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Abstract

In this paper, an interesting improvement in the Kuk (1990) randomized response model has
been suggested. Recently, Guerriero and Sandri (2007) have shown that the family of
estimators proposed by Kuk (1990) fairs better than the Simmons’ family in terms of
efficiency and protection. The proposed improved method is shown to have more protection
and efficiency than the Kuk (1990) model while doing real surveys in practice.
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1. INTRODUCTION

The problem of estimation of proportion of a sensitive character using a randomization
device in survey sampling is well known since Warner (1965). A detailed review and
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applications of such techniques can be had from Fox and Tracy (1986). Kuk (1990)
introduced an ingenious randomized response model in which if a respondent belongs to a
sensitive group A, then he/she is instructed to use a deck of cards having ¢, proportion of

cards with the statement, “I belong to group A” and, and if the respondent belongs to non-

sensitive group A® then the respondent is requested to use a different deck of cards having
6, proportion of cards with the statement, “I do not belong to group A”. Assume 7z be the

true proportion of persons belonging to the sensitive group A. Obviously, the probability of
‘yes’ answer in the Kuk (1990) model is given by:

Ok = 1 +(1-7)0; (1.1)

Further assume a simple random with replacement sample of n respondents is selected from
the population, and n; be the number of observed “yes” answers. The number of people n
that answer "yes" is binomially distributed with parameters 6, = 6,7 + (- )8, and n. For

the Kuk (1990) model, an unbiased estimator of the population proportion 7 is given by:
~ nl/n — 92

TTkuk = ) 01 ?502 (12)
Ta-6
with variance, given by:
- Ak @— 6
V () = Q= i) (L3)
n(6, —62)

A variety of randomized response models such as the Warner (1965), Mangat (1994), Mangat
and Singh (1990) are special cases of Kuk (1990) model. Mangat (1994) model is further
improved by Gestvang and Singh (2006). Guerriero and Sandri (2007) have shown that the
family of randomized response models proposed by Kuk (1990) fairs better than the
Simmons’ family in terms of efficiency and protection. In the next section, we suggest an
interesting improvement in the Kuk (1990) model. Chaudhuri (2011) has given a decent
review on randomized response sampling.

2. PROPOSED RANDOMIZED RESPONSE MODEL

In the proposed randomized response model, each respondent selected in the sample is
provided with two decks of cards in the same way as in Kuk (1990) model. In the first deck

of cards, let 6, be the proportion of cards with the statement, “I belong to group A” and
(1- ;) be the proportion of cards with the statement, “I do not belong to group A”. In the
second deck of cards, let 6, be the proportion of cards with the statement, “I do not belong to

group A” and (1—05) be the proportion of cards with the statement, “I belong to group A”.

Up to here, it is same as the Kuk (1990) randomized response model. Now in the proposed
model, if a respondent belongs to group A, he/she is instructed to draw cards, one-by-one
using with replacement, from the first deck of cards until he/she gets the first card bearing the
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statement of his/her own status, and requested to report the total number of cards, say X,
drawn by him/her to obtain the first card of his/her own status. If a respondent belongs to

group A®, he/she is instructed to draw cards, one-by-one using with replacement, from the
second deck of cards until he/she gets the first card bearing the statement of his/her own
status, and requested to report the total number of cards, say Y , drawn by him/her to obtain
the first card of his/her own status.

Obviously X ~ G(el*) and Y ~ G(Hg), that is, X and Y follow Geometric distributions with

parameters 6, and 6, respectively, because cards are drawn based on with replacement
sampling. Let Z; be the number of cards reported by the ith respondent, then we have the
following theorem.

Theorem 2.1. An unbiased estimator of the population proportion = is given by:
6,6, x

192 3 7, -0,

7%p = n_i= , 61 7592 (21)

* *

6, -6,

Proof. Given X ~G(6;) and Y ~ G(65) , therefore, we have:

E@Z)) =2+ &0

* *

o 02

(2.2)

By taking the expected value on both sides of (2.1) and using (2.2) we have:

n *
>Zi-6; TiglE(Zi)—el

0, -6, | 05 — 6

9192 g i_’_(l—ﬂ') _ef
noidle 6 G+ (L-7)0 -6

0; ~0; 0; —0;
which proves the theorem.

Theorem 2.2. The variance of the proposed estimator 7, is given by:

rl-7) 0,2(1— 0] )+ 6,2 (1-65)(1- 1)
n n(o; - 6r)°

V(;Tp)z (2-3)

Proof. Since the responses are independent, thus we have:
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8*9* n * * _* n
172 5y z,-6, (9192)2_2V(Zi)
V(#p) =V| R | V| (2.4)
6, -6, n“(6, -61)
Now we have:
V(Zi)=EZ{) - (E(Zi)? (2.5)
Given X ~G(#;) and Y ~ G(6,) , therefore, we have
E@Z¥)=x 2_*'291 +(1-7 2_*‘32 (2.6)
o, 0>

Using (2.2) and (2.6) in (2.5), and then using it in (2.4) we have (2.3). Hence the theorem.

In the next section, we make rules about the choice of &, and 6, in the proposed randomized

response device by keeping the efficiency of the proposed estimator and the protection of
respondents as the major issues to be considered in real surveys.

3. EFFICIENCY COMPARISONS

The percent relative efficiency (RE) of the proposed model over the Kuk (1990) model is
defined as:

V (Zyuk )

RE = =
Vi(zp)

x100% (3.1)

Keep in mind that if 6, + 8, =1, then the Kuk (1990) model is same as the Warner (1965)
model, and if 6, =1 and 0<§¢, <1, then the Kuk (1990) model is same at the Mangat
(1994) model. Now in the Kuk (1990) model, the choice of ¢, and 6, is such that the
difference |, — 6| should be maximum to reduce the variance of the estimator 7 in (1.2)
by keeping the respondents’ cooperation in mind. The RE value is free from the sample size.
In an investigation, we decided to keep 6, =0.7 and 6, =0.2 which could be considered as a
good choice of randomization device parameters in the Kuk’s model by keeping the
respondents’ cooperation in mind and maximum difference between ¢; and 6,. We searched
for choice of @, and @, for different values of z such that the percent relative efficiency
value remains higher than 100%. The results so obtained are presented in Table 3.1.
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Table 3.1. The values of 6, 6, and RE values for ¢, =0.7, 6, =0.2 and 0.1<7<0.9.
|6 |6 RE| 7 | 6 | 62 RE| 7 | 6 | 62 RE| 7 | 6 | 62 RE

01 01 03 1667 0.2 05 09 1062 05 08 0.1 1179 08 05 02 122.7
0.4 2419 03 0.1 04 1235 0.2 101.8 06 0.1 2222
0.5 289.9 0.5 139.2 09 0.1 120.7 0.6 0.2 160.0
0.6 320.5 0.6 149.2 0.2 108.2 0.7 0.1 2332
0.7 340.9 0.7 1560 0.6 0.1 0.7 102.2 0.2 187.5
0.8 355.1 0.8 160.9 0.8 105.6 03 1326
0.9 365.3 0.9 164.6 0.9 108.2 0.8 0.1 241.0

02 05 146.4 02 06 111.0 0.4 0.1 108.7 0.2 207.7
0.6 208.3 0.7 127.5 0.5 121.8 03 166.7
0.7 258.6 0.8 139.5 0.6 130.2 0.4 120.0
0.8 297.4 0.9 148.6 0.7 136.1 09 0.1 246.8
0.9 326.7 03 0.8 114.0 0.2 111.6 02 2227
03 06 102.7 0.9 130.0 0.8 0.1 140.3 0.3 193.9
0.7 164.4 0.4 0.9 108.6 0.2 121.6 0.4 160.0
0.8 2246 04 0.1 0.4 104.4 0.3 100.0 0.5 121.3
0.9 277.8 0.5 116.9 09 0.1 1436 09 0.3 0.1 2022
0.8 147.1 0.6 125.0 0.2 129.2 0.4 0.1 293.6
0.9 219.3 0.7 130.6 03 113.0 05 0.1 3517
05 0.9 155.0 0.8 134.7 0.7 03 0.1 1053 02 177.7

02 0.1 03 119.2 0.9 137.8 0.4 134.4 0.6 0.1 3889
0.4 157.5 02 0.7 107.1 0.5 151.4 0.2 252.8
0.5 180.2 0.8 116.8 0.6 162.3 03 124.7
0.6 194.4 09 124.1 0.2 120.7 0.7 0.1 413.6
0.7 204.1 03 09 1085 0.7 0.1 169.7 0.2 313.8
0.8 210.9 0.8 0.1 101.4 0.2 138.7 0.3 199.5
0.9 215.9 09 0.1 103.9 0.3 101.9 0.4 101.5

02 05 1074 05 0.1 0.5 102.2 0.8 0.1 175.1 0.8 0.1 430.8
0.6 140.0 0.6 109.3 0.2 151.8 0.2 360.8
0.7 164.1 0.7 114.2 03 124.1 0.3 2725
0.8 181.7 0.8 117.9 09 0.1 179.1 0.4 178.4
0.9 194.9 0.9 120.7 0.2 161.7 09 0.1 443.2
03 0.7 116.1 02 0.8 101.8 03 1414 0.2 396.4
0.8 145.8 0.9 108.2 0.4 118.1 0.3 337.0
0.9 169.7 05 0.1 1022 0.8 0.3 0.1 136.2 0.4 266.1
0.4 0.8 105.0 0.6 0.1 109.3 0.4 180.0 0.5 188.1
0.9 140.0 0.7 0.1 1142 0.5 205.9 0.6 112.4
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Discussion of Results: Assume the investigator expects the value of = close to 0.1, then
instead of choosing ¢, =0.7and 6, =0.2, if the investigator decides to do survey with

6, =0.1 and 6, =0.3, the relative efficiency remains 166.7%; and the relative efficiency may
be increased to 365.3% by choosing @, =0.9. Note that the interviewer does not know which
deck of cards has been used by the interviewee thus it will be hard to guess from which deck
the number of reported cards is drawn. The choice 01* =0.3 and 0; =0.7 may give better
cooperation with the respondents, but the percent relative efficiency remains 164.4%. It is
very interesting to note that the choice ¢, =0.7 and 6, =0.2 gives less efficient results.
Again assume the investigator expects the value of = close to 0.2, then instead of choosing
6, =0.7and 6, =0.2, if the investigator decides to do survey with ¢ =0.1 and 6, =0.3, the
relative efficiency remains 119.2%; and the relative efficiency may be increased to 215.9%
by choosing 6, =0.9. In the same way the rest of the results in Table 3.1 can be interpreted.
We conclude that it is always possible to make the suggested geometric distribution

randomization device estimator more efficient than the Kuk’s model.
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