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Abstract

In this paper the authors investigate a  subclass
UCV(a,3,7,0d,p; A) of p-valent analytic functions with negative coef-
ficients and obtain some results concerning Characterisation Theorem,
Coefficient Estimates and the Distortion Theorem. Also, we consider
application of the fractional calculus for contraction operators on Hilbert
Space.
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1 Introduction

Let UCV («, 3,7, 6, p; A) denote the class of functions of the form
f(z) =2"— Z @n+pzn+pa (Antp > 0) (1)
n=1

which are analytic and p-valent in the unit disk £ = {z : |z| < 1} and satisfy
the condition

zf"(2) zf"(2)
f(2) f(2)
0<a<1,0<p8<1,0<6<1,0<y<p, peN, |z<1

—(p—l)‘Sﬁ‘(oHrl) + -7+ (1-0)

In particular, the class was studied by various authors [6,7,8,10].

Let ‘H be a complex Hilbert Space. Let A be a contraction operator on H
and o(A) denote its spectrum. For a complex function f which is analytic in
the open neighbourhood A of o(A) in the complex plane, f(A) will denote the
operator on H defined by the usual Riesz-Dunford integral ([5], p. 568)

FA) = 5 [ FE) T - )

where [ stands for the identity operator on H, I' is a positively oriented simple
closed rectifiable contour such that the inside domain D of I' contains o(A)
and TUD C N. The limit used in defining the integral is taken in the uniform

o0 n 0
topology of operators. f(A) can also be defined by the series f(A4) = > f—(')A"

— nl
which converges in the norm topology [2].

Definition 1.1 A function f(z) of the form (1) is said to belong to the
class UCV (e, B,7,0,p; A) if f(2) is analytic and p-valent in E and satisfy the
condition

[AF(A) = (p = D) (A < Bll(a+ DAF(A) + (p =N (A + (1= 9)If (A

for0<a <1, 0<8<1, 0<vy<p, pe N and all contraction A (||A]] < 1)
with A # © (O being the zero operator on H).

If A* denote the conjugate operator of A, then ||A|| < 1 will imply that I >
A*A

ie., (I —A"A)x,x) > 0.
In this paper we propose to prove a sufficient and necessary condition, co-
efficient estimate, distortion theorem for UCV («, 3,4, p; A) and to consider
applications of the fractional calculus for operators. Such type of works were
recently carried out by various authors [4,11,12,13].
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2 MAIN RESULTS

Theorem 2.1 The p-valent analytic function f(z) = 2P — 300 apipz™t?
is in the class UCV («, 3,7, 0,p; A) for all proper contraction A with ||A]| < 1
and A # © if and only if

(e 9]

Z(nﬂ?){(n +0 =1 +pblla+)(p—1)+p—]+ 1 —=0)}any
<p{Blla+D)p-1)+p—-9]+ (1 -0} n=1 (2)

for0<a<1,0<0<1,0<0<1,0<y<pandp € N. The result is
sharp for the function

p{Blla+)(p—1)+p—7]+(1 =6} P > 1.

T s —D+pala+ Do - D +p—l+ 1 -0)

Proof.
Assume that f(z) of the form (1.1) is in the class UCV (v, 3,7, 6, p; A).
Then

IAf(A) = (p = DIl < Bll(e+ DA (A) + (0 = NS (A + 1 = )| f (A

gives

[e.o]

1
TL + p an+pAn+p

< p|ll@+ D -1 + (p - )4

(16 H APTZS gy AT

n=1

_ i(n+p)[(a+1)(n—|—p—1)+( )] p A +p

n=1
Choosing A = el (0 < e < 1) and on simplification we get,

(e 9]

> (n+p){(n+6—1)+pB[(a+1) (n+p—1)+p—9]}anpe™

n=1

<{(1=0)p+pslla+1)(p—1)+p—le’}.
Letting e — 1, we obtain

i (ntp){(n+6—1)+pB[(a+1)(n+p—1)+p—y]}tan, < p{Bl(a+1)(p—1)+(p—7)+(1-9)]}.

n=1

Conversely suppose the inequality (2) holds. Then

[AF(A) = (p =D F (Al = Bll(a+ DAF(A) + (p =)/ (A + A= 9)If (A
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- p8|la+ D=1+ (p = )A

Sy T——

=SSP+ p = D@ 1)+ (0= A

= (1= 8)[pAr = S+ pagp AT

n=1

< Yrp{@+s-1)+psla+ Dntp—1)+p—] sy

n=1

—p{Bla+ D=1 +@—)+01 -9} <0

Hence f(z) € UCV («, 3,7, 9, p; A).
Evidently, (2) is an extremal function for the class UCV («, 3,7, 0, p; A).

Corollary 2.2 If f(z) = 2P —>0° | Gnip2" P belongs to the class UCV (a, 3,7, 0,p; A)
for0<a<1,0<p5<1,0<0<1,0<y<p peN.|A|| <1, A#O,then

BPTS  (CE  Et VEt ) e ) S
(n+p){n+d—1+pflla+Dn+p—1)+ -7}
This result is sharp for the function
p{Blla+)(p—-1) +p—1]+ (1 -9)} n

IO = G+ s =D +pBlla+ Dlnrp=D+p—p° ="

Theorem 2.3 Let f(z) = 2P =300, ap4p2" P belong to UCV («v, 8,7, 6, p; A)
for0<a<1,0<p<1,0<0<1,0<y<p peN,|A| <1 A#O6.
Then

PO+ D =D+ =D+ A=} ypir )

14l = (1+p){d +pBlp(a+1) +p—1]}
o B+ D)=+ =N+ 0 =0}, 1»a
< 4 (L4+p{0 +pBpla+1) +p -1} 4
and
po1 P8+ Dp-D)+p—r]+1-6}, )
pllAll 190+ et Dtp—a JA[P < [lF/ (A
< pll AP + pP{Blla+D(p—1)+p—9]+ (1 - 5)}||A”p.

(L+p{o+pBlpla+1)+p—7)}
The result is sharp for the function
F(2) = 27 — piflla+ D(p =D +p—a]+ A =0)} 1y
(1+p){0 +pBlla+ Lp+p—11} '
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Proof.
(L+p) {0 +pBlla+ 1)p+p—]}tan,
< (n+p){(n+o-1)+pBlla+1)(n+p—1)+p—7]+(1-0)},Vn > 1.
Therefore, (1 4+ p){0 +pBl(a+1)p+p—7]} X0l tnsp

[e.o]

< S t+p{n+6-1)+pBlla+)(n+p—1)+ (p—7)] + (1 —0)}ansy

n=1

< p{Blla+-1)+@—-7)]+ 1 -4}
In view of Theorem 2.1.

$ < POl DE=1 +p=o] +(01-9)
== 14+ p) {0 +pBllat D(p—1) +p—1]}

Therefore

DAPIES

»  pBlla+)(p-1) +p—n]+01-
LF (A = [1A]] S

(1 +p{d+pslla+1)(p—1

and

D

LA A < 1AJP + il

p{Blla+1)p—1)+p—9]+(1
(I+p{d+pBlla+)(p—1)+p

Note that
n—+p

+1

P+ {0 +pBlla+D)(p-1)+@-7)]}

< (n+p){(n+i—1)+pB[(a+1)(n+p—1)+p—9l},n > 1.
Yo (n+p){0+pBlla+1)(p—1)+p =]} ansyp

[e. 9]

< Y tn+p{n+d-1)+pbllat+t)(n+p—1)+p—1l}

n=1

< p{Blla+Dp -1+ -]+ 0 -0)}
That is

S p{Ble+ Do — 1)+ (p— )] + (1 - 3)}
2 Planey < T e G- =

Thus,

o0

LFEAI = plAP = AP 32 (n + p)ans,

o Bl DD A=), 0
= 7l Groiar Vo -Drp—y
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and

piBlla+1)(p—1)+(p—7)]+ (1 - 5)}HAHP )

1 (A)] < pll AP~ + {5+pBlla+D(p—1)+p—1l}

This completes the proof.
Theorem 2.4 Let fo(z) = 2P,

) MBIV DAY

(n+p{(n+6-1)+pBlla+1)(n+p—1)+p—1l}
Then a function f(z) = 2P — 300 anipz™ P, (Anyp > 0) is in the class
UCV (e, B,7,6,p;A), for 0 < @, 8,0 < 1,0 < v <pp € N, 4] <1,
A 2 © if and only if it can be written in the form f(z) = 300 A\ ful(z), where
A >0, n=0,1,2,---and 372, A\, = 1.

Proof.
Suppose that f(z) = 272 =320 | an4,2" P isin the class UCV (a, 3,7, 0, p; A).
Then by Corollary 2.2

" p{Blla+)(p—1)+(p—7)]+(1-0)}
"=+ p){Blla+)p-1) +p—1]+ (1 -0}

Set

m+p{(n+o—1)+pBlla—1)n+p—1)+p—1]} L
p{Blla+D(p—1)+{p—7)]+(1-=9)} ) y2, ...

and A\g=1—>2, A, >0. Then f(2) = >0 A\uful(2).
Conversely suppose that

An =

flz) = i)\nfn(z), A >0, (n=0,1,2,...)
_ Zp_i)\ p{Blla+D(p—1)+p—1]+(1-9)} ntp
= {n+ o -1 +pBlla+)n+p—1)+p—nl}

Then we have,

i (n+p{n+d—1)+pBlla+1)+(n+p—1)+(p—)]}
ot p{Blla+)p—1)+{@-—7]+ (1 -0}

where

Anbln

p{Blla+(p—1)+p—1]+ (1 -9}
(n+p{n+d0—-1)+pblla+1)(n+p—1)+p—1l}
=Y A=1=-X<1

Thus in view of Theorem 2.1., f(z) € UCV («, 3,7, 6, p; A)

n —



On a subclass of multivalent analytic functions 453

3 APPLICATIONS OF THE FRACTIONAL
CALCULUS FOR OPERATORS OF OR-
DER £k

Definition 3.1 The fmctional integral operator of order k is defined by
DFf(A / AR F(tA)(1 — ) at

where k > 0 and f(z) is an analytz’c function in a simply connected region of
the z-plane containing the origin.

Definition 3.2 The fractional derivative for operator of order k is defined
by
k ].
DAf (A) =

WQ’(A), where g(z) _ /01 zlikf(tz)(l—t)ikdt, (O <k < 1)

and f(z) is an analytic function in a simply connected region of the z-plane

containing the origin.

Theorem 3.3 If a function f(z) = 2P — Y>.0° | a4 p2™ TP belongs to the class
UCV(ex,3,7,6,p; A) for 0 < o, 3,6 <1, 0 <y <p,p€EN, then

_ Fip+1) »
IDZ*F(A)]| > W+—MIIAH * — (o, 8,7,6,p)
and F(p+ 1)
_ P ,
DA f(A)] < m“flﬂ *+o(a,8,7,0,p),
where

(1 +p){d+ pBlla+ )p+(p 7)]} F(p+k+1)

for k > 0 and all invertible operators A with (AE)*AE = AE(AE)*, (¢ €
N), |A|l <1 and p(A)p(A~1) < 1, where p(A) is the spectral radius of A.

Proof. Consider the function

_ Tlp+k+1) o
R(A) = WA "D3"f(A)

e S Ttp+l) F(p+k+1)

= A T;F(n+p+k+1) L'(p+1) Gntp
T(n+p+1) Tlp+k+1)
T(n+p+k+1) T(p+1)

AP

= AP = 4,4, A"P, where t,,1, =

n=1
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and note that 0 < t,4, < 1.
Thus we obtain

o1+ p){(n+0 =1) +pblla+1)(n+p—1) + (p = 7)]Hnsp

(e 9]

< Y (n+p{n+d—1)+pBllat+1)(n+p—1)+ (=)} anty

n=1

< p{Blla+1)(p—1)+ (p—7)]+ (1L -0)}, since 0 <ty < L.

Therefore the function R(z) € UCV («, 3,7, 0, p; A).
Hence by Theorem 2.3, we have

_ T(p+1) »
IDZ*F(A)]| < mHAHkHAH +o(a, ,7,0,p)
and Pyt 1)
- p p__
IDL*F(A)] > m“AHkHAH o(a,3,7,96,p),
where
O’(Oz ﬁ ~y 5 p) _ p{ﬂKO‘ + 1)(p B 1) + (p B 7)]}F(p + 1) ||A||p+k+1

(1+p){d +pBlla+p+ @ —-)ITE+kE+1)}
since (A%)*(A%) = (A%)(A%)*, g € N and Corollary 3.8 in [3].

Theorem 3.4 Let f(z) = 2P — 30° | a4 p2" TP belong to the class
UCV(a, 3,7,0,p; A) for 0 <o, 3,6 <1,0<~y <p, pe N. Then

! T(p+1) peie PBlla+ -+ @-N+A-0)IT@+1) | pik
e e L R R e PR R S
and
IDAF(A) < s Al

p{Blla+Dp—D+p—1+1-0)}'(p+1)
{0+pBlla+D)p-D—-ET(EP+1-k)

for 0 < k <1 and all invertible operators A with

1A=+

1 1 1

(A7)"(A7) = (A7)(A7)", (¢e N), Al <1
and p(A)p(A™1) <1, where p(A) is the spectral radius of A.

Proof.
Consider the function
Fp+1—k) .
TA) = —A D% f(A
Fp+1—k) Tn+p—1) .

I'lp+1) I'n+p+1-—k)
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Then by Theorem 2.3,

o0

1T = AP = AP 320+ p)ants,

n=1

_p{Blla+ -1+ -]+ 1A -0} 4|7+
{0+polla+D)p-1)+@-7)1}

v

AP

and

g PO DO £ =) 08

IT'(A)] {0+pBlla+D)p-1)+@-}

. T(p+1—k)T(n+p—1
Note that,. if Sptp = Fngl)F()nJEer]lj—kg then 0 < s,4p < (n+p). . _
Following the lines of argument for Theorem 3.1, we get the desired esti-

maptes.
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