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Abstract

In this paper we study the global behavior of the nonnegative equilibrium points
of the difference equation

xn+1 =
axn−(2k+1)

b + cxn−2kxn−(2k+1)
, n = 0, 1, ...

where a, b, c are nonnegative parameters, initial conditions are nonnegative real

numbers and k is a natural number.
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1. INTRODUCTION

Consider the difference equation

xn+1 =
axn−(2k+1)

b+ cxn−2kxn−(2k+1)

, n = 0, 1, ... (1.1)

where the parameters a, b, c are nonnegative real numbers, k is a natural
number and the initial conditions x0, x−1, ..., x−(2k+1) are nonnegative numbers.

We study the global behavior of the nonnegative equilibrium points of the
difference equation Eq.(1.1).
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Many researchers have investigated the behavior of the solution of rational
difference equations for example: Aloqeili [5] studied the solutions, stability
character, semi-cycle behavior of the difference equation
xn+1 = xn−1

a−xn−1xn
.

Cinar [2] investigated the global asymptotic stability of all positive solutions
of the rational difference equation

xn+1 = axn−1

1+bxnxn−1
.

Karatas [6] studied the global behavior of the nonnegative equilibrium points
of the difference equation
xn+1 = Axn−2l

B+C
2k∏
i=0

xn−i

.

El-Owaidy et al. [4] studied the dynamics of the recurcive sequence
xn+1 = αxn−1

β+γxpn−2
.

Hamza et al. [1] studied the asymptotic stability of the nonnegative equi-
librium point of the difference equation
xn+1 = Axn−1

B+C
k∏

i=l

xn−2i

.

Ergin [7] describe the global behavior of the nonnegative equilibrium points
of the difference equation
xn+1 = axn−p

b+c
k∏

i=l
xn−2i

.

Elsayed [3] investigated the qualitative behavior of the solution of the dif-
ference equation

xn+1 = axn + bx2n
cxn+dxn−1

.

The following special cases can be obtained:
1. When a = 0, Eq.(1.1) reduces to the equation xn+1 = 0.
2. When b = 0, Eq.(1.1) can be reduced to the linear difference equation

yn+1 + yn−2k = β,by the change of variables xn = eyn , β = ln a
c
.

3. When c = 0, Eq.(1.1) reduces to the equation xn+1 = a
b
xn−(2k+1), which

is a linear equation.
4. When k = 0 and b = 1, Eq.(1.1) reduces to the equation xn+1 = axn−1

1+bxnxn−1
,

which was studied by Cinar in [2].

2. PRELIMINARIES

Let I be some interval of real numbers and let
f : Ik+1 → I
be a continuously differentiable function. Then for every set of initial con-

ditions x−k, x−(k+1), ..., x0 ∈ I, the difference equation

xn+1 = f (xn, xn−1, ..., xn−k) , n = 0, 1, ... (2.1)

has a unique solution {xn}∞n=−k .
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Definition 1. An equilibrium point for Eq.(2.1) is a point x ∈ I such that
x = f(x, x, ...x).

Definition 2. (i) The equilibrium point x of Eq.(2.1) is locally stable if for
every ε > 0, there exists δ > 0 such that for all x−k, x−(k−1), ..., x0 ∈ I with

|x−k − x| +
∣∣x−(k−1) − x∣∣ + ... + |x0 − x| < δ, we have |xn − x| < ε for all

n ≥ −k.
(ii) The equilibrium point x of Eq.(2.1) is locally asymptotically stable if x

is locally stable solution of Eq.(2.1) and there exists γ > 0, such that for all
x−k, x−(k−1), ..., x0 ∈ I with |x−k − x| +

∣∣x−(k−1) − x∣∣ + ... + |x0 − x| < γ, we
have lim

n→∞
xn = x.

(iii) The equilibrium point x of Eq.(2.1) is global attractor if for all
x−k, x−(k−1), ..., x0 ∈ I, we have lim

n→∞
xn = x.

(iv) The equilibrium point x of Eq.(2.1) is globally asymptotically stable if x
is locally stable, and x is also a global attractor of Eq.(2.1).

(v) The equilibrium point x of Eq.(2.1) is unstable if x is not locally stable.
The linearized equation associated with Eq.(2.1) is

yn+1 =
k∑
i=0

∂f

∂xn−i
(x, x, ..., x) yn−i, n = 0, 1, ... (2.2)

The characteristic equation associated with Eq.(2.2) is

λk+1 −
k∑
i=0

∂f

∂xn−i
(x, x, ..., x)λk−i = 0. (2.3)

Theorem 1. [8]Assume that f is a C1 function and let x be an equilibrium
point of Eq.(2.1). Then the following statements are true.

(i) If all roots of Eq.(2.3) lie in open disk |λ| < 1, then x is locally asymp-
totically stable.

(ii) If at least one root of Eq.(2.3) has absolute value greater than one, then
x is unstable.

3. DYNAMICS OF EQ.(1.1)

In this section, we investigate the dynamics of Eq.(1.1) under the assump-
tions that all parameters are positive and the initial conditions are nonnegative.

The change of variables xn =
√

b
c
yn reduces Eq.(1.1) to the difference equa-

tion

yn+1 =
βyn−(2k+1)

1 + yn−2kyn−(2k+1)

, n = 0, 1, ... (3.1)

where β = a
b
. We can see that y1 = 0 is always an equilibrium point of

Eq.(3.1). When β > 1, Eq.(3.1) also possesses the unique positive equilibrium
y2 =

√
β − 1.
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Theorem 2. The following statements are true:
(i) If β < 1, then the equilibrium point y1 = 0 of Eq.(3.1) is locally asymp-

totically stable,
(ii) If β > 1, then the equilibrium points y1 = 0 and y2 =

√
β − 1 are

unstable.

Proof. The linearized equation associated with Eq.(3.1) about y is

zn+1 +
βy2

(1 + y2)
2 zn−2k −

β

(1 + y2)
2 zn−(2k+1) = 0, n = 0, 1, ...

The characteristic equation associated with this equation is

λ2k+2 +
βy2

(1 + y2)
2λ

2k+1 − β

(1 + y2)
2 = 0.

Then the linearized equation of Eq.(3.1) about the equilibrium point y1 = 0
is

zn+1 − βzn−(2k+1) = 0, n = 0, 1, ...

The characteristic equation of Eq.(3.1) about the equilibrium point y1 = 0
is

λ2k+2 − β = 0.

So
λ = 2k+2

√
β.

In view of Theorem 1:
If β < 1, then |λ| < 1 for all roots and the equilibrium point y1 = 0 is locally

asymptotically stable.
If β > 1, it follows that the equilibrium point y1 = 0 is unstable.
The linearized equation of Eq.(3.1) about the equilibrium point y2 =

√
β − 1

becomes

zn+1 +

(
1− 1

β

)
zn−2k −

1

β
zn−(2k+1) = 0, n = 0, 1, ...

The characteristic equation of Eq.(3.1) about the equilibrium point y2 =√
β − 1 is

λ2k+2 +

(
1− 1

β

)
λk+1 − 1

β
= 0.

It is clear that this equation has a root in the interval (−∞,−1). Then the
equilibrium point y2 =

√
β − 1 is unstable.

Theorem 3. Assume that β < 1, then the equilibrium point y1 = 0 of Eq.(3.1)
is globally asymptotically stable.

�
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Proof. Let {yn}∞n=−(2k+1) be a solution of Eq.(3.1). From Theorem 2 we know

that the equilibrium point y1 = 0 of Eq.(3.1) is locally asymptotically stable.
So it is sufficed to show that

lim
n→∞

yn = 0.

Since

yn+1 =
βyn−(2k+1)

1 + yn−2kyn−(2k+1)

≤ βyn−(2k+1), n = 0, 1, ...

We obtain

yn+1 ≤ βyn−(2k+1).

Then it can be written for l = 0, 1, ...

yl(2k+2)+1 ≤ βl+1yn−(2k+1)

yl(2k+2)+2 ≤ βl+1yn−2k

...

yl(2k+2)+2k+2 ≤ βl+1y0.

If β < 1, then lim
l→∞

β(l+1) = 0

and

lim
n→∞

yn = 0.

The proof is complete. �
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