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Abstract

This paper introduces a new class of analytic functions with nega-
tive coefficients defined using a family of linear operators. Necessary
and sufficient conditions, coefficient estimates, distortion bounds and
radius of convexity are determined. Also integral means inequalities are
obtained for fractional derivatives of order m + 4.
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1 Introduction, Definitions And Preliminaries
Let A be the class of analytic functions f(z) = 2+ >"7, a,2" defined on the
open unit disc i = {z :| z |< 1}. Let S denote the subclass of A consisting

of functions that are univalent in /. The Hadamard product of two functions
f(z) =2+ sanz"and g(z) =z + >, b,2" in A is given by

(fxg)(2) =2+ anby2" (1)
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For complex parameters o, ..., ag and 3y,..., O (6; € C\ 2, ; Z, =0, —1,
—2,...;5 =1,...,s), we define the generalized hypergeometric function
Fslar, ..., ag B, ..., Bs;2) by
S ()n .- (ag)n 2"
FSO‘170527"'705;B17527"'7BS;Z: -
o5 ? ) ; (Bi)n -+ (Bs)n n!

(¢ <s+1;q,s e No=NU{0}; z €U),

where N denotes the set of positive integers and (x)j is the Pochhammer
symbol defined, in terms of the Gamma function I'; by

ACE2O N ifk=0
T T Nal@+D)@+2) ... (@+k—1)  ifke N={L2,...}
Corresponding to a function h(as, ..., ag; Bi, ..., Bs; 2) defined by
h(on, ..., ag By ..., Bs;2) ==z Fs(an, ag, ..., ag B, Ba, - .., Bs; 2),

(2)
Dziok and Srivastava considered a linear operator
H(o, ooy ag 61, .00y Bs2) @ A— A

defined by Hadamard product (or convolution):

H(ar, ..., aq B, ..y Bs;2)f(2) == hlaa, ..., ag By ..., Bs; 2) % f(2).

The linear operator H(aq, ..., ag; B1, ..., Bs;2)f(2) includes (as its special
cases) various other linear operators which were introduced and studied by
Hohlov [9], Carlson and Shaffer [3], Ruscheweyh [15] and so on.

Corresponding to the function h(aq, ..., ag; B1, ..., Bs; 2) defined by (2),
we define a function hy, ,(ov1, ..., ag; B, ..., Os; 2) given by
(4 p)”
TR 0y, g By e B 3
Z+; (,U‘i‘ 1)pz * mp(Oél: y Qg Bla 7B Z) ( )

=h(ar, ..., aq B, ..., Bs 2).



Subclasses of analytic functions 617

Analogous to H(ov, ..., ag; b1, ..., Bs 2), Selvaraj et. al. considered a linear
operator Gh(ay, ..., ag; Bi, ..., Bs;2) on A as follows:

Ghlay, ..., ag Bi, ooy B 2) f(2) = huplan, oo ag By oo, Bs; 2) * f(2)
(4)

(&iaﬂj EC\Z&,Z: 17"'7q;j = 1,...,8;/17&—1;}96,/\[0:
{0,1,3,...}).

For convenience, we write

g£7q75(041) = gﬁ(&la sy Ol Bla SIS BS;Z>' (5)
It can be easily verified from the definition of (4) that

2G0T () f(2) = (u+1)G8 , J(an) f(2) —pGhTl (aa)f(z)  (6)

and

Z(gﬁq,s(&l)f(z))/ = &1g£,q,s(&1 + 1)f(2) - (041 - 1)gﬁ,q,s(&1)f(z)' (7)

To provide a unified approach to the study of various properties of the
certain subclasses of A, we now introduce the most generalized subclass of A
by using the operator (4).

Definition 1.1 For any non-zero complexr number A\, 0 <~y <1 and k > 0,
a function f € A is said to be in I(a1,q,s: k,v,\) if and only if it satisfies
the condition

AGL, (4 DFG) AGE (o + 1) f(2)
’ﬁe{ Glonlon i) ”}”' Gl o (D] )

The family Z(a1,q,s : k,v,A) is of special interest for it contains many well-
known as well as many new classes of analytic univalent functions. For A = a3
and for appropriate choices of the parameters Z(aq,q,s : k,7, ) reduces to
L(a,c; o, 3)[5]. We note that the family S*(«) of starlike function of order
a(0 < a < 1)[4, 6], the family C(«) of convex function of order o (0 < o <
1)[4, 6], k—UCV(a)[2], k—UST(«) and many other well known subclasses of
S (see also the work of Kanas and Srivastava [10], Goodman [7, 8] and Rgnning
[13, 14]) are the special cases of Z(a1,q,s: k,7, \).

Further we define Zr(aq,q,s : k,v,A) = Z(ou,q,s : k,v,\) NT, where T
is the subclass of S consisting of functions of the form

— A+ (8)

f(z):z—Zanz”, a, >0, VYn>2 9)
n=2

was introduced and studied by Silverman [16].

In this paper we provide necessary and sufficient conditions, coefficient
bounds, extreme points, radius of convexity, starlikeness and close-to-convexity,
closure theorem for functions in Zr(aq,q, s : k,7, \).
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2 Characterization

We employ the technique adapted by Aqlan et al. [1] to find the coefficient
estimates for our class.

Theorem 2.1 f(2) € Zr(a1,q,s: k,v, ) if and only if

Z ()\(1 +Ek)(oq + 1)1 + [(1 —7) = A1+ /f)} (Od1)n—1) U(n)a, < (1—7)
"~ (10)
where ¥(n) = (ot DP(0)not - () . This result is sharp.

(n+ )P (B1)n- (ﬁs)n

Proof.By definition f(2) € Zr(a1,q, s : k,7,A) if and only if the condition (8)
is satisfied. Upon the fact that

Reldw — (A= 1)} =k | MNw—1) |+

= Re{(Mv—(AN=1))1+ke’)—ke’} >y —7m<0<T.
Equation (8) can be written as

(G-

- (A= 1)) (1 + ke') — kew} >y
or equivalently

()\g“ 7 Joa +F 1) f(z) — (A — 1)gﬁ’qu(a1)f(z))(1 + kew)
" Gh oo (2)

_kezﬂgﬁ q, s( )f(Z)
Gliva,s(1) f(2)

} >, (11)
Now we let A(z) =

()\gﬁ q, S(Oél + 1)f(2) - ()\ - 1)g£,q,s(a1)f(z))(1 + kéﬂ) kelagﬁ q, s( )f(Z)

and let B(z) =Gr (1) f(2).
Then (11) is equivalent to | A(z) + (1 —v)B(z) |>| A(2) — (1 +7v)B(z) | for
0 <~ < 1. For A(z) and B(z) as above, we have | A(z) + (1 —~)B(z) |

I
:‘(2—7)2— 3 ()\(a1+1)n_1+[(2— - )qf

n=2
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ke’BZ( (a1 + Doy — (a)ne 1])\11(n) 1n2"

2(2-7)1z]

— Z ( 1+ k)(ag + 1)1 + [(2 —7) = A1+ /f)} (041)n_1)\11(n) an | 2",

and similarly
| A(z) = (1+7)B(2) |

<7vl|z]| +Z ()\(1 + k) (a1 + Dot + [—7 = AL+ k)] (al)n_1)\11(n) an | 2 |".

Therefore, | A(z) + (1 —v)B(2) | — | A(z) = (1 +v)B(2) |
=221 =7)|z|

) 22 (A(l + k)1 + Dot + [(L=7) = A1+ k)] (al)n_l) V(n)ay | 2 "> 0,

or

o0

> (m B a1+ Dt + [(1—7) = AL+ K) (oq)n_l) U(n)an < (1)
n=2

which yields (10).

On the other hand, we must have

el (Ve

Upon choosing the values of z on the positive real axis where 0 <| z |= 7 < 1,
the above inequality reduces to

(1= =30 (Mar+ Dy + [(1 =) = A (@1)n1) ¥ (n) anr™!
‘ﬁe{ 1 =307 (@)1¥(n) ayrm?

—(A—l))(1+kei9)—kei9}>”y —m<0 <.

—ke? 307 [ Al(a1 + )ut = (@1)na] ) ¥ (n) anr™!
(1 fQ(a)lm(n)anrnl) }20-
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Since Re(—e?) > — | € |= —1, the above inequality reduces to

1-3"0 0 ()1 ¥ (n) anrn—t
Letting, » — 17, we get the desired result.
Finally, the function f(z) given by

9‘{3{(1—7)— f (A(1+k)<a1+1>n—1+[(1—”’)‘“”":)}(al)"_l)wmrn_l} > 0.

f(z)=2z— 1= 2"
(AL +E) (a1 + D)ot + [T =) = ML+ E)] (@1)n-1)T(n)

(12)

for (n > 2) is an extremal function for the assertion of Theorem (2.1).
Corollary 2.2 [If f(z) € Ir(a1,q, 5 : k,7,\), then
-9
(A(l + k) (a1 + 1)1+ [(T—7) = AL+ k)] (al)n_l) W(n)

an < (13)

FEquality being attained for the function f(z) given by (12).

Remark 2.3 For different choices of p, q, s, k, i, \, v, a1, as and 31 as
stated in Theorem (2.1) leads to necessary and sufficient condition for a func-
tion f of the form (9) to be in the classes S*(a), C(a), k—UCV (a), k—UST ()
and Lr(a,c; a, 3).

For convenience we shall henceforth denote

Gnlon, g5 kv, A) = (ML +E) (a1 + Dy + [(1 =) = AL+ &)] (al)n—l)(\lf(;%)-
14

3 Growth and Distortion Theorems

o0

Theorem 3.1 Let f € Ip(on,q,s: kv, A). If {&(ar,q,s: k,”y,A)}an is
a non-decreasing sequence, then, for | z |=r <1
|
52(0517 q,s: k,% )\)

and if {fn(al,q,s : /f,”y,)\)/n}:;2 is a non-decreasing sequence, then, for |
zl=r<1

1 —~
P < fz) IS+ r’ 15
_’ f( ) ’_ 52(0517q75: k,")/,)\) ( )

r

2(1 -9 / 2(1 —9)
1— r< z) |1+ . 16
52(a17q75: k,%)\) _’f( ) ’_ 52(a17q75: k,%)\) ( )
The results (15) and (16) are sharp for the function f(z) given by
1—
flz) =2— il 22, (17)

52(a17q7 S k,% )\)
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Proof. We only prove the right hand side inequality in (15), since the other
inequality can be justified using similar arguments. Since f € Zp(aq,q,s :
k,7, ), by Theorem (2.1),

o0

()\(1 +Ek)(oq + 1)1 + [(1 —5) = A1+ /f)} (Oé1)n—1) U(n)a, < (1—7).

n=2

Now
52(0517q7 S k,%)\) Zan = ZgQ(Qlaqa S k,%)\)@n
n=2 n=2

S an(oﬂaqa S k,")/, )‘)an
n=2

<l-v
and therefore
a, < ) 18
; 52(0417%5: k,")/,)\) ( )
Since f(2) =2z =Y 25 an2",
oo ~ - (1-9) 2
f) 1<z +12]? an |2 "< r 42y an<r+ "
’ ( >’ | ’ ’ ’ ; ’ ’ ; 52(0417q75: k,%)\)

which yields the right hand side of (15).
Also from Theorem (2.1), we have

Dk ) — -

52(041761,52 s )Znangzg’n(al,q,s: kv, Na, <1—7
n=2 n=2

Thus,

20-9)
52(0517q7 S k,% )\)

| f(2)] < 1+Znan!z !”_1§1+r2nan <1+

n=2 n=2

On the other hand,

2(1—17)
aq,4q,S: k,%)\) '

]f/(z)lzl—Znan]z]”_lz1—7"Znan21—€(
2
n=2 n=2

This completes the proof.
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4 Radii of Convexity, Starlikeness and Close-
to-Convexity

Theorem 4.1 If f € Zr(aq,q,s : k,v,\), then f is convex of order p in
| z |< R, where

= in (1= p) &alar, g5 k7, A7
R = nzg [ n(n _ ,0)(1 _ ”y) } . (19)

Proof.By a computation, we have

()] _ |- San(n — Dayt | S5, nln— Day | 2 ")
O 1—>  ,nanz"! T ol=) a2 Pt
Thus f is convex of order p if
Z man |z "< 1 (20)
n=2 1 o p

Since f € Zr(as,q,s: k,v, ), we have

Z fn(alaqa S kaﬁya)‘)an S 1. (21)
1 —v
n=2
Now, (21) holds if
fn(ala q,s: ka 7, )\)

TL—1<
T, 1#ITs

Y

1 -~
that is, if

(22)

(1 _P) fn(alaqa S k,%)\)] T

’”Sl nln— )1 —7)

which yields the desired result.

Corollary 4.2 If f € Ir(ai1,q,s : k,7v,\), then f is starlike of order p in
| z |< R, where

R = inf l(l —p) énlar,q,5 ; lm,A)] = -
il (= p)(1-7)
Corollary 4.3 If f € Ir(a1,q,8 : k,7v,\), then f is close-to-convezr of
order p in | z |[< R, where

R = inf l(l _P) fn(omq,s: k,%)\)}ﬁ'
(1—=7)

n>2

(24)
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5 Extreme points of the class Zp(ay,q,s: k,7, A)

1 —n
Theorem 5.1 Let fi(z) =z and f,(z) =z — 2",

A7) W)= g B
n=234,.... Then f € Ip(a1,q,s: k,v,A) if and only if it can be repre-
sented in the form

=" A ful2), (25)
n=1

where A, >0 and Y 7 A, = 1.
Proof. Suppose f(z) can be expressed as in (25). Then

0 1_7
= Apd 2 — =z — An 2",
; { fn(Oq,q,Si k,% ) } Z gn an, g, k P)/a)\)

Now,

- -7 fn(@17q75: k,%)\) -
An = A=1—X <1
Z Enlan, g, 81 Ky, A) 1—~ 2 '

n= n=2

Thus f € Zp(a1,q,s: kv, A).
Conversely, suppose f € Ir(ai,q,s: k,7, ), then a, <
571(0517 q,S: k,% )\)

L =7
Then f(z) = >, A fa(2). Hence the proof is complete.

1 —v
Sn(alaqas: k,%)\)’ o

o0

an,n=2,3,...,and \y =1 - A,

and therefore we set \,, =

Corollary 5.2 The extreme points of Zr(cu,q,s: k,v,\) are the functions
I —n
z) =2z and fo(2) =2z — 2".n=23,4,...
A7) P = e g B

6 Integral means inequalities for fractional deriva-
tives of Zp(ay,q,s: Kk, v, \)

Definition 6.1 [12/The fractional derivative of order X\ is defined, for a
function f, by

DY f(z) = ﬁ%/z (fo% d¢ (0<d<1), (26)

where the function f is analytic in a simply-connected region of the complex
z-plane containing the region and the multiplicity of (z — ¢)~° is removed by
requiring log(z — ¢) to be real when (z — () > 0.
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Definition 6.2 [17/Under the hypothesis of definition 6.1, the fractional

derivative of order (m + 0) is defined, for a function f, by

dm

DI f() = D3 f(2)

where 0 < d <1 andm =0,1,2,...

It follows from (26) in definition 6.1 that

Pk+1) 4

D5 k:
T Th—6+1)

0<d<1). (27)

We shall also need the following subordination theorem of Littlewood [11]
in our investigation.

Lemma 6.3 If the functions f and g are analytic in U with g(z) < f(z),
then, for 7 >0 and z = re? (0 <r < 1),

21 21
/ | g(re®) |7 db < / | f(re™) 7 df
0 0

Theorem 6.4 Let f € Ir(a1,q,s: k,7v,\) and suppose that

= 1=y T(r+1)I(EB—-m-—9)
;(n m) e 57’(0417%5: kaﬁya)‘) F(?‘—i—l _5_m) F(Q_m) (r )
for 0 <0 < 1. Also let the function f, be defined by
1—
fulz) =2 — il S =2,3.4,.... (28)

gr(&laqa S k,% )\)

If there exists an analytic function w defined by

o0

r—l_fr(@laqasi k,"y,)\)r(r_i_l_(s m
A L L(r+1) Z

n—1

m—i-lq) ) anz

['(n—m)

'n+1—0—m)
z=re? (0<r<1),

with ®(n) =

(0<d<1 ;n=23,...), then, for 7 >0 and

21 21
/ D () T do < / D™ () T df. (0<5<Li7 > 0),
0 0
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Proof.By virtue of the fractional derivative formula (27) and definition (6.2),
we have

Z1-m—o > —6—m)[(n
DZ’”“Sf(z):F—)(l—ZF(Q ) )T( +1)anz”)

2—06—m —~ In+1-56-m)
Zl—m—(s © 1
= T 5 m) (1 - RZF(Q —d—m)(n—m)m1P(n)a,z )
['(n—m)

where ®(n) =

0<d<1,n=234,. ..
Fn+1—86—m)’ - "

Since ®(n) is a decreasing function of n, we have,

['(2—m)

2T g<5<1,n=234,...
TB-m-0) = "

0 < ®(n) < B(2) =

Similarly, from (27), (28) and definition 6.1, we obtain

s B Z1—m—d B 1—x re—o6—m)I'(r+1) ,_,
Dz+fr(z)_F(2—5—m)(1 &(ar,q,8: kv, A) T(r+1—6—m) : )

To prove the theorem, we must show that for 7 > 0 and z = re? (0 < r < 1),

2T o T
/ 1- Z [(2—6—m)n—m)pa®n)a,z"""t df
0 n=2
2m _ Y T
S/ 1 1—7 r'2-o m)F(?‘—l—l)Zr_1 Jo.
0 57’(0417%5: kaﬁya)‘) F(r—l—l—é—m)
Thus, by applying Lemma 6.3, it would suffice to show that
1= T(2=0-m)(n—m)m®(n)a,z"" (29)
n=2

- 1—~ I(2—6—m)I(r—+1)
57’(0417%5: kaﬁya)‘) F(r—l—l—é—m)

<1 r=1

If the subordination (29) holds true, then an analytic function w with w(0) = 0
and | w(z) |< 1 such that

11— Z L2 —5—m)(n—m)m1®(n)a,z""
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1— I'(2—0—m)T(r+1)

== r—1
- &lan,q,s: kyy,A) T(r+1—90—m) {w(z)}.

By the condition of the theorem, we define the function w by

4 &loa,q, 81 kv, A) F(r—i—l—é m) e _—
1 _ § o
{U)(Z)} 1 — ~ T + 1 m+1 ) aAnz

n=

which readily yields w(0) = 0. For such a function w, we have

M)m1®@(n)an | 2 "7

"U)(Z) ‘r—l < gr(alafbs: k:Vv)‘)F(r+1_5_m) i(n_

1—x L(r+1) o
fr(alafbs:k777A)F(r+1_5_m) -
< —
_’ z ‘ 1 — ~y F(?“ + 1) (I)(2) nzz(n m)m—i—lan
_ 57’(0517Q78:k‘777)‘)r(r+1_5_m) F(2_m) S o
=z 11—~ T(r+1) TB-—m-—9o) HZQ(” M) mt1tn
=lz|<1

by means of the hypothesis of the theorem. This means that the subordination
(29) holds true, therefore the theorem is proved.
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