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Abstract

This article deals with traffic flow simulation in a single road via fluid
dynamics approach. The Lighthill-Whitham-Richards (LWR) model is
used to describe traffic flow in the road which is represented by density
and average speed of vehicles. Numerical approximation of the LWR
model formulated as scalar conservation laws is obtained by implement-
ing finite volume method. Several test cases are presented to simulate
propagation of rarefaction and shock wave which arise in traffic flow
phenomena. It has been shown that numerical results in term of den-
sity confirm the exact solutions. Numerical simulations of congestion
triggered by the existence of traffic light are also discussed. The simula-
tion results show that through adjusting the red and green light period,
we can control traffic flow in traffic light location.
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1 Introduction

Traffic jam in big cities such as Jakarta, Bandung, and Surabaya has become
intricate urban problem. The congestion can be induced by roads perforated,
no traffic sign, indiscipline of drivers, over capacity of roads, emergence of
illegal parking, and misapplication of sidewalks. In addition, disproportional
of the traffic light cycle in a junction also serves as cause of the congestion.
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Some government’s plans to solve traffic problems are suggestion to use public
transportation, making the rule even/odd plat numbers, building mass rapid
transit and new roads, and raising parking tax. However, all of these solutions
have not been optimally able to overcome the congestion.

A solution to solve the increasingly complex congestion is to build an intelli-
gent transportation system (ITS) [1]. The system consists of many subsystems
which are placed in every heavy traffic road. Each subsystem has sensors to
collect traffic data such as average speed and number of vehicles that pass
a certain point per unit time and send it to ITS center. These data will be
collected in a server for the simulation process. The simulation results ob-
tained should be able to adjust the cycle time of traffic lights in every road
intersection, provide an alternative path to avoid congestion, and predict when
and where congestion will occur. This work is an ongoing effort to build the
integrated intelligent transportation system with dynamics traffic assignment.

Since the beginning of the twentieth century, the researchers have begun
to think of a mathematical model that can describe the behavior of traffic in
urban areas. There have been two models developed to describe traffic flow—
i.e. microscopic or car-following model and macroscopic model. In microscopic
model, the traffic flow is described by the behavior of each single vehicle in
the road. The movement of each vehicle is represented by ordinary differential
equation where the dynamical equation depends on velocity and position of the
next vehicle [2, 3, 4]. However, the microscopic model becomes complicated
when in a road has large the number of vehicles. In macroscopic model, the
traffic flow is described by mimic the movement of vehicles with the motion
of fluid [5, 6, 7]. Here, the traffic flow is represented by density and average
speed of vehicles.

The macroscopic model was first introduced by Lighthill and Whitham [8]
in 1955 and independently by Richards [9] in 1956. The mathematical model
introduced by Lighthill-Whitham-Richards is formulated as a nonlinear partial
differential equation derived by the conservation of vehicles in a single road
and referred to as LWR model. Bretti et al. [10] are discussed two numerical
approximations to solve LWR model—i.e. classical Godunov scheme which is
based on finite volume discretization and discrete velocities scheme.

This article focuses on numerical simulation of traffic flow via fluid dy-
namics model for a single road with a traffic light. Mathematical formulation
to describe density and average speed of vehicles is given by the LWR equa-
tion. We adopt finite volume method to obtain numerical results for such
model. Further comprehensive review of finite volume method can be found
in [11, 12, 13, 14]. We examine several test cases to asses convergence of finite
volume method. Numerical simulation of traffic light with adjusting red-green
period is also discussed.
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2 Mathematical Formulation

We consider LWR model which is based on fluid dynamics approach to describe
traffic flow in a single road. This model is formulated as scalar hyperbolic
conservation laws and can be written as [8, 9]:

∂ρ

∂t
+
∂q

∂x
= 0,

ρ(x, t = 0) = ρ0(x),

(1)

where ρ ∈ [0, ρmax] is the density of vehicles at position x and time t, ρmax is
the maximum density of vehicles where vehicles are immobile, and ρ0(x) is the
initial condition of LWR equation. Furthermore, q is the number of vehicles
across a point per unit time which is also called vehicles flux. Here, we assume
that vehicles flux is a function of density which is given by

q(ρ) = ρ v, (2)

where v is the average speed of vehicles.

We assume that the vehicles will adjust the speed almost instantly depend
on the surrounding traffic condition. In other words, a driver tends to be
cautious in the high traffic density and rises the speed in the lower traffic
density. As consequence, v is a function that depends on ρ. Thus, v may be
formulated as

v(ρ) =

(
1− ρ

ρmax

)
vmax, (3)

where vmax is maximum speed which occurs when ρ tends to zero.

To construct the solution of (1), we introduce Riemann problem which is
an initial-value problem defined as

ρ0(x) =

{
ρL, for x ≤ x0
ρR, for x > x0,

(4)

where ρL and ρR are constant values and x0 is the location of the initial dis-
continuity.

3 Computational Method

We consider the finite volume method for solving LWR model in (1) with initial
condition is given by (4). At first, the computational domain with length l
is divided into M subintervals by finite volume discretization. Thus, we have
length of subinterval ∆x = l/M . Suppose subscript j + 1/2 denotes interface
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between node j and j+1 and superscript n+1/2 denotes time average of time
level between n and n + 1. Let ∆Vj is the area inside [xj−1/2, xj+1/2] which is
referred to as control volume (Figure 1).

xj-1 xj xj+1

qj-1/2

Δx

qj+1/2ρj ρj+1ρj-1

x0 xM

ΔVj

Figure 1: Finite volume discretization of ρ(x, t) with control volume ∆Vj =
[xj−1/2, xj+1/2].

Let ρnj be average of ρ(x, t) in control volume ∆Vj at time n. Now, vehicle
flux that across interface xj+1/2 can be written as

qj+1/2(t) = q
n+1/2
j+1/2 = q

(
ρ
n+1/2
j+1/2

)
, for t ∈ [tn, tn+1]. (5)

By integrating (1) over control volume [xj−1/2, xj+1/2] and time [tn, tn+1], yields∫ xj+1/2

xj−1/2

ρ(x, tn+1) dx−
∫ xj+1/2

xj−1/2

ρ(x, tn) dx =

∫ tn+1

tn

[
qj−1/2(t)− qj+1/2(t)

]
dt. (6)

By using Mean Value Theorem

ρnj ≈
1

∆x

∫ xj+1/2

xj−1/2

ρ(x, tn) dx, (7)

equation (6) can be written as

ρn+1
j = ρnj +

∆t

∆x

(
q
n+1/2
j−1/2 − q

n+1/2
j+1/2

)
, (8)

where

q
n+1/2
j+1/2 =

(
1−

ρ
n+1/2
j+1/2

ρmax

)
vmax ρ

n+1/2
j+1/2 . (9)

Here, ρ
n+1/2
j+1/2 is the solution of the Riemann problem as defined in (4):

ρ(x, tn) =

{
ρL = ρni , for x ≤ xi+1/2

ρR = ρni+1, for x > xi+1/2.
(10)

The solution of the Riemann problem in (10) can be summarized in Table 1.
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Table 1: Solution of the Riemann problem for the LWR equation [14].

Case Structure of the solution ρ
n+1/2
j+/2 =

ρnj ≥ ρnj and ρnj < ρmax/2 Rarefaction wave heading to
the right

ρnj

ρnj ≥ ρmax/2 and ρnj+1 ≤ ρmax/2 Rarefaction spreading to
both left and right

ρmax

2

ρnj ≥ ρnj+1 and ρnj+1 ≥ ρmax/2 Rarefaction wave heading to
the left

ρnj+1

ρnj < ρnj+1 and ρnj + ρnj+1 ≤ ρmax Shock wave heading to the
right

ρnj

ρnj < ρnj+1 and ρnj + ρnj+1 > ρmax Shock wave heading to the
left

ρnj+1

Since we use explicit time integral, the numerical scheme in (6) is condi-
tionally stable. The stability of the numerical solution is guaranteed by

∆t ≤ min
j=1,...,M

∆x∣∣∣∣1− ρnj
ρmax

∣∣∣∣ vmax ρnj

. (11)

4 Results and Discussion

In this section, we examine the convergence of finite volume method for solving
LWR model with the initial condition is given by Riemann problem defined in
(4). For this purpose, we need to calculate L2 norm error which is given by

‖ρ(x, t)− ρexact(x, t)‖L2 =

(∫ l

0

[ρ(x, t)− ρexact(x, t)]2 dx
)1/2

. (12)

Here, equation (12) can be solved by the well-known Trapezoidal integration
formula.

4.1 Test Case 1

The purpose of this test is to simulate propagation of shock wave triggered
by the traffic light. Let we suppose the length of computational domain is
2000 m. At x = 2000 the traffic light is installed and initially the light is red.
Further, we assume vmax = 33 m/s, ρmax = 0.25 1/m, initial vehicle density
is 0.15 1/m, and vehicle density at the lef-hand and right-hand boundary are
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0.15 1/m and 0.25 1/m respectively. Thus, we have the Riemann problem with
ρL = 0.15, ρR = 0.25, and x0 = 2000. The exact solution of this problem is
given by

ρ(x, t) =

{
ρL, if (x− x0)/t < cs
ρR, if (x− x0)/t > cs,

where cS = [q(ρL)− q(ρR)]/(ρL − ρR).

Table 2: L2 norm error and convergence rate for the Test Case 1.

M ‖ρnum − ρexact‖L2 Ratio
20 0.506639 -
40 0.362436 0.483232
80 0.267273 0.439412

160 0.184095 0.537864
320 0.137368 0.422404

The density of vehicles for Test Case 1 using finite volume method against
the exact solution is presented in Figure 2. From this figure, we can see that
a shock wave induced by red light at x = 2000 m propagates from the right-
hand boundary toward the computational domain. The L2 norm error and
convergence rate for Test Case 1 are listed in Table 2. This table shows that
the errors become smaller as the cells are refined with the convergence rates
are around 0.4 except at M = 160.

Table 3: L2 norm error for the Test Case 2.

M ‖ρnum − ρexact‖L2 Ratio
20 0.174981 -
40 0.135938 0.364249
80 0.101790 0.417353

160 0.072650 0.486561
320 0.048419 0.585390

4.2 Test Case 2

The second test case is conducted to simulate the propagation of rarefaction
wave which is induced when the density of left-hand boundary is larger than
other location inside computational domain. Here, we assume vmax = 33 m/s,
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Figure 2: Finite volume method against exact solution of Test Case 1 for
t = 20, t = 35, t = 50, and t = 80 seconds using ∆x = 20 m and ∆t = 0.5
seconds.

ρmax = 0.25 1/m, initial vehicle density is 0.02 1/m, and vehicle flux at the
left-hand boundary is qb = 1.2 1/s. From equation (2) and (3), the left-hand
boundary becomes

ρ(x = 0, t) =
ρmax

2
− 1

2

(
ρ2max − 4ρmaxqb/vmax

)1/2
.

Then, we have the Riemann problem with ρL = ρ(x = 0, t), ρR = 0.02, and
x0 = 0. The exact solution of this problem is given by

ρ(x, t) =


ρL, if (x− x0)/t < λ(ρL),

1
2
ρmax

(
1− x− x0

vmax t

)
, if λ(ρL) < (x− x0)/t < λ(ρR),

ρR, if (x− x0)/t > λ(ρR),

where λ(ρ) = (1− 2ρ/ρmax) vmax.

Figure 3 displays the density of vehicles for Test Case 2 using finite vol-
ume method against the exact solution. As can be seen from the figure, the a
rarefaction wave appears since wave celerity at the boundary is smaller than
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Figure 3: Finite volume method against exact solution of Test Case 2 for
t = 20, t = 35, t = 50, and t = 80 seconds using ∆x = 20 m and ∆t = 0.5
seconds.

wave celerity inside the computational domain. The L2 norm error and con-
vergence rate for Test Case 2 are summarized in Table 3. As expected, the
errors become smaller as the cells are refined with the convergence rates are
increasing from 0.36 to 0.58.

4.3 Traffic Light Simulation

This simulation is presented to describe the density of the vehicles in a single
road with a traffic light. Figure 4 illustrates cars queue in front of the traffic
light. Here, the computational domain is 0 ≤ x ≤ 2000 with traffic light

x = 0 m x = 1000 m x = 2000 m

Figure 4: Illustration of vehicles queue at traffic light.
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Table 4: Parameters for the traffic light simulation using LWR model.

Symbol Parameter Value
l Length of computational domain 2000 m
ρL Vehicles flux at left boundary 0.5 1/s
vmax Maximum speed 33 m/s
vR Vehicles speed at right-hand boundary non-reflective
ρ0 Initial density 0.3 1/m
ρmax Maximum density 1 1/m
∆t Time step 0.25 s
∆x Cell size 10 m

position at x = 1000. We assume that at t = 0 the light is red. Suppose
that ∆tg and ∆tr are the period of green and red light respectively. One
of the causes of congestion at the traffic light is the management of red and
green light period. In this simulation, we conduct three scenarios of green/red
period. The first scenario, we set ∆tr = 30 seconds and ∆tg = 5 seconds.
For the second and third scenario, we set green period is longer than first
scenario—i.e. ∆tg = 10 seconds and ∆tg = 20 seconds respectively, while
the red period is fixed. All parameters for this simulation are summarized in
Table 4.

The density of vehicles for the three scenarios at t = 32.5, t = 52.5, t =
65, and t = 80 seconds is depicted in Figure 5. Since the first 30 seconds
is red light, then the density of vehicles at x = 1000 becomes high and it
generates shock wave propagating to the left hand direction. As consequence,
it triggers the congestion in front of the traffic light with the length of cars
queue is approximately 335 m. When the light turns green, we can see that
the rarefaction wave is generated near x = 1000 m. At t = 52.5 seconds, for
the first scenario (∆tg = 5 s), the length of congestion is about 400 m and it
reaches 635 m when t = 65 seconds. However, for the second scenario (∆tg
= 10 s), the length of congestion is about 255 m at t = 52.5 seconds and it
attains 505 m when t = 65 seconds. Meanwhile, for the third scenario (∆tg =
20 s) there is no significant congestion.

Figure 5 also reveals that after t = 80 seconds, for the first scenario, the
length of congestion becomes longer and longer. In contrast, for the second and
third scenario, the congestion can return unravel. Therefore, by this simple
simulation we can see that through adjusting the values of ∆tr and ∆tg, we
can control traffic flow in single road with traffic light.
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Figure 5: Density of vehicles for 30 seconds of red period and 5, 10, and 20
seconds of green period at t = 32.5, t = 52.5, t = 65, and t = 80 seconds.

5 Conclusion

Traffic flow in single road has been successfully simulated using finite volume
method. The numerical results to describe propagation of rarefaction and
shock wave which is induced by traffic light have been validated with the exact
solution. It has been shown that finite volume method has good agreement
with the exact solution. The numerical simulation of congestion triggered
by traffic light has also been presented. It can be concluded that through
adjusting the red and green light period, we can control traffic flow in traffic
light location. Suggestion for the future research is to develop traffic flow
simulation on road networks.
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