function w defined by

{w(z)}r−1 =
ξr(α1, q, s : k, γ, λ)

1 − γ

Γ(r + 1 − δ −m)

Γ(r + 1)

∞∑
n=2

(n − m)m+1Φ(n)anzn−1

with Φ(n) =
Γ(n − m)

Γ(n + 1 − δ − m)
(0 ≤ δ < 1 ; n = 2, 3, . . . ), then, for τ > 0 and

z = reiθ (0 < r < 1),

∫ 2π

0

| Dm+δ
z f(z) |τ dθ ≤

∫ 2π

0

| Dm+δ
z fk(z) |τ dθ. (0 ≤ δ < 1; τ > 0).
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Proof.By virtue of the fractional derivative formula (27) and definition (6.2),
we have

Dm+δ
z f(z) =

z1−m−δ

Γ(2 − δ −m)

(
1 −

∞∑
n=2

Γ(2 − δ − m) Γ(n + 1)

Γ(n + 1 − δ − m)
anz

n

)

=
z1−m−δ

Γ(2 − δ −m)

(
1 −

∞∑
n=2

Γ(2 − δ − m) (n − m)m+1Φ(n)anzn−1

)

where Φ(n) =
Γ(n − m)

Γ(n + 1 − δ − m)
, 0 ≤ δ < 1, n = 2, 3, 4, . . .

Since Φ(n) is a decreasing function of n, we have,

0 < Φ(n) ≤ Φ(2) =
Γ(2 − m)

Γ(3 − m − δ)
0 ≤ δ < 1, n = 2, 3, 4, . . .

Similarly, from (27), (28) and definition 6.1, we obtain

Dm+δ
z fr(z) =

z1−m−δ

Γ(2 − δ − m)

(
1 − 1 − γ

ξr(α1, q, s : k, γ, λ)

Γ(2 − δ − m) Γ(r + 1)

Γ(r + 1 − δ − m)
zr−1

)
.

To prove the theorem, we must show that for τ > 0 and z = reiθ (0 < r < 1),

∫ 2π

0

∣∣∣∣1 −
∞∑

n=2

Γ(2 − δ − m) (n − m)m+1Φ(n)anz
n−1

∣∣∣∣
τ

dθ

≤
∫ 2π

0

∣∣∣∣1 − 1 − γ

ξr(α1, q, s : k, γ, λ)

Γ(2 − δ − m) Γ(r + 1)

Γ(r + 1 − δ − m)
zr−1

∣∣∣∣
τ

dθ.

Thus, by applying Lemma 6.3, it would suffice to show that

1 −
∞∑

n=2

Γ(2 − δ − m) (n − m)m+1Φ(n)anz
n−1 (29)

≺ 1 − 1 − γ

ξr(α1, q, s : k, γ, λ)

Γ(2 − δ − m) Γ(r + 1)

Γ(r + 1 − δ − m)
zr−1.

If the subordination (29) holds true, then an analytic function w with w(0) = 0
and | w(z) |< 1 such that

1 −
∞∑

n=2

Γ(2 − δ − m) (n − m)m+1Φ(n)anz
n−1
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= 1 − 1 − γ

ξr(α1, q, s : k, γ, λ)

Γ(2 − δ − m) Γ(r + 1)

Γ(r + 1 − δ − m)
{w(z)}r−1.

By the condition of the theorem, we define the function w by

{w(z)}r−1 =
ξr(α1, q, s : k, γ, λ)

1 − γ

Γ(r + 1 − δ −m)

Γ(r + 1)

∞∑
n=2

(n − m)m+1Φ(n)anzn−1

which readily yields w(0) = 0. For such a function w, we have

| w(z) |r−1 ≤ ξr(α1, q, s : k, γ, λ)
1 − γ

Γ(r + 1 − δ − m)
Γ(r + 1)

∞∑
n=2

(n − m)m+1Φ(n)an | z |n−1

≤| z | ξr(α1, q, s : k, γ, λ)
1 − γ

Γ(r + 1 − δ − m)
Γ(r + 1)

Φ(2)
∞∑

n=2

(n − m)m+1an

=| z | ξr(α1, q, s : k, γ, λ)
1 − γ

Γ(r + 1 − δ − m)
Γ(r + 1)

Γ(2 − m)
Γ(3 − m − δ)

∞∑
n=2

(n − m)m+1an

=| z |< 1

by means of the hypothesis of the theorem. This means that the subordination
(29) holds true, therefore the theorem is proved.

References

[1] E. Aqlan, J. M. Jahangiri and S. R. Kulkarni, New classes of k-uniformly
convex and starlike functions, Tamkang J. Math. 35 (2004), no. 3, 261–
266.

[2] R. Bharati, R. Parvatham and A. Swaminathan, On subclasses of uni-
formly convex functions and corresponding class of starlike functions,
Tamkang J. Math. 28 (1997), no. 1, 17–32.

[3] B. C. Carlson and D. B. Shaffer, Starlike and prestarlike hypergeometric
functions, SIAM J. Math. Anal. 15 (1984), no. 4, 737–745.

[4] P. L. Duren, Univalent functions, Springer, New York, 1983.

[5] B.A.Frasin, Subclasses Of Analytic Functions Defined by Carlson - shaffer
Linear Operator, Tamsui Oxford Journal OF Mathematical Sciences, 23
(2) (2007), 219–233.

[6] A. W. Goodman, Univalent functions. Vol. I, II, Mariner, Tampa, FL,
1983.



Subclasses of analytic functions 627

[7] A. W. Goodman, On uniformly convex functions, Ann. Polon. Math. 56
(1991), no. 1, 87–92.

[8] A. W. Goodman, On uniformly starlike functions, J. Math. Anal. Appl.
155 (1991), no. 2, 364–370.

[9] Yu. E. Hohlov, Operators and operations in the class of univalent func-
tions, Izv. Vyss. Ucebn. Zaved. Matematika, 10(1978), 83-89.

[10] S. Kanas and H. M. Srivastava, Linear operators associated with k-
uniformly convex functions, Integral Transform. Spec. Funct. 9 (2000),
no. 2, 121–132.

[11] J. E. Littlewood, ”On inequalities in the theory of functions,” Proceedings
of the London Mathematical Society, vol. 23, no. 1, pp. 481?519, 1925.

[12] S. Owa, On the distortion theorems. I, Kyungpook Math. J. 18 (1978),
no. 1, 53–59.

[13] F. Rønning, Uniformly convex functions and a corresponding class of star-
like functions, Proc. Amer. Math. Soc. 118 (1993), no. 1, 189–196.

[14] F. Rønning, On starlike functions associated with parabolic regions, Ann.
Univ. Mariae Curie-Sk�lodowska Sect. A 45 (1991), 117–122 (1992).

[15] S. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math.
Soc. 49 (1975), 109–115.

[16] H. Silverman, Univalent functions with negative coefficients, Proc. Amer.
Math. Soc. 51 (1975), 109–116.

[17] H. M. Srivastava and S. Owa, Eds., Univalent functions, fractional calcu-
lus, and their applications, Horwood, Chichester, 1989.

Received: November 21, 2007


