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Abstract

In this paper, we study the concept of weakly primary subtractive
ideals over arbitrary semirings. We extend some results of [3] to non-
commutative semirings with 1 # 0. Some properties of weakly primary
subtractive ideals over noncommutative semirings are also studied. Also
we study the weakly primary ideals over noncommutative rings.
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1 Introduction

Recently, extensive research has been done on prime and primary ideals and
submodules. Weakly prime ideals in a commutative ring with non-zero identity
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have been introduce and studied by D.D.Anderson and E.Smith in [1]. Also
weakly primary ideals in a commutative ring with non-zero identity have been
introduce and studied in [3]. The primary compactly packed modules over
commutative rings have been studied by A.Ashour in [2]. The structure of
weakly prime ideals over noncommutative semirings with non-zero identities
have been discussed by Vishnu Gupta and J.N. Chaudhari [7]. They proved
that if I is a subtractive ideal of a semiring R, then [ is weakly prime ideal
of R iff for left ideals A and B of R, 0 # AB C [ implies that A C [ or
B C I. The concept of weakly prime ideals over noncommutative rings have
been studied by Y.Hirano, E.Poon and H.Tsutsui in [8]. They investigated
the structure of rings, not necessarily commutative nor with identity, in which
all ideals are weakly prime. This paper is concerned with generalizing some
results over commutative rings to noncommutative rings.

Throughout this paper, all semirings and rings are assumed to be associative
with non-zero identities.

2 Preliminary Notes

We first recall the following definitions, see [6], [7].

Definition 2.1 [6] A non empty set R together with two associative binary
operations, called addition and multiplication (denoted by + and . respectively,)
18 called a semiring provided:

(i) Addition is a commutative operation and that the multiplication is distribu-
tive with respect to addition both from either side.

(ii) There exists 0 € R such thatr+0=0+7 =7 and r0 = 0r =0 for each
re R.

In other words, semirings are just rings without subtraction.

Definition 2.2 [7] A proper ideal I of a semiring R is called subtractive
ifa, a+be I, be R, thenbe I.

Definition 2.3 [7] A proper ideal I of a semiring R is called prime if
aRb C I wherea, be R, thenac [orbe I.

V.Gupta and Chaudhari J.N, in [7] defined the weakly prime ideal over a
semiring as follows:

Definition 2.4 [7] A proper ideal of a semiring R is called weakly prime
if0# aRbC I, wherea, be R, thenae€ [orbe I.
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Note that in the above discussion if [ is a left ideal, then we call a left prime
or a left weakly prime, similarly for right ideals. If the ideal is a left prime
ideal and a right prime ideal, then it is called a prime ideal, similarly for left
weakly prime and right weakly prime ideals.

Now we introduce the following definitions of Radical, and Nilradical :

Definition 2.5 Let R be a semiring and let I be a two sided ideal of R.
The union of all ideals B such that B" C I for some positive integer n is a
two sided ideal of R and is called the radical of I which we shall denote by
N(I).

Definition 2.6 Let R be a semiring and let I be a two sided ideal of R.
The set of all elements x € R such that x™ € I for some positive integer n is
said to be the nil — radical of I which we shall denoted by P(I).

If I is 0 in the previous definitions we use the symbols N and P for the radicals
(rad. and nil — rad.) of 0.

From the above preliminary discussion and definitions, we introduce the fol-
lowing definition:

Definition 2.7 A proper two sided ideal I of a semiring R is called right N primary
provided a, b € R with aRb C I impliesb € I ora € N(I). The ideal I
1s called left N primary provided a, b € R with aRb C I impliesa € I or
be N(I). The ideal I is said to be N primary provided it is both right and
left N primary.

If we substitute the symbol P for N in Definition 2.7, we have the definitions
of right P primary, left P primary and P primary.

Remark: It is clear that " N prime ideal” in a semiring R is "N primary”,
but the converse is not true in general (Similarly for ” P prime”).

Notice that P is not always a two sided ideal, however If R satisfies the
A.C.C. for right ideals and is P primary(R is P primary semiring provided 0
is both right and left N primary ideal.), one can easily show from the proof
of Theorem 2.2 of [5] and from [9] that P is a two sided ideal and P™ = 0 for
some positive integer n. Hence in this case P primary = N primary.

3 Main Results

Our starting point is the following definition:

Definition 3.1 A proper two sided ideal I of a semiring R is called right N weakly primary
provided a, b € R with 0 # aRb C I impliesb € I oraec N(I). The ideal
I is called left N weakly primary provided a, b € R with 0 # aRb C I
impliesa € I orb e N(I). The ideal I is called N weakly primary provided
it 1s both right and left N weakly primary.
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If in definition 3.1 we substitute the symbol P for N, we have the definitions
of right P weakly primary, left P weakly primary and P weakly primary.
Remark: (1)It is easy to see that ” N primary ideal” is ” N weakly primary”,
but the converse is not true, because 0 is always ” N weakly primary ideal”
(by definition) but not necessary ” N primary”. So "N weakly primary ideal”
does not need to be "N primary”.

(Similarly for ” P primary ideal”).

(2) It is clear that every N weakly prime ideal in a semiring R is N weakly
primary, but the converse is not true in general.

(Similarly for ” P weakly primary ideal”).

Lemma 3.2 Let I be a two sided P weakly primary subtractive ideal in a
semiring R. If I is not an P primary ideal, then I*> = {ab : a, be I} =0.

Proof:

Suppose that 2 # 0; we show that I is a P primary ideal of R. Let aRb C I
where a, b € R.If aRb # 0, thena € [ or b € P(I). So assume that
aRb=0.1f 0 # al C I, then there is an element d of I such that ad # 0.
Hence 0 # aRd = aR(d+ b) C I. Then either a € [ orm b+d € P(I).
=a€ Iorbe P(I),(because if b+d € P(I), then there exists a positive
integer n such that

(b+d)" = ZZO< Z )bk d"* € Iandsinced € I,thenb” € I. Sobe P(I)).

Therefore I ia a P primary ideal.

Now we can assume that al = 0. If Ib # 0, then there exists u € [ such that
ub# 0. Now 0# uRb=(u+a)RbC I.Soa€ [orbe P(I), and hence I
ia a P primary ideal. Thus we can assume that Ib = 0. Since I? # 0, there are
elements e, f € I such that ef # 0. Then 0 # eRf =(a+e)R(b+ f) C I,
so either a € [ or b € P(I), and hence [ is a P primary ideal.

Note: If we replace P by N in Lemma 3.2., then the lemma will be true if
we add the following condition: R is a P primary semiring and satisfies the
A.C.C. for right ideals.

Theorem 3.3 Let I be a proper two sided subtractive ideal in a semiring
R. If for ideals (left or right) A, B of R with 0 # AB C I implies A C [
or for some positive integer n, B* = {b" € R:be€ B} C I. Then I is a P
weakly primary ideal of R.

Proof:

Suppose that I be a proper two sided subtractive ideal in a semiring R and
let 0 # aRb C I where a, b € R. Then 0 # < a >< b >C [I. Hence
<a>C [or<b*>C [ for some positive integer n. Soa € [ or b* € [
for some positive integer n, implies b € P(I) and therefore I is a P weakly
primary ideal of R.
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Lemma 3.4 Let I be a two sided P weakly primary subtractive ideal in a
P primary semiring R that satisfies the A.C.C. for right ideals. Then I C P
or P C I where P is the nil-radical of 0.

Proof:

Since R is a P primary semiring that satisfies the A.C.C. for right ideals, then
P = nil — radical of zero, is a two sided ideal of R. Now if [ is a P primary
two sided ideal of R, then P C [. If I is not a P primary two sided ideal of
R, then by Lemma 3.2., I*={ab : a, be [} =0C P.SolI C P.

Following [7], we have the following notations:
Let R be a semiring, x € R and let I be a two sided ideal of R such that
re R—N(I).
We define:
(I:Rzx)={ye R:yRxC I} and

(I:z2R)={ye R:zRyC I}

They form ideals of R containing I.

Lemma 3.5 Let R be a semiring, and let I be a two sided subtractive ideal
of R. Then the following statements are equivalent:
(1) I is an N weakly primary ideal of R.
(2) If v € R— N(I), then (I : Rx) =1U(0: Rx).
(3) Ifr € R— N(I), then (I : Rx)=1 or (I : Rx)=(0: Rx).

Proof:

(1) = (2). Let y € ({ : Rz). Then yRx C I. If yRx =0, then y € (0: Rx). If
yRx # 0, then y € I. Hence (I : Rx) C IU(0 : Rz). On the other way, let
ue ITU(0: Rx). Then uRx C I. Hence u € (I : Rx).

(2) = (3). It follows directly by Lemma(6) and (7) in [7].

(3) = (1). Let yRx C I such that yRx # 0. Now (I : Rx) = I or (I :
Rx) = (0: Rx). Assume (I : Rz) = (0: Rx). Asy € (I: Rz),so yRx =0, a
contradiction. Hence (I : Rx) = I and so y € I. Therefore I is an N weakly
primary ideal of R.

Similarly the right analogues of Lemma 3.5. can be established.

Lemma 3.6 Let I be a P weakly primary subtractive ideal that is not a P
primary over a semiring R, then P(I) = P.

Proof:
Assume that [ is a P weakly primary subtractive ideal that is not a P primary
over a semiring R, then it is clear that P C P(I). Now by Lemma 3.2., [* = 0
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gives I C P, hence P(I) C P. Therefore P(I) = P.

Example(1):
Let R = Z15 and let I = {0,6}. Then [ is not an N weakly primary ideal of R
= [ is not a P primary. It is a subtractive ideal.

Example(2):
Let R = Z5 and let T = {0,3,6,9}. Then [ is a subtractive P primary ideal
of R = I is a P weakly primary ideal of R.

Example(3):
Let R = (Z7",+,.) and consider the semiring

H:{<g i) . a,b,c€ R}.

Let I be a two sided ideal of R. ThenT:{<g g) ca,by,ce I}isatwo

sided ideal of H. LetA:<(2) (1)>andB:<(1) g>beinH

(1) I =<2,3>=0# AHB C T, but A, B not in T and A, B not in N(T).
Hence T is not an N weakly primary ideal of H. It is not subtractive. Also
T? # 0, and I is an N primary.

(2) I =<2>=0# AHBC T,but A\ B¢ T and A, B¢ N(T). Hence T
is not an N weakly primary ideal of H. It is subtractive. Also 7% # 0, and
is an N primary.

Weakly Primary Ideals over Noncommutative Rings:

Now, we investigate the structure of weakly primary ideals over arbitrary rings
not necessarily commutative with 1 # 0. Let R be a ring. Since every ring is a
semiring , so the definitions of radicals (radical and nil-radical) over a semiring
are still hold over the ring R. We denote the radical of I and nil-radical of I
by N(I) and P(I) respectively where I is a two sided ideal of the ring R. If I
is 0 we use symbols N and P for the radicals of 0. Although P is not always
a two sided ideal, we shall interested in P only when it is a two sided ideal.
Now we recall the following definitions:

Definition 3.7 [4] Let R be a ring. The set of all elements x € R such
that yx + 1 is a unit of R for ally € R is a two sided ideal of R and is called
the Jacobson radical of R which is denoted by J.

From the above definition, if z € J then xy + 1 is also a unit of R for all
y € R.
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Definition 3.8 [4] A ring R is called duo provided every right ideal is a left
ideal and every left ideal is a right ideal.

One can see easily if R is a duo ring, then Rx = xR, V x € R. Hence in this
case P is a two sided ideal.
Now we introduce the following definitions.

Definition 3.9 A proper two sided ideal I of a ring R is said to be completely weakly prime
provided 0 # ab€ I,a € R,b€ R, impliesa € I orbe I.

Definition 3.10 A proper two sided ideal I of a ring R is called a right N weakly primary
provided a,b € R with 0 # ab € I impliesb€ I ora € N(I). The ideal I is
called a left N weakly primary provided a,b € R with 0 # ab € I implies
a€ [ orbe N(I). The ideal I is said to be N weakly primary provided it
1s both right and left N weakly primary.

If in definition 3.10 we substitute the symbols P and J for N we have the defini-
tions of right P weakly primary, left P weakly primary, P weakly primary,
right J weakly primary, left J weakly primary and J weakly primary.
Note that, if P is a two sided ideal, then N C P C J and it follows that:

N weakly primary = P weakly primary = J weakly primary.

Theorem 3.11 Let R be a ring. Then the following are hold:
(1) If v € R is a right unit, then x is a unit.
(2) If xy is a right unit, then both x and y are units.

Proof:

(1) Assume that zu = 1g for some u € R, then (1 —ux)u = 0, and since
0 is always a J weakly primary ideal of R, then 1 — ux € J, which implies
uxr = 1+t for some ¢ € J. Hence ux is a unit. Thus « is a unit.

(2) Follows immediately from (1).

Theorem 3.12 A two sided ideal I of a duo ring R is completely weakly
prime iff N C I and I/N is completely weakly prime ideal of R/N.

Proof:

Let @ be the natural homomorphism of R onto R/N such that if [ is any
subset of R, let I’ denote the subset I® of R/N. Thus R' = R/N. If x € N,
we have 2" = 0 € [ for some positive integer n. Hence x € [ which implies
that N C [I.If now, N C [, then R'/I' = R/I. So we conclude that [ is
completely weakly prime ideal in R iff I’ is completely weakly prime ideal in
R'.

Recall that P is not in general P a two sided ideal, however we introduce the
following definition:
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Definition 3.13 A proper two sided ideal I of a ring R is said to be right P weakly primary
provided a,b € R with 0 # ab € I impliesbe [ ora™ € I for some positive
mteger n.

In order to discuss the right P weakly primary ideals we impose the following
three conditions:

(i) P(I) is a two sided ideal where I is any right P weakly primary two sided
ideal of R.(This is true if R satisfies the A.C.C. for right ideals or if R is duo,
see [4])

(ii) P=N.

(iii) The nontrivial completely weakly prime two sided ideals of R/N are max-
imal right ideals.

Theorem 3.14 Let R be a ring satisfying the three conditions (i), (i) and
(#i) above. Then the non trivial not nil two sided ideal I is a completely weakly
prime ideal iff I is a maximal right ideal.

Proof:

Let I be a non trivial not nil completely weakly prime two sided ideal of R. If I
is completely weakly prime, then from Theorem 3.13, we have I’ is completely
weakly prime and non trivial. Hence I’ is a maximal right ideal of R’. Thus [
is a two sided ideal which is maximal right ideal by Theorem 3.13.

Theorem 3.15 Let R be a duo ring and let I be a two sided P weakly
primary ideal that is not P primary over R. Then I C J where J is the
Jacobson radical of R.

Proof:

Let x € I. We may assume that x # 0. It is sufficient to show that yz + 1 is

a unit of R for every y € R. Since [ is P weakly primary ideal that is not P

primary over R, so I? = 0. (by Lemma 3.2) = 1 =1—y%* = (1 +yx)(1 —yx)

= 1+ yz is a unit of R. (by Theorem 3.11) = z € J.
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