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Abstract

Motivated by questions in Ramsey theory, Thomason and Wagner
described the edge colorings of complete graphs that contain no rainbow
path Pt of order t. In this paper, we consider the edge colorings of
complete bipartite graphs that contain no rainbow path Pt.
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1 Introduction

Motivated by questions in Ramsey theory, Thomason and Wagner [7] con-
sidered the edge colorings of complete graphs that contain no rainbow path Pt

of order t. They described precisely the very few edge colorings of complete
graph for t ≤ 5, whereas the situation for t ≥ 6 is qualitatively different.

Edge colorings avoiding special rainbow subgraphs have been studied widely
in generalizations of Ramsey theory. Jamison et al. [6] investigated a further
generalization of local k-Ramsey theory (see [5]) by playing off the existence
of a monochromatic copy of G against the existence of a rainbow copy of H.
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Specifically, given any two graphs G and H, let f(G,H) denote the minimum
integer n such that every edge coloring of Kn contains either a monochromatic
copy of G or a rainbow copy of H. From the canonical Ramsey theory of Erdős
and Rado [2], f(G,H) exists if and only if G is a star or H is a forest. Alon et
al. [1] investigated the function f(K1,s, Kt). For any tree T , Wagner [8] showed
that the growth of f(T, Pt) is linear in t, which solved a conjecture in [6]. It was
shown in [4] that, for any graph G of order at least 5, f(G,P4) and f(G,P5) are
equal to the ordinary 2-color and 3-color Ramsey number of G, respectively.
These results follow straightforwardly easily from the characterization of the
edge colorings in [7].

In this paper, we characterize the edge colorings avoiding rainbow path
Pt in complete bipartite graph Km,n. Eroh and Oellermann [3] introduced
the bipartite version of f(G,H). Given two bipartite graphs G and H, the
bipartite rainbow Ramsey number BRR(G,H) is the smallest integer N such
that any edge coloring of the edges of KN,N with any number of colors contains
a monochromatic copy of G or a rainbow copy of H. It was shown that
BRR(G,H) exists if and only if G is a star or H is a star forest. The value
BRR(K1,k, Pt), t ≤ 5, follows straightforwardly from our results in Section 2.

Given an edge coloring of Km,n, denote by Ei the set of edges with color i
and denote by Vi the set of vertices at which an edge of color i appears. Define
the color degree of a vertex v to be the number of different colors appearing
on its incident edges.

2 Rainbow path P5

It is clear that if Km,n contains no rainbow path P3, then the coloring must
be monochromatic. The situation with no rainbow path P4 is only slightly less
restrictive.

Theorem 2.1 Let Km,n, m,n ≥ 2, with bipartition (M,N) be edge colored so
that it contains no rainbow path P4. Then one of the following must hold:

(a). At most two colors are used.

(b). Each vertex of M or N has color degree one.

Proof. Suppose that at least three colors are used. Of course, it must contain
a vertex with color degree at least two. Let a ∈ M with color degree at least
two.

Suppose that the color degree of a is just two. But then we can deduce
that it must contain a rainbow path P4.

So the color degree of a is at least three. Since it contains no rainbow path
P4, for any vertex x ∈ M\{a} and any vertex y ∈ N , both the edges ay and
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xy have the some color. So we have that each vertex N has color degree one.

Next, we study the colorings that avoid a rainbow path P5. All these
colorings are listed in the following theorem.

Theorem 2.2 Let Km,n, n ≥ m ≥ 2, with bipartition (M,N) be edge colored
so that it contains no rainbow path P5. Then, after renumbering the colors,
one of the following must hold:

(a). At most three colors are used.
(b). Each vertex of M or N has color degree one.
(c). There is a nonempty subset A of M (or, N) such that each edge

incident to vertex of A belongs to E1 and each vertex of N (or, M) in Km,n−A
has color degree one.

(d). Color 1 is dominant, meaning that the sets Vi, i ≥ 2, are disjoint.
(e). M = {a, c}, N = {b, d, e}, E1 = {ab, ce}, E2 = {bc, ae}, E3 = {cd},

E4 = {ad}.
(f). M = {a, c}, N = {b, d, e, f}, E1 = {ab, ce}, E2 = {bc, ae}, E3 =

{cd, af}, E4 = {ad, cf}.
(g). M = {a, c, h}, N = {b, d, e}, E1 = {ab, ce, hd}, E2 = {bc, ae}, E3 =

{cd, he}, E4 = {ad, hb}.
(h). M = {a, c, h}, N = {b, d, e, f}, E1 = {ab, ce, hd}, E2 = {bc, ae, hf},

E3 = {af, cd, he}, E4 = {ad, cf, hb}.

In fact, the first four edge colorings in Theorem 2.2 contain no rainbow
cycle C4, and the last four edge colorings always contain a rainbow cycle C4.
The following three lemmas together complete the proof of Theorem 2.2.

Lemma 2.3 Let Km,n with bipartition (M,N) be edge colored so that it con-
tains neither rainbow cycle C4 nor rainbow path P5. Suppose that it contains
a rainbow path P4 = abcd, where ab ∈ E1, bc ∈ E2, cd ∈ E3. Let a ∈ M . If
there exists a vertex e ∈ N such that ce ∈ Ei for some i 6= 1, 2, 3, then there is
a nonempty subset A of M , such that each edge incident to vertex of A belongs
to E1 and each vertex of N in Km,n − A has color degree one.

Proof. Without loss of generality, assume that ce ∈ E4. Since Km,n contains
neither rainbow cycle C4 nor rainbow path P5, we have that ad, ae ∈ E1.
Furthermore, each edge incident to a has color 1. If m = 2, the result holds
clearly. So let m ≥ 3. For any vertex x ∈M\{a, c}, we have dx ∈ E1 ∪ E3. If
dx ∈ E1, then we can deduce that each edge incident to x has color 1. Denote
by A the vertices of M each edge incident to which has color 1. Clearly, a ∈ A
and c /∈ A.

If |A| = m − 1, i.e., M = A ∪ {c}, then the result holds clearly. So let
|A| < m − 1. Let x ∈ M\A\{c}. Then we have dx ∈ E3, and then bx ∈ E2
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and ex ∈ E3. Let y ∈ N\{b, d, e}. Then we can deduce that both the edges cy
and xy must have the same color.

Lemma 2.4 Let Km,n with bipartition (M,N) be edge colored with at least
four colors so that it contains neither rainbow cycle C4 nor rainbow path P5.
For any rainbow path P4 = abcd, say ab ∈ Ei2, bc ∈ Ei1, cd ∈ Ei3, any edge
incident to b or c belongs to Ei1∪Ei2∪Ei3. Then color i1 is dominant, meaning
that the sets Vj, j 6= i1, are disjoint.

Proof. Without loss of generality, let P4 = abcd be a rainbow path with
ab ∈ E2, bc ∈ E1, cd ∈ E3. Let a, c ∈ M and b, d ∈ N . Let ef be an edge
with color 4, where e ∈ M , f ∈ N . Since it contains neither rainbow cycle
C4 nor rainbow path P5, we have that e 6= a, c and f 6= b, d, and furthermore,
de ∈ E1 ∪ E3, af ∈ E1 ∪ E2, and ad ∈ E1 ∪ E2 ∪ E3.

Suppose that de ∈ E3. Since it contains any rainbow path P5, we have
af ∈ E2, and then be /∈ E3. Since any edge incident to b belongs to E1∪E2∪E3,
we have be /∈ E4. Hence be ∈ E1 ∪E2. This implies that either abed or cbed is
a rainbow path with its edges in E1 ∪E2 ∪E3. From the fact ef ∈ E4, we get
a contradiction.

So, let de ∈ E1. Since it contains neither rainbow cycle C4 nor rainbow
path P5, we have that af ∈ E1. We can deduce that ad, be, cf ∈ E1 in the
order. Furthermore, we can deduce the followings:

(1) any edge incident to a or b must has color either 1 or 2.
(2) any edge incident to c or d must has color either 1 or 3.
(3) any edge incident to e or f must has color either 1 or 4.
Suppose that the color 1 isn’t dominant, say there is a rainbow path xyz

with xy ∈ Ei, yz ∈ Ej, i, j ≥ 2. Let i, j 6= 4. Then we have that the vertex
subset {e, f, x, y, z} must contain a rainbow path P5. A contradiction.

Lemma 2.5 Let Km,n, n ≥ m ≥ 2, n ≥ 3, with bipartition (M,N) be edge
colored so that it contains a rainbow cycle C4 and contains no rainbow path
P5. Then, after renumbering the colors, one of the following must hold:

(a). M = {a, c}, N = {b, d, e}, E1 = {ab, ce}, E2 = {bc, ae}, E3 = {cd},
E4 = {ad}.

(b). M = {a, c}, N = {b, d, e, f}, E1 = {ab, ce}, E2 = {bc, ae}, E3 =
{cd, af}, E4 = {ad, cf}.

(c). M = {a, c, h}, N = {b, d, e}, E1 = {ab, ce, hd}, E2 = {bc, ae}, E3 =
{cd, he}, E4 = {ad, hb}.

(d). M = {a, c, h}, N = {b, d, e, f}, E1 = {ab, ce, hd}, E2 = {bc, ae, hf},
E3 = {af, cd, he}, E4 = {ad, cf, hb}.

Proof. We may assume that Km,n contains a rainbow cycle C4 = abcda, where
ab ∈ E1, bc ∈ E2, cd ∈ E3, ad ∈ E4. Let e ∈ N\{b, d}. Then we can deduce
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that ae ∈ E2 ∪ E3. Without loss of generality, we assume that ae ∈ E2. So,
ce ∈ E1. This implies that if m = 2 and n = 3, then (a) holds. If n ≥ 4, we
have the following claim.
Claim 1. For any vertex x ∈ N\{b, d, e}, ax ∈ E3, cx ∈ E4.

That is to say, if m = 2 and n = 4, then (a) holds. Further,ore, from Claim
1, we have
Claim 2. n ≤ 4.

Assume that m ≥ 3. Take a vertex h ∈ M\{a, c}. Then he ∈ E3 ∪ E4.
Without loss of generality, we may assume that he ∈ E3. Then we can deduce
that hd ∈ E1 and hb ∈ E4. This implies that if m = 3 and n = 3, then (c)
holds.
Claim 3. m ≤ 3.

Otherwise, take a vertex k ∈ M\{a, c, h}. Then ke ∈ E3 ∪ E4. But there
is no possible colors for the edges kb and kd.

So, we only need to consider the case m = 3 and n = 4. Take a vertex
f ∈ N\{b, d, e}. From Claim 1, we have cf ∈ E4 and af ∈ E3. Finally, we
can deduce that hf ∈ E2. That is to say, (d) holds.

From Theorem 2.2 and Lemma 2.5, we have the following corollary.

Corollary 2.6 Any edge coloring of Km,n, m,n ≥ 4, containing a rainbow
cycle C4 contains a rainbow path P5.

3 Rainbow path P6

The edge colorings of Km,n that avoid a rainbow path Pt, t ≥ 6, seems to
be more complicated. We list several properties of edge colorings that avoid a
rainbow path P6 as following. We denote by (M,N) the bipartition of Km,n.

(a). At most four colors are used.
(b). Any two vertices u, v ∈ M with color degree at least two have the

same color neighbors, i.e., for any vertex x ∈ N , the edges ux and vx have the
same color.

(c). Each vertex of M has color degree at most two and the color 1 appears
at all the vertices of color degree two in M .

(d). The vertices can be partitioned into S, V3, V4, · · ·, such that the edges
between classes Vi, i ≥ 3, are all colored 1, the edges meeting S are colored 1
or 2, and the edges within Vi, i ≥ 3, are colored 1, 2, or i.

(e). The vertices of M and N can be partitioned into M1,M2 and N1, N2,
respectively, such that (c) and (d) hold for the graphs Km,n[M1, N1] and
Km,n[M2, N2], respectively, and all the edges [M1, N2] and [M2, N1] are col-
ored 1.

(f). The vertices can be partitioned into S, V5, V6, · · ·, such that the edges
between classes are colored 1, the edges within Vi, i ≥ 5, are colored 1 or i,



460 Kaijun Wang, Huaping Wang and Lifen Li

the edges within S are colored 1, 2, 3, or 4, and each rainbow path P4 in S
contains an edge of color 1.

Though we cannnot list all the edge colorings avoiding rainbow path P6,
or even verify the properties above, we can at least present a slightly weaker
but very simple condition to avoid rainbow path P6. A natural way to avoid
long rainbow path is to avoid many vertices of large color degree in at least
one part.

Let Km,n with bipartition (M,N) be edge colored. For convenience, we say
that the part M has the property (*) if there are vertices u, v ∈M with color
degree at least 5 and 3, respectively, such that there exists a vertex x ∈ N
such that the edges ux and vx have distinct colors.

Theorem 3.1 Let Km,n with bipartition (M,N) be edge colored. If both the
parts M and N have the property (*), then it contains a rainbow path P6.

Proof. Let u1, u2, u3, u4, u5 ∈M and v1, v2, v3, v4, v5 ∈ N such that the edges
u1vi and u1vj, i 6= j, have distinct colors and the edges v1ui and v1uj, i 6= j,
have distinct colors. Denote by i the color of the edge v1ui, i = 1, 2, 3, 4, 5, and
denote by ci the color of the edge u1vi, i = 2, 3, 4, 5. Without loss of generality,
we may assume that ci 6= j for i 6= j.

If the edge uivj, i 6= j, i, j ≥ 2, has the color distinct with both i and cj,
then it is easy to see that it contains a rainbow path P6. So we assume that
the edge uivj, i 6= j, has the color i or cj.

If the edges uivj and uivk, j 6= i 6= k, i, j, k ≥ 2, have the color i and ck,
respectively, then it is easy to see that it contains a rainbow path P6. So we
assume that the edges uivj and uivk, j 6= i 6= k, i, j, k ≥ 2, have the same color
i, or the color cj and ck, respectively. If the edge uivj, i 6= j, i, j ≥ 2, has the
color i, we call that ui is of good type and vj is is of bad type.

If the vertices ui and uj, i, j ≥ 2, are of distinct types, it is to see that it
contains a rainbow path P6. So below we assume that all the vertices ui, i ≥ 2,
are of the same type and all the vertices vj, j ≥ 2, are of the same type.

Let v ∈ N be a vertex color degree at least 3 and there exists a vertex
x ∈ M such that the edges v1x and vx have distinct colors. On the other
hand, let u ∈ M be a vertex color degree at least 3 and there exists a vertex
y ∈ M such that the edges u1y and uy have distinct colors. We distinguish
the following cases.

Case 1. The edges u1v and u1v1 have distinct colors.
Without loss generality, we may assume that v = v5. If all the vertices ui,

i ≥ 2, are of bad type, then there is a vertex x ∈ M \ {u2, u3, u4} such that
the edge vx has color i 6= 1, c5. It is obvious that there are at least two colors
in both {2, 3, 4} and {c2, c3, c4} distinct with i. Without loss of generality, we
assume that i 6= 2, 3, c2.c3. Then xvu1v1u2v3 is a rainbow path P6.
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If all the vertices vj, j ≥ 2, are of bad type, from above we may assume
that u 6= ui, i ≥ 1, and the edge uv1 has the color 1.

If the edge uvj, j ≥ 2, has the color distinct with both 1 and cj, then it is
easy to see that it contains a rainbow path P6. So we assume that the edge
uvj, j ≥ 2, has the color 1 or cj.

If the edges uvj and uvk, j, k ≥ 2, have the color 1 and ck, respectively,
then it is easy to see that it contains a rainbow path P6. So we assume that
the edges uvj and uvk, j, k ≥ 2, have the same color 1, or the color cj and ck,
respectively. If the edge uvj, j ≥ 2, has the color 1, we call that u is of good
type, otherwise, of bad type.

If u is of bad type, then there is a vertex y ∈ N \ {v1, v2, · · · , v5} such that
the edges uy and u1y have distinct colors i and j, respectively. If i, j 6= 1, then
without loss of generality, we assume that i, j 6= 4, 5, c4, c5. Hence v4uyu1v1u5

is a rainbow path P6. If i = 1 or j = 1, then without loss of generality, we
assume that i, j 6= 3, 4, 5, c3, c4, c5. Hence v3uyu1v4u5 is a rainbow path P6.

If u is of good type, then there is a vertex y ∈ N \{v1, v2, · · · , v5} such that
the edge uy has the color i 6= 1. Without loss of generality, we assume that
i 6= 3, 4, 5, c3, c4, c5. Hence yuv3u1v4u5 is a rainbow path P6.

Case 2. The edges u1v and u1v1 have the same color.
Then v 6= vi, i ≥ 1. From case 1, we only need consider the case u 6= ui,

i ≥ 1. By the symmetry, we assume that all the vertices vj, j ≥ 2, are of bad
type. As shown above, it must contains a rainbow path P6.

Acknowledgements. This work was supported by Zhejiang Provincial
Natural Science Foundation (LY14A010009 and LY15A010008). The authors
are very grateful to the referees for helpful comments and suggestions.

References

[1] N. Alon, T. Jiang, Z. Miller, and D. Pritikin, Properly colored subgraphs
and rainbow subgraphs in edge-colorings with local constraints, Random
Struct. Algorithm, 23 (2003), 409-433. https://doi.org/10.1002/rsa.10102
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[4] A. Gyárfás, J. Lehel, and R. H. Schelp, Finding a monochromatic
subgraph or a rainbow path, J. Graph Theory, 54 (2007), 1-12.
https://doi.org/10.1002/jgt.20179



462 Kaijun Wang, Huaping Wang and Lifen Li
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