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Let H be a Hilbert space and (X, s, 1) be a measure space. For 1 < p < o0,
let LP(X,H)={f:f:X — H is measurable and / | f()][Pdp < oo}. Then
X

LP(X, H) is a Banach space under the norm,

llfl| = (/ ||f()||pd,u)% and for p = 2, L?(X, H) is a Hilbert space under
X
the inner product,

<fg>= [ <f0.90)>du

let w: X — B(H) be an operator valued measurable function. Then a
bounded linear transformation, M,, : L?(X, H) — L*(X, H) defined by (M, f)(z) =
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(w.f)(z) = w(x)(f(z)) is called a multiplication operator induced by the op-
erator valued map w.

Recently several authors have studied multiplication and weighted compo-
sition operators on different function spaces. For example, one can refer to
[1], [2], [4] and [5]. For more details see [3]. In this paper we generalize the
results of Takagi H and Yokouchi K [5]. In fact we characterize multiplication
operators induced by operator-valued measurable functions. We also obtain
some criteria for compact and Fredhlom multiplication operators induced by
operator-valued maps.

Theorem 1. Suppose 1 < p < 0o, and w : X — B(H) is an operator valued
measurable function. Then M, : LP(X, H) — LP(X, H) is a bounded operator
if and only if w € L>*(X, B(H)). Moreover, ||My|| = ||w||s-

Proof. If w € L*>*(X, B(H)), then clearly

Il = [ llw(@) f@)|Fdu()
1@ P @) Pdp(z)

< lwllZII11 - ()

which implies that M, is a bounded operator.
Conversly, suppose M,, is a bounded operator we show that w € L*(X, B(H)).
For, if this is not the case, then for every positive number J, such that the set

IN

A ={xz:||lw(z)|| > §} has a positive measure .

We can easily find a subset B of A such that 0 < u(B) < oo and such that for
every x € B there exist a unit vector e, € H such that ||w(z)e,|| > §. Taking

XBY
f =

V(B where g(z) = e,.

for all x € B. We see that,

r _— 1 p
e AU
1
G
but

Al = [ o) f@)dy
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1
> ——0"u(B
1(B) )
= o
This is true for every § > 0, which contradicts the continuity of M,,. Hence
w must be essentially bounded. We now show that ||M,|| = ||w]||~. For any
€ >0, let

E={ze X :|lw@)]l > (lwlle— e}

Suppose E has a positive measure. We can easily find a measurable subset F
of E such that 0 < pu(F) < co. Now, for every = € F| there exists e, € H such
that ||e;]| = 1 and ||w(z)e,|| > ||w(x)||co — €. Let f = xre, where e : X — H
is defined by e(z) = e,. Now

. frel
— yu(r)’ 1
(XFB)(‘/E> { O, lf.flf ¢ F,

and

Ml > (1M
[ @) f (@) du()

> Hw(mm—d

Hence ||M,|| > ||w||o — €. Since € is arbitrary so, ||M,|| > ||w]]so-
From equation (i), we have

[|Mu|| < JJwl|e

Hence || My || = ||w]|s, which completes the proof.
Theorem 2. For1 <p < oo, let M,, € C(LP(X, H)). Then M, is a compact
operator if and only if the space

E.=LP(X/w(X,e),H)={f € LP(X,H) : f(x)=0forall z & w(X,e)}

is a finite dimensional for each € > 0, where w(X,¢) = {z € X : |Jw(z)g|| >
€||gl], for every g € H}.

Proof. It is easy to see that the subspace E, is invariant under M,,. If M, is a
compact operator, then its restriction M, /FE, to E. is also compact operator.
Moreover M,,/E. : E. — E. has closed range contained in F.. Hence E. is a
finite dimensional space, since a closed subspace contained in the range of a
compact operator must be finite dimensional. This proves the direct part of
the theorem.
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To prove the converse, let E, be finite dimensional for each ¢ > 0. In
particular F1 is a finite dimensional space for each n € N. Define

B w(x)7 if x € w(X7 %)
wn(x) - { 0, ifxée w(X> %))

Then

1M, = MAE = [ l(wa(z) = w(@) £ @) Py
- /( 1y ||lw(x)f(z)|[Pdu

= <[ lr@ird
< ﬁ\\f“g

— 0 asn — oo.

Hence M,,, — M,,. But each M,,, is a finite rank operator. Therefore M,, must
be a compact as the limit of the finite rank operators is a compact operator.
Theorem 3. Let (X, s, 1) be a non-atomic measure space. Then no non-zero
multiplication operator on LP(X, H) into itself is a compact operator.

Proof. If possible, suppose w # 0 almost everywhere, then the set w(X,€) =
{r € X : |Jlw(z)g|| > €|lg]|, for all ¢ € H} has positive measure. Since
w(X, €) is a finite set, does not contain any atoms, so there exists a decreasing
sequence {E,} of subsets of w(X,e) such that 0 < p(E,) < + and the set
{xE, : n € N} spans an infinite dimensional subspace of E. and therefore F,
is infinite dimensional, which contradicts the theorem.

Theorem 4. Let (X, s, u) be a atomic measure space. Then M, is compact
if and only if for each € > 0, the set w(X,e) = {x : ||w(x)g|| > €||g]|| for all
g € H} is a finite set.

Proof. We first take M, to be a compact operator and prove that the set
w(X,e) = {z : ||lw(z)g|]| > €||g||, for all g € H} is a finite set. For, if the
set w(X, €) is an infinite set, then let {z;} be an infinite sequence of atoms in
w(X, €). For any k € N, consider

ke - Xt ()er

Then {f*} is an infinite sequence in the closed unit ball of LP(X, H). Now

1M f* = Mo Il = [ (@) @) = w@)f @)ldy

> €
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which contradicts the compactness of M,,.
Conversely, if the set

1 1
w(X,E) ={z e X :||lw()| > ﬁ} is finite .

Let w, = w/w(X,2). Then clearly M, is a finite rank operator. Moreovere,
|| My,, — My|| — 0 as n — oo. Hence M, is a compact operator.

Theorem 5. Let M, € C(LP(X,H)) and S = {x € H : w(z) # 0}. Then
M,, has closed range if and only if for every measurable subset € S, there
exists € > 0 such that ||w(z)g|| > €||g|| for u—almost all x € E and for all
ge H.

Proof. Suppose M, has closed range. If the condition is false, then for every
n € N, we can find a measurable set E,, of X with 0 < u(E,) < 1 and a vector
e, € H such that

1
lw(@)enl] < 5 llenll

without loss of generality we can assume that {F,} is a pairwise disjoint se-
quence of measurable sets. Let

o W.XE,€n
9= 2 e /aED

nll /A (En)

then

[o@ipa = 3 [ hwyed v

1 1
—|Pd
p(E n>/En’2n :

A
Mg

1

3
I

A
[M]8

A\
31

Set

n

_ Ny xmer
Fn = L aED e

Then
1Mot =glly = [ llw(@) fale) = gla)|Pdp
= L w(x Ch Pd
= 3 oy o e P

k>n
1

< ZQTHOasnﬁoo
k>n
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Hence g € ranM,,. Therefore g = M, f for some f € LP(X, H). For x € E,,, we
have g(x) = w(x) f(z) which implies that f(z) = " forallze E,

YH(E)en]|

This contradicts the fact that f € LP(X, H). Hence the condition must hold.
Conversely, if the condition is true, then

AL = [ (@) f@) Pda()
> e [ lIf(@)Pdu(a) 30

Suppose M,, f(™ — g for some sequence {f"} C LP(X, H). Clearly

M f" = Maf ™| = € [ 115" = 5" dp.
Now sequence {f"} is a Cauchy sequence in LP(X, H), where

sy ) M), fzels
f(@_{ 0, ifz &S,

Therefore, there exists f € LP(X, H) such that ||f" — f]|, — 0 as n — oo, so
that M, f* — M, [ or equivalently M, f* — M,f, so that ¢ = M, f. This
proves that M, has closed range.

Theorem 6. Let (X,s,pu) be a non-atomic measure space. Let M, €
C(L*(X,H)). Then M,, is Fredholm if and only if M, is invertible.

Proof. If M, is Fredholm, then for every measurable subset E of S, there
exists € > 0 such that ||w(z)g|| > €||g|| for all x € E. if u(X \ E) > 0, then
clearly M, has finite dimensional kernel. Keeping this in mind we take X =
E. For any g € H, ||w(z)w™(z)g|| > |[w™!(x)g|| for all x € E implies that
M1 is a bounded operator. Clearly M,,-: is the inverse of M,,. Hence M,, is
a invertible operator.

The converse part of the theorem is trivial.

Theorem 7. Let (X,s,u) be a o—finite atomic measure space. Then
M, : L*(X,H) — L*(X, H) is a Fredholm operator if and only if

(i) for every measurable subset E of supp w there exists ¢ > 0 such that
llw(x)g|| > €||g]| for all x € E and g € H.

(ii) w(z) is one-to-one for all but finitely many = € X.

Proof. Suppose M, is Fredholm. In view of closed range of M, the condition
(i) follows from Theorem 6. We shall only prove the condition (ii). To prove
this let w(xy) be not one-to-one for infinitely many z;, € X. We can easily find
gr € H such that g, € kerw(xy). Now X{z} € kerM,, for infinitely k. So that
kerM,, becomes infinite diemnsional, which is a contradiction. Hence w(x) is
injective for all but finitely many z € X.

The proof of the converse part is trivial.
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