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Abstract 
 
      In this paper  I prove the two results that  a simple  non -associative  and not commutative  
                    (-1,1) ring R of characteristic ≠ 2,3 is flexible and  commutators lie in the nucleus. Using 
                    these it is shown that R is a simple accessible ring. 
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1. INTRODUCTION 
 

     Accessible rings were first studied by Kleinfeld [2]. (-1,1) rings are subclass of 
(γ , δ)  rings introduced by Kokoris [5]. Maneri [1]  proved that  a simple (-1,1) ring of 
characteristic ≠ 2,3 with idempotent e ≠ 0,1 is associative.  In general accessible rings are 
not   (-1,1) rings. Similarly (-1,1)   rings are also not accessible. However by assuming  
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the simplicity K.Suvarna [4] proved that a simple accessible ring is either a (-1,1) ring or 
a  commutative ring. It is of some interest what happens the converse of the theorem in 
[4].  
A (-1,1) ring R is a non-associative ring in which the following identities hold: 

  (x,y,z) + (x,z,y)   =  0                 ………..(1) 
                               (x,y,z) + (y,z,x) + (z,x,y)  = 0     ………. (2) 
for all z,y,z  in R. The associator (x,y,z) is defined by (x,y,z) = xy.z – x.yz  and the           
commutator [x,y] = xy-yx. If  there exists a positive integer n  such that na = 0 for                        
every element a of the ring R, the smallest such positive integer is called the  
characteristic of R. A non-associative ring is said to be accessible if it satisfies  
the identities  
                                (x,y,z)  + (z,x,y)  - (x,z,y) = 0    ………….(3) 
                      And    ((w,x),y,z) = 0                           ………….(4)     
       
A ring is flexible if (x,y,x) = 0 holds in that ring. Throughout this paper R denotes (-1,1)               
ring of characteristic ≠ 2,3 . K.Suvarna proved that [Lemma1 of [3]]  in a (-1,1) ring of   
characteristic ≠ 2,3 every associator commutes with every element of  R.  
 
From [3] we have    

 
  [w,(x,y,z)] = 0                       ……. ………(5) 

 
We need the following identity which holds in any ring known as Teichmuller  Identity 
(wx,y,z) – (w,xy,z) + (w,x,yz)  = w(x,y,z) + (w,x,y)z. Commute this equation 
with any element  r of R and apply (5). Now [r,(x,y,z)w] = - [r,(w,x,y)z]. 
If we put x = y in this equation, then it reduces to  
                            [r,(y,y,z)w] = 0.                          ……………..(6)        
 
 
 
2. MAIN RESULTS 
 
 Lemma1:    If R is a (-1,1) ring of char ≠ 2,3 , then T = {t € R/[t,R]= 0 = [tR,R]} 

          is an ideal of R.   
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 Proof:   By substituting x = t in (5), we get [(t,y,z),w] = 0. From this equation it follows               
that (ty,z,w) = 0. Thus ty € T and so T is a right ideal. However yt = ty. Thus T is a two              
sided ideal of R. 

 
Lemma 2:  A simple not associative and not commutative (-1,1) ring R of char ≠ 2,3  is  

           flexible . 
Proof:  From  equations (5) and (6) all (y,y,z) are in the ideal T. 
Since R is simple and T is an ideal of R. then either T = R or T = 0. 
If T = R, then Ris commutative. Since R is not commutative, we must have T = 0.   
Then (y,y,z) = 0. This implies R is left alternative. Put x= y in (1) , we get the flexible 
identity in R as 
                      (y,z,y) = 0 .                                             ……………..(7)  
 
Consider the following identities which hold in arbitrary rings. 
      [xy,y]  =  [x,y]y + (y,x,y )                                     ……………   (8) 
   [xy,z] = x[y,z] + [x,z]y + (x,y,z) + (z,x,y) – (x,z,y). 
  In (-1,1) ring this equation becomes 
      [xy,z] = x[y,z] + [x,z]y – (y,z,x)  + (x,y,z)                 …………  (9) 
      (wx,y,z) – (w,xy,z) + (w,x,yz) = w(x,y,z) + (w,x,y)z   ……….   (10) 
Replace w by an arbitrary commutator [R,R] in (5) 
                [[R,R],(x,y,z)]  =  0                               ………………...  (11) 
       Again replace w by an arbitrary associator (R,R,R) in (5 ) 
                   [(R,R,R),(x,y,z)]  =  0                         ………………… (12) 
 
Define   K  = {k € R ⁄ [k,(R,R,R)] = 0 = [kR,(R,R,R)] }  
 
Lemma 3:  If R is a (-1,1) ring of char ≠ 2,3 , then K is an ideal of R.  
 
Proof :  Let  k € K. Then it follows from the definition of K that [kx,(R,R,R)]  = 0. 
Use  of (11) shows  that  [xk,(R,R,R)] = 0. Since kx.y = (k,x,y) + k.xy. Commute this  
equation (R,R,R) and use equation (12) and the definition of K. Thus [kx.y,(R,R,R)] = 0,  
which proves that K is a right ideal of R. Now xk.y = [xk,y] – (y,x,k) + [yx,k] +k.yx.  
 
Commute this equation with (R,R,R)  and using (11) , (12) and the definition of K shows 
that  [xk.y,(RRR)] = 0. Thus xk € K, then K is a left ideal and hence K is an ideal of R. 
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Lemma 4: If R is a non associative  (-1,1) ring of char ≠ 2,3, then  (x,y,(R,R)) = 0. 
 
Proof : Since R is simple then either K = R or  K = 0. If K = R satisfies (5). But R is not  
associative. Thus  we are left with possibility that K = 0. Let u be an arbitrary associator . 
Commute (8) with with u. Then use equations (11) and (12), obtaining 
     [[x,y]y,(R,R,R)]  =  0                                ………..    (13) 
    Linearize  (13) we get 
     [[x,y]z,(R,R,R)]   =  - [[x,z]y,(R,R,R)]   ………….   (14) 
    Substitute z = (a,b,c) an arbitrary associator in (14) and from (5) we have 
      [[x,y] (a,b,c),(R,R,R)]  =  0.    …………………         (15) 
    It follows from (15) and (11) that  
     [(a,b,c)[x,y],(R,R,R)]  =  0.     ………………….        (16) 
          Put z = [R,R] an arbitrary commutator in (10)   
    (wx,y,[R,R]) – (w,xy,[R,R]) + (w,x,y[R,R]) = w(x,y,[R,R]) + (w,x,y)[R,R] 
    Commute this equation with an arbitrary assiciator and use (12) and (16). Then 
     [w(x,y,[R,R]),(R,R,R)] = 0. From (5) this can be written as 
       [(x,y,[R,R])w,(R,R,R)]  =  0.          ………….……    (17) 
     Using (12) and (17) we have (x,y,[R,R]) € K . Since K  = 0. Hence 
        (x,y,[R,R]) =  0.                             ……………….     (18) 
 
Theorem : If R is a  simple not associative and not commutative (-1,1) ring of 
 characteristic ≠ 2,3, then R is a simple accessible ring. 
 
Proof : Linearization of  (7) gives  
              (x,z,y) = - (y,z,x)                    ……………………(19) 
From (2) and (19) we get  
            (x,y,z)  + (z,x,y)  - (x,z,y) = 0             …………….(20) 
Combination of  (18) and (1) gives (x,[R,R],y) = 0. Apply this equation and (18) to 
equation (2) we have  
             ([R,R],x,y) = 0                                ………………(21) 
From equations (20) and (21) R is an accessible ring. 
Converse is proved in [4]. 
 
                             
 
 



 
Simplicity on accessible and (-1,1) rings                                                                      2381 
 
 
 
REFERENCES 
 
 
[1] C. Maneri, Simple (-1,1) rings with idempotent, Proc.Amer.Math.Soc.14,110-117  
      (1963) 
[2]  E. Kleinfeld, Standard and accessible rings, Canad J.Math. 8(1956), 335-340. 
 
[3]  K. Suvarna and K. Subhashini,  A Result on Prime (-1,1) rings, Acta Ciencia 
       Indica, Vol XXVI M,No 2, (2000) 85-86.  
 
[4]  K. Suvarna and K. Subhashini,  A Result on simple accessible rings, Jnanabha,  
      Vol. 30 (2000), 61-62 
[5] L.A. Kokoris, On rings of (γ ,δ) type ,Proc.Amer.Math.Soc 9 (1958),897-904. 
 
 
Received: October, 2012 
 
 
            


