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Abstract

With the motivation of avoiding the computation of the inverse of
Jacobian matrix, which is involved in Newton’s method, we consider
the use of vector divisions in solving a nonlinear system of equations
F(z) = 0. Vector divisions are applied to form the secant method
formulas. Based on that, a globally convergent hybrid algorithm for
solving the nonlinear system of equations is proposed in this paper.
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1 Introduction

Consider a nonlinear system of equations
F(z) =0 (1)

where F': R — R", F = (f1, f2,..., f»)T is well defined and has continuous
partial derivatives on an open set of R™. We use J(x) to denote the Jacobian
matrix of F, i.e.

e(x) e Gl(@)
J(z) = F'(z) = cee e (2)
N €
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The classical Newton’s method for solving the problem (1) follows the formula
Ty = — J(23) T F (23) (3)

It is well known that Newton’s method has superlinear local convergence. Al-
though the global convergence is not guaranteed, in many cases the convergence
region is much larger than predicted by local convergence theorems, and the
method converges even if the initial point is not very close to the true solution
of the system.

However, Newton’s method requires the computation of J(z)~! in each
iteration, and therefore is not benifitial in terms of computational cost.

Many variations of Newton’s method, such as quasi-Newton methods, have
been explored with the motivation of avoiding the calculation of J(z)™!. In
this paper, we consider the use of vector divisions with the secant method in
place of the Newton’s method. Based on that, we propose a globally convergent
hybrid algorithm for solving the nonlinear system (1).

2 Secant Formulas Using Vector Division

In case n = 1, the secant formula is

F(xg)

Tp41 = T — F[xk, 5131{71]
with
F(x) — Flag_
F[fk,Ik—l] = ( Z — xk( f 1).

When n > 1, xy, xx_1, F(x) and F(x,_1) are all vectors. Therefore, in order
to extend the formula (4) to the case when n > 1, we need to consider the
division of vectors.

One way to define the division of vectors is described in [11], based on the
definition of the Samelson inverse of a vector

1 a

- (5)

a ala

for any non-zero vector a € R". Definition (5) implies that

ol 21 (6)

a

It also implies that a and % are colinear.
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At least two secant formulas may be derived based on definition (5). One

formula is
- F(zy)
Thtl = Tk ™ Flap Flzp_)

Tp—Tp—1

_ F(zy)

= X — T =

L F(xy)

-k (zp—zp )T (F(ag)—F(zp_1))
(wp—wp_1)T (T —zp_1)

_ T _
= I — (xk? xk—l) (l‘k‘ ‘rk‘—l) F(Ik) (7)

(z — zp1) T (F (k) — F(28-1))

Another formula can be similarly derived as

T = 1. — F(xg) (5 — 21)
LS T T RN T Blaey) T Tk
Ty — (F(xr) = F(rp—1)"F(2s)

(Fla) — Floe ) (Flar) — Pl * ~ )

Note that formula (7) is of the form
Th1 = Tk + U

with
(JUk- - xkfl)T(xk - 951#1)
(z — 2p—1)T (F(2x) — F(25-1))

and the formula (8) can be written as

Tht1 = Tk + Vg

with
(F(2x) — F(x-1))" F ()

Vg = — T — Tp_ 10
F S T ) = Pl (Flaen) — Py ) 00
Combining them we may have a formula
Lhy1 = Tk + Sg (11)
with
S = QU + (1 - Oék;)?}k (12)

where oy, € R. Note that when oy = 1 we have s, = u;; and when o = 0 we
have s;, = vy.
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3 Selection of «;

One strategy of selecting the coefficient ay, is to choose ay to make s; a descent
direction for minimizing the square—sum

f(@) = (1/2)F(2)" F(x). (13)

If the Jacobian matrix J(z) is nonsingular, then a local minimizer of f is also
a global minimizer and thus a solution of the system (1). Hence a descent
direction for minimizing f(z) is appropriate for our purpose.

When x = xy, the steepest descent direction for minimizing f(z) is

dy = =7 f(ax) = =J ()" F(xy) (14)
We aim to choose «y, so that s%dk > (. That is

Sgdk = (akuk + (1 — Odk)’l)k)Tdk

= ap(up —vp) ' dp +vidp >0 (15)
There are three possible cases here.

—vgdk

Case 1: (up — vp)Tdy # 0. In this case, any a; > oo Tdr will make
s a descent direction for minimizing f(x). We may choose «y such that ay
T
maximizes the value of Cos|sg, dx] = ||silf|\(\j§kll;

Case 2: (up — vp)Tdp = 0 and vfd;, > 0. In this case, any value of oy will
make s; a descent direction. Indeed in this case uld;, = v{dy. Therefore we
may simply choose aj, = 1/2 to averagely combine wuy and wy;

Case 3: (up — vx)?dy = 0 and v]d, < 0. In this case, no value of oy,
will make s; a descent direction. Therefore we may use the steepest descent
direction dj in place of s, in this iteration.

4 A Globally Convergent Hybrid Algorithm

To ensure the global convergence, two additional strategies can be used. One
is to apply a line search along the direction s, to determine the ”step length”
in each iteration. The other is to insert a steepest descent direction step as a
"spacer” after every few iterations. A hybrid algorithm can then be established
as the following
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Algorithm 1

Step 0. Determine three parameters M, p, o such that M is a positive integer,
0<p<l1/2, andp<o<l1;

Step 1: (initialization) Select two points xy and x; € R";
Step 2. for k =1,2,... until termination, do the following:
2.1 compute the steepest descent direction dj, = —J(zy)T F(xy,);

2.2 if k equals a multiple of M, then insert a steepest descent direction step,
that s, let s, = dy and go to step 2.7;

2.8 compute uy, and vy using (9) and (10), respectively;

T
2.4 if (up — vp)Tdy, # 0, then choose oy, > o oyeh that oy mazimizes

(up—vg) T dy
ST
the value of Cos[sy, dy| = Hﬁkl”ﬁ—k”. Set s, = aguy + (1 — ag)vg and go to step
2.7,

2.5 if (uy, —vp)Tdy = 0 and vidy > 0, then set s = 1/2(ug + vi) and go to
step 2.7;

2.6 if (up —vp)Tdy, =0 and vldy, <0, then set s, = dj, and go to step 2.7;

2.7 take a line search along the direction s, to determine the step length
such that

flae +ysk) < flaw) — vpdy sk (16)
and

V(@ + vsk) sy > —od] si; (17)

2.8 set xpi1 = T + sk and go to next iteration.

The line search rule (16)—(17) is based on the work of Armijo [1], Gold-
stein [5]-[6], Wolfe[10], and Powell [9]. It is one of the most popular rules for
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accepting a step length along a descent direction. Other line search rules may
also be used. See [3], [4], [8], and so on.

Note that step 2.2 serves as a spacer with a steepest descent direction step.
Thus the spacer step theorem (see, for example, [7], pp 230-231) and the line
search theorem regarding the rule (16)—(17) (see [3], p29) ensure the global
convergence of the above hybrid algorithm.
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