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Abstract

In this paper, we mainly give a common fixed point theorem for
three pairs of weakly compatible mappings in M-fuzzy metric spaces
by introducing common property(E) for two pairs of mappings.
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1 Introduction

In 1992,Dhage[1 ]introduced the notion of generalized metric or D-metric
spaces and proved several fixed point theorems in it. Since D-metric space
do not possess some topological properties (see [4,5,6 ] ),recently Sedghi and
Shobe [8 ] introduced D*-metric space as a probable modification of D-metric
space and studied some topological properties which are not valid in D-metric
spaces. Based on D∗- metric concepts, they [8 ] define M-fuzzy metric space
and proved a common fixed point theorem in it.

In this paper, we prove a common fixed point theorem for six weakly
compatible mappings of which two pairs of mappings satisfy common property
(E).We also give an example to illustrate our main theorem. First we state
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some known definitions and results in M-fuzzy metric space given by Sedghi
and Shobe [ 8].

Definition 1.1 ([7]) A binary operation ∗ : [0, 1] × [0, 1] −→ [0, 1] is a
continuous t-norm if it satisfies the following conditions

(1) ∗ is associative and commutative,
(2) ∗ is continuous,
(3) a ∗ 1 = a for all a ∈ [0, 1],
(4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].

Two typical examples of continuous t-norm are a∗b = ab and a∗b = min{a, b}.
Definition 1.2 ([8]) A 3-tuple (X,M, ∗) is called a M-fuzzy metric space

if X is an arbitrary (non-empty) set, ∗ is a continuous t-norm, and M is a
fuzzy set on X3×(0,∞), satisfying the following conditions for each x, y, z, a ∈
X and t, s > 0,

(1) M(x, y, z, t) > 0,
(2) M(x, y, z, t) = 1 if and only if x = y = z,
(3) M(x, y, z, t) = M(p{x, y, z}, t),(symmetry) where p is a permutation

function,
(4) M(x, y, a, t) ∗M(a, z, z, s) ≤ M(x, y, z, t + s),
(5) M(x, y, z, .) : (0,∞) −→ [0, 1] is continuous.

Remark 1.3 ([8]) Let (X,M, ∗) be a M-fuzzy metric space. Then for
every t > 0 and for every x, y ∈ X we have M(x, x, y, t) = M(x, y, y, t).

Definition 1.4 ([8]) Let (X,M, ∗) be a M-fuzzy metric space . For t > 0,
the open ball BM(x, r, t) with center x ∈ X and radius 0 < r < 1 is defined by

BM(x, r, t) = {y ∈ X : M(x, y, y, t) > 1 − r}.
A subset A of X is called open set if for each x ∈ A there exist t > 0 and
0 < r < 1 such that BM(x, r, t) ⊆ A.

Definition 1.5 ([8]) A sequence {xn} in X converges to x if and only if
M(x, x, xn, t) −→ 1 as n −→ ∞,for each t > 0. It is called a Cauchy se-
quence if for each 0 < ε < 1 and t > 0, there exists n0 ∈ N such that
M(xn, xn, xm, t) > 1 − ε for each n, m ≥ n0. The M-fuzzy metric space
(X,M, ∗) is said to be complete if every Cauchy sequence is convergent.

Lemma 1.6 ([8]). Let (X,M, ∗) be a M-fuzzy metric space. Then
M(x, y, z, t) is nondecreasing with respect to t, for all x, y, z in X.

Lemma 1.7 ([8]). Let (X,M, ∗) be a M-fuzzy metric space. Then M is
continuous function on X3 × (0,∞).
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Definition 1.8 ([8]) Let f and g be two self maps of (X,M, ∗). Then f
and g are said to satisfy property (E), if there exists a sequence {xn} in X such
that M(fxn, u, u, t) −→ 1 and M(gxn, u, u, t) −→ 1 as n −→ ∞ for some u
in X and for every t > 0.

Liu et.al [3] defined common property(E) for two pairs of maps in a
metric space. In 1998, Jungck and Rhoades [2 ] introduced the concept of
weakly compatibility of pair of self mappings in a metric space.

Definition 1.9 ([8]) Let f and g be two self maps of (X,M, ∗).Then f and
g are said to be weakly compatible if there exists u in X with fu = gu implies
fgu = gfu.

2 Main Results

Now we give the following definition.

Definition 2.1 Let P, Q, f and g be self mappings on M-fuzzy metric space
(X,M, ∗).We say that the pairs (P, f) and (Q, g) satisfy common property(E)
if there exist sequences {xn} and {yn} in X such that M(Pxn, u, u, t) −→ 1,
M(fxn, u, u, t) −→ 1,M(Qyn, u, u, t) −→ 1 and M(gyn, u, u, t) −→ 1 as
n −→ ∞ for some u in X and for every t > 0.

Example 2.2 Let X = R and

M(x, y, z, t) =
t

t + |x − y| + |y − z| + |x − z|
for all t > 0 and x, y, z ∈ X. Let P, Q, f, g : X −→ X be defined by
Px = 2x + 1, fx = x + 2, Qx = 2x + 5 and gx = 2 − x.
Consider the sequences {xn} = {1 + 1

n
} and {yn} = {−1 + 1

n
}. Then

M(Pxn, 3, 3, t) −→ 1,M(fxn, 3, 3, t) −→ 1,M(Qyn, 3, 3, t) −→ 1 and
M(gyn, 3, 3, t) −→ 1 as n −→ ∞ for every t > 0.
Thus the pairs (P, f) and (Q, g) satisfy common property(E).

Similarly we can define common prperty(E) for three pairs of maps.

Theorem 2.3 Let P, Q, R, f, g and h be self mappings of a M-fuzzy metric
space (X,M, ∗) satisfying
(i)P (X) ⊆ g(X),Q(X) ⊆ h(X),R(X) ⊆ f(X)

and f(X) or g(X) or h(X) is a closed subspace of X,
(ii)the pairs (P, f),(Q, g) and (R, h) are weakly compatible,
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(iii)any two pairs from (P, f),(Q, g) and (R, h) satisfy common property(E)and
(iv)

M(Px,Qy, Rz, φ(t)) ≥ min

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

M(fx, gy, hz, t),M(fx, Px,Qy, t),
M(gy, Qy, Rz, t),M(hz, Rz, Px, t),
M(fx, gy, Rz, t),M(Px, gy, hz, t),
M(fx,Qy, hz, t),M(fx,Qy, Rz, t),
M(Px, gy, Rz, t),M(Px,Qy, hz, t)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

∀x, y, z ∈ X,∀t > 0,where φ : (0,∞) −→ (0,∞) is such that φ(t) < t for every
t > 0.
Then P, Q, R, f, g and h have a unique common fixed point in X.

Proof.
Suppose the pairs (P, f) and (Q, g) satisfy common property(E). Then

there exist sequences {xn} and {yn} in X such that

lim
n→∞Pxn = lim

n→∞ fxn = lim
n→∞ Qyn = lim

n→∞ gyn = α

for some α ∈ X.
Since Q(X) ⊆ h(X),there exists a sequence {zn} in X such that Qyn = hzn, ∀n.
Hence

lim
n→∞hzn = α.

Let limn→∞ Rzn = γ. Now from (iv),we have

M(Pxn, Qyn, Rzn, φ(t)) ≥ min

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

M(fxn, gyn, hzn, t),M(fxn, Pxn, Qyn, t),
M(gyn, Qyn, Rzn, t),M(hzn, Rzn, Pxn, t),
M(fxn, gyn, Rzn, t),M(Pxn, gyn, hzn, t),
M(fxn, Qyn, hzn, t),M(fxn, Qyn, Rzn, t),
M(Pxn, gyn, Rzn, t),M(Pxn, Qyn, hzn, t)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

Letting n −→ ∞, we get

M(α, α, γ, φ(t)) ≥ min

⎧⎪⎨
⎪⎩

M(α, α, α, t),M(α, α, α, t),M(α, α, γ, t),M(α, γ, α, t),
M(α, α, γ, t),M(α, α, α, t),M(α, α, α, t),M(α, α, γ, t),

M(α, α, γ, t),M(α, α, α, t)

⎫⎪⎬
⎪⎭

M(α, α, γ, φ(t)) ≥ M(α, α, γ, t)

so that γ = α. Thus limn→∞ Rzn = α.
Suppose f(X) is a closed subspace of X.Then α = fu for some u ∈ X.Now

M(Pu, Qyn, Rzn, φ(t)) ≥ min

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

M(fu, gyn, hzn, t),M(fu, Pu, Qyn, t),
M(gyn, Qyn, Rzn, t),M(hzn, Rzn, Pu, t),
M(fu, gyn, Rzn, t),M(Pu, gyn, hzn, t),
M(fu, Qyn, hzn, t),M(fu, Qyn, Rzn, t),
M(Pu, gyn, Rzn, t),M(Pu, Qyn, hzn, t)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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Letting n −→ ∞, we get

M(Pu, α, α, φ(t)) ≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(α, α, α, t),M(α, Pu, α, t),M(α, α, α, t),
M(α, α, Pu, t),M(α, α, α, t),M(Pu, α, α, t),
M(α, α, α, t),M(α, α, α, t),M(Pu, α, α, t),

M(Pu, α, α, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

M(Pu, α, α, φ(t)) ≥ M(Pu, α, α, t)

so that Pu = α.
Since the pair (P, f) is weakly compatible and Pu = fu = α,we have Pα = fα.
Since P (X) ⊆ g(X), there exists v ∈ X such that α = Pu = gv.Now we have

M(Pu, Qv,Rzn, φ(t)) ≥ min

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

M(fu, gv, hzn, t),M(fu, Pu, Qv, t),
M(gv, Qv,Rzn, t),M(hzn, Rzn, Pu, t),
M(fu, gv, Rzn, t),M(Pu, gv, hzn, t),
M(fu, Qv, hzn, t),M(fu, Qv,Rzn, t),
M(Pu, gv, Rzn, t),M(Pu, Qv, hzn, t)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

Letting n −→ ∞, we get

M(α, Qv, α, φ(t)) ≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(α, α, α, t),M(α, α, Qv, t),M(α, Qv, α, t),
M(α, α, α, t),M(α, α, α, t),M(α, α, α, t),

M(α, Qv, α, t),M(α, Qv, α, t),M(α, α, α, t),
M(α, Qv, α, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

M(α, Qv, α, φ(t)) ≥ M(α, Qv, α, t)

so that Qv = α.
Since the pair (Q, g) is weakly compatible and Qv = gv = α,we have Qα = gα.
Since Q(X) ⊆ h(X), there exists w ∈ X such that α = Qv = hw.Now we have

M(Pu, Qv,Rw, φ(t)) ≥ min

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

M(fu, gv, hw, t),M(fu, Pu, Qv, t),
M(gv, Qv,Rw, t),M(hw, Rw, Pu, t),
M(fu, gv, Rw, t),M(Pu, gv, hw, t),
M(fu, Qv, hw, t),M(fu, Qv,Rw, t),
M(Pu, gv, Rw, t),M(Pu, Qv, hw, t)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

M(α, α, Rw, φ(t)) ≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(α, α, α, t),M(α, α, α, t),M(α, α, Rw, t),
M(α, Rw, α, t),M(α, α, Rw, t),M(α, α, α, t),
M(α, α, α, t),M(α, α, α, t),M(α, α, Rw, t),

M(α, α, α, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

M(α, α, Rw, φ(t)) ≥ M(α, α, Rw, t) so that Rw = α.
Since the pair (R, h) is weakly compatible ,we have Rα = hα.
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From (iv),we have

M(Pα, α, α, φ(t)) ≥ M(Pα, Qv,Rw, φ(t))

≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(fα, gv, hw, t),M(fα, Pα, Qv, t),M(gv, Qv,Rw, t),
M(hw, Rw, Pα, t),M(fα, gv, Rw, t),M(Pα, gv, hw, t),
M(fα, Qv, hw, t),M(fα, Qv,Rw, t),M(Pα, gv, Rw, t),

M(Pα, Qv, hw, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(Pα, α, α, t),M(Pα, Pα, α, t),M(α, α, α, t),
M(α, α, Pα, t),M(α, α, α, t),M(Pα,α, α, t),
M(Pα, α, α, t),M(Pα, α, α, t),M(Pα, α, α, t),

M(Pα, α, α, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= M(Pα, α, α, t) from Remark (1.3)

so that Pα = α and hence Pα = α = fα. Now,we have

M(α, Qα, α, φ(t)) ≥ M(Pα, Qα, Rw, φ(t))

≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(fα, gα, hw, t),M(fα, Pα, Qα, t),M(gα, Qα,Rw, t),
M(hw, Rw, Pα, t),M(fα, gα, Rw, t),M(Pα, gα, hw, t),
M(fα, Qα, hw, t),M(fα, Qα, Rw, t),M(Pα, gα, Rw, t),

M(Pα, Qα, hw, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(α, Qα, α, t),M(α, α, Qα, t),M(Qα, Qα, α, t),
M(α, α, α, t),M(α, Qα, α, t),M(α, Qα, α, t),
M(α, Qα, α, t),M(α, Qα, α, t),M(α, α, α, t),

M(α, Qα, α, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= M(α, Qα, α, t) from Remark (1.3)

so that Qα = α and hence Qα = α = gα. Now we have

M(α, α, Rα, φ(t)) ≥ M(Pα, Qα, Rα, φ(t))

≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(fα, gα, hα, t),M(fα, Pα, Qα, t),M(gα,Qα, Rα, t),
M(hα, Rα, Pα, t),M(fα, gα, Rα, t),M(Pα, gα, hα, t),
M(fα, Qα, hα, t),M(fα, Qα, Rα, t),M(Pα, gα,Rα, t),

M(Pα, Qα, hα, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(α, α, Rα, t),M(α, α, α, t),M(α, α, Rα, t),
M(Rα, Rα, α, t),M(α, α, Rα, t),M(α, α, Rα, t),
M(α, α, Rα, t),M(α, α, Rα, t),M(α, α,Rα, t),

M(α, α, Rα, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= M(α, α, Rα, t) from Remark (1.3)
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so that Rα = α and hence Rα = α = hα.
Thus Pα = Qα = Rα = fα = gα = hα = α.
Suppose β 
= α is a common fixed point of P, Q, R, f, g and h.Then

M(β, α, α, φ(t)) ≥ M(Pβ, Qα, Rα, φ(t))

≥ min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(fβ, gα, hα, t),M(fβ, Pβ, Qα, t),M(gα, Qα, Rα, t),
M(hα, Rα, Pβ, t),M(fβ, gα, Rα, t),M(Pβ, gα, hα, t),
M(fβ, Qα, hα, t),M(fβ, Qα, Rα, t),M(Pβ, gα, Rα, t),

M(Pβ, Qα, hα, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= min

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M(β, α, α, t),M(β, β, α, t),M(α, α, α, t),
M(α, α, β, t),M(β, α, α, t),M(β, α, α, t),
M(β, α, α, t),M(β, α, α, t),M(β, α, α, t),

M(β, α, α, t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

= M(β, α, α, t) from Remark (1.3)

so that β = α. Thus α is the unique common fixed point of P, Q, R, f, g and
h.

Now we give an example to illustrate our Theorem 2.3.

Example 2.4 Let X = R and

M(x, y, z, t) =
t

t + |x − y| + |y − z| + |x − z|
for all t > 0 and x, y, z ∈ X. Let P, Q, R, f, g, h : X −→ X be defined by
Px = Qx = Rx = 1 and

fx =

{
1, if x ∈ [1,∞)
0, otherwise,

gx =

{
1, if x ∈ [1,∞)
1
2
, otherwise,

hx =

{
1, if x ∈ [1,∞)
1
3
, otherwise.

Define φ : (0,∞) −→ (0,∞) as φ(t) = kt, 0 < k < 1. Clearly (i) and (ii) are
satisfied.Consider the sequences {xn} = {1 + 1

n
} and {yn} = {1 + 2

n
}. Then

the pairs (P, f) and (Q, g) satisfy common prperty(E). The inequality(iv) is
satisfied since the L.H.S. of inequality(iv) is 1.Clearly 1 is the unique common
fixed point of P, Q, R, f, g and h.

Remark 2.5 Theorem 2.3 is also true if (i) and (iii) are replaced by
(i)1 f(X) , g(X) and h(X) are closed subspaces of X,
(iii)1the three pairs (P, f),(Q, g) and (R, h) satisfy common property(E).
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