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Abstract

We estimate nonparametrically an option pricing function while im-
posing monotonicity and convexity constraints through isotonization.
These two properties with respect to the price of the underlying asset
appear as natural for option prices. To ensure monotonicity, an isotonic
regression projects a nonparametric function on a set of monotonic func-
tions. To ensure convexity, the same is done for the first derivative of the
function. Although theoretical results state that nonparametric estima-
tors approximate well both the function and its derivatives, it is often
the case in practice that the assumed conditions are not met given a
finite sample of data. With simulated data, we show that monotonicity
and convexity constraints limit delta hedging errors.
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1 Introduction

A series of papers (Hutchinson, Lo and Poggio [11], Gourieroux, Monfort and
Tenreiro 7], Aot-Sahalia and Lo |?], Garcia and Gencay [6], Broadie, Detem-
ple, Ghysels and Torres [4]) have used nonparametric or semi-nonparametric
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methods to estimate a pricing formula for options. Since these methods do not
rely on specific assumptions about the underlying asset price dynamics, they
are robust to specification errors that might affect adversely parametric mod-
els. In most nonparametric studies, it is assumed that option pricing formula
is homogeneous of degree one in the underling stock price. Dividing by the
strike price reduces the number of inputs in learning the nonparametric pric-
ing function. This parsimony is an advantage since the rate of convergence of
nonparametric estimators slows down considerably as the number of inputs in-
creases. Another reason invoked to justify homogeneity is the non-stationarity
of option and stock prices.

The homogeneity of the option pricing function leads to its convexity. It
appears natural that the option price at time ¢ inherits the convexity property
with respect to the underlying asset price of its terminal payoff.

When one estimates an option pricing function with nonparametric or
semi-nonparametric methods, these shape restrictions are not automatically
fulfilled. In general, imposing theoretical restrictions on an estimator of a
function may be useful to reduce the variance of the estimator or to guaran-
tee that the results are meaningful. For example, the derivative of the option
pricing function with respect to the underlying asset price has the nature of a
cumulative distribution function in the Black Scholes model and other models
where the option pricing function is homogeneous. Estimating the function
without any shape restrictions will not ensure that its derivative will obey the
shape of a cumulative distribution function. Since a call option price is an
increasing function of the stock price, monotonicity is related to pricing errors.
The derivative of the option pricing function with respect to the stock price
represents the hedging ratio. Ensuring convexity therefore controls the delta
hedging error.

In this paper, we ensure the monotonicity and the convexity of the option
pricing function through the method called isotonization. Following the lead
of precursors such as Hildreth [8] and Brunk [3], isotonic regressions have been
developed by Barlow [2] to ensure the monotonicity or the concavity of a re-
gression functional estimator. Il consists in projecting a regression estimator
on the class of monotone functions. To ensure monotonicity and convexity,
we will apply the isotonization procedure twice, first to the function, second
to its derivative. We will study a semi-nonparametric estimator, using feed-
forward neural networks, used by Hutchinson, Lo and Poggio [11] and Garcia
and Gensay [6], for option pricing. For this estimator, authors usually specify
the option price as a function of three variables : the underling asset price, the
strike price and the time to maturity. The often made homogeneity assump-
tions reduces the number of independent variables to two, the asset price to
strike price ratio and the time to maturity.

To simplify the estimation problem and assess the relevance of monotonic-
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ity and convexity restrictions, we will first study the option price solely as a
function of the asset price, by fixing the maturity of the option. To be sure
that the restrictions are satisfied by the data analyzed, we generate option
prices that obey the Black-Scholes formula, which is a monotone and convex
pricing function. We estimate the option pricing using a feed-forward neural
network estimator and an isotonized estimator. Results show that imposing
convexity restriction through isotonization helps recover the original function
derivative and therefore reduces the hedging error.

2 A nonparametric approach to estimating an
option pricing function

The option price is modeled as a function of variables that are deemed rele-
vant for pricing the derivative security. For example, a natural nonparametric
function for pricing a European call option on a non-dividend paying asset
will relate the price of the option to the set of variables which characterize the
option. i.e. the price of the underlying asset .S;, the strike price K, and the
time to maturity 7. Therefore, the option pricing function can be written as:

Cy = f(St7 K, T)' (1)

This approach is followed by Hutchinson, Lo and Poggio [11]. The function
will also be valid to learn prices generated by a Black-Scholes model as the
interest rate and volatility parameters present in the formula are constant and
cannot be identified by a nonparametric estimator of the function f. However,
when interest rate and volatility are stochastically changing over time, the
nonparametric function should include these variables as well. Nonparametric
estimation of such a general function will be marred by the curse of dimension-
ality. Therefore, no attempt has been made to estimate the function in such
a general and unrestricted framework. On the contrary, researchers have been
followed the reverse route. To reduce the number of variables, Hutchinson,
Lo and Poggio [11] divide the function and its arguments by K and write the

pricing function as follows:
Cy St

While reducing the dimensionality of the problem, this division by the strike
price assumes implicitly a property of the option pricing function f, namely
its homogeneity of degree one in the asset price and the strike price. Garcia
and Gensay [6] show that pricing accuracy gains can be made by exploiting
the implications of this homogeneity property in terms of functional shape.
They estimate a generalized option pricing formula that has functional shape
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similar to the usual Black-Scholes formula by a feed-forward neural network
model.

While the option pricing function is of obvious economic interest, other
quantities involving the derivatives of this function are of practical financial
interest. The first derivative with respect to the stock price is the hedging ratio
while the second derivative with respect to the stock price is proportional to
the state price density or risk neural probability measure. Although theoretical
results state that nonparametric estimators approximate well both the func-
tion and its derivatives, it is often the case in the practice that the assumed
conditions are not met given a finite sample of data. If left unrestricted, a good
nonparametric estimator of the function might not provide a good estimator
of the hedging ratio or the state price density. Finally, the homogeneity of the
option pricing function leads to its convexity. In the next section, we describe
the methods that are used to impose monotonicity or convexity restrictions in
nonparametric estimation.

3 Nonparametric Estimation Under Shape Re-
strictions

In the last section, we have motivated the use of nonparametric techniques in
the estimation of option pricing functions. We have also indicated that mono-
tonicity and convexity are weak and natural financial theoretical restrictions
to be imposed on the option pricing function. Therefore, the question that has
to be addressed first is to assess to what extent usual nonparametric estima-
tion methods ensure that these restrictions are satisfied. Gallant and White
[5] and Hornik, Stinchcombe and White [9] among others have demonstrated
that under general regularity conditions, a sufficiently complex single hidden-
layer feed-forward network can approximate a large class of functions and their
derivatives to any desired degree of accuracy where the complexity of a single
hidden layer feed-forward network is measured by the number of hidden units
in the hidden layer. However, to learn the features of interest of an arbitrary
function, the number of neural units must be permitted to go to infinity as
the number of observations goes to infinity. In practice, with a finite number
of observations, it might be difficult to reproduce well the function as well as
its derivatives. Moreover, if some properties hold for the function, imposing
them will reduce the variance of the estimators.
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4 Estimating the Black-Scholes option pricing
function and its derivative with Neural Net-
works Method

To illustrate the problem of estimating the function and its derivative with a
finite sample of data, we simulate option prices from the Black-Scholes formula:

Cy = S, ®(d1(Sy)) — e " T DK ®(dy(S,)), (3)

where @ denotes the normal distribution function, and where dy and dy are
functions of Sy, more precisely:

In(S;/K) + (r+0%/2)(T —t)
oVT —1t
where r is the risk free rate of interest, o is the volatility and 7" — t is the

maturity. The hedging ratio A; is defined as the first derivative of C}; with
respect to S;:

d,(S,) = and do(S,) = di(S,) — oVT — 1, (4)

ody (Sy) 0dy(.S;)

Ay = ®(di(Sh) + S a5, ®'(di(Sh)) — KeT(T_t)TSt(I)/(dQ(St)) (5)
where @' denotes the derivative of ®. Since :
0d;(Sy) _ 0ds(Sy) _ 1
35,5 35,5 StO'\/T — t

It can be shown that the second term in this expression cancels out and there-
fore, Ay = ®(d1(Sh)).

The Black-Scholes function is both monotonic and convex in the underling
stock price and its first derivative is the normal distribution taking values from
0 to 1.

Given the Black-Scholes simulated prices, we estimate the option pricing
function with neural network method. We start with the nonparametric re-

gression
C; Si .
E:m(g)—f—gz Z:1,7N (6)

If we denote CNY and ANV the option price and the hedging ratio estimated
with the neural network method, then:

CNN ¢ . ~5 NN - 55 (7S
= :50+;ﬁj0 (%wj?), and A Z;@jejc; (yﬁej?),
(7)
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where for all j € {1,....d}, 3. B\j, 7; and (9? are solutions to the following
optimization problem:

N e IRE
i =By =Gy 0,2 8
ﬁo,ﬂj,vgr,él]%l7..,d; {K Bo (v + ]K) ) (8)
d is the number of hidden units in the hidden layer and G the activation func-
tion, its given by: G(z) = Hel_w, a logistic function which has the property of
being a sigmoidal function. (G is sigmoidal function if G : R — [0, 1], G(a) — 0
as a — —o00, G(a) — 1 as a — +oo and G is monotonic). G’ is the first deriva-
tive of G.

5 Methods for estimating a function under shape
restrictions

Shape restrictions on a functional parameter such as positivity, monotonic-
ity or concavity arise often from theoretical considerations in economics or
finance. For example, a cost function is known to be homogeneous of degree
one, nondecreasing and concave in the practice in the price of inputs, while
utility functions are assumed monotone and concave. Hildreth [8] considered
the problem of estimating a production function with these theoretical restric-
tions, while Matzkin [10]| estimated a monotone and concave utility function.
The statistical nonparametric literature proposes several approaches to incor-
porate information about the shape of a function in an estimation procedure.
The two main approaches are isotonized smoothers and constrained smoothers.

The general problem of estimating a function nonparametrically under re-
strictions can be formulated as follows. Let a set of data points {(X;, Y;)},
such as X; < X5 < ... < X, and a functional parameter m(z) = E[Y;|X; = z]
to be estimated. Instead of estimating the regression function in an uncon-
strained manner as it is usually done, we impose restrictions on the estimate
m(z). For example, monotonicity would be expressed as: m(X;) < m(Xs3) <
... <m(X,), whereas concavity imposes the following constraint:

m(Xipr) = m(X;)  m(Xiya) = m(Xip1)
Xiv1 — X a KNiya — Xig1 7

i=1,..,n—2

In the first case, we will perform a monotonic regression, a special case of
an isotonic regression (where only a partial ordering is imposed on the Xj;).
These sets of constraints defined a cone of restrictions C' and we look therefore
for the solution Y;* to the minimization problem:

mcin ;(YZ —m(X;))2
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In the case of monotonicity, the unique solution to this problem can be ex-
pressed by the two min-max formulas:

v v
Vi = maxminy | Vj/(v —u-+1) = minmax y V;/(u—v+1).
j=u j=u
These expression are not optimal for the actual computation of the Y;*. The

most popular algorithm is the Pool Adjacent Violators (PAV) algorithm.

The PAV algorithm ensures that a monotonicity constraint is maintained
for a nonparametric estimator of a function m known to be monotonic. More
precisely, given a set of data points {(X;, Y;)}, such as X7 < Xy < ... < X,
we need to found estimated values {m(X;)}?" ; which minimize

3= m(X)?

subject to the following monotonicity restriction:
m(X;) <m(Xs) < ... <m(X,).

The solution of the this problem is found through the PAV algorithm. We
will describe The PAV algorithm: given a series of data points (X;)"; such
as X; < Xy < ... < X, and the series Y; defined by Y; = m(X;) Vi = 1,n.
Let Y = {¥1,Y5,...,Y,}. A block will be defined as a subset of Y formed
by consecutive elements of Y. Next, an order is defined over such blocks as
follows: A block A is inferior to a block B if the highest element of A is smaller
than the lowest element of B. We denote Av(B) the average of the elements
in block B. Initially, we subdivide the set Y in n blocks {B;}; such as:

B, = {}/1}’ By = {}/2}7 E) B, = {Yn}

If B_, B, B, are three consecutive blocks in this order, we say that B is up-
satisfied if Av(B) < Av(B.), and that B is down-satisfied if Av(B_) < Av(B).
Extending this definition, we assume that any block containing Y; is down-
satisfied and any block containing Y, is up-satisfied . The PAV algorithm
groups blocks together until all new blocks are both up-satisfied and down-
satisfied . In this case, the isotonized series Y will be defined as follows:Vi
such as Y; € B,Y;* = Av(B).

We start the algorithm with block {Y;}. Assume that block B is active (the
one on which the conditions up-satisfied and down-satisfied are tested). The
computational procedure proceeds as follows:

e Step 1: Check if Av(B) < Av(By. If yes, go to the next block, i.e. By
becomes the active block and the procedure is repeated. If not, blocks B and
B, are grouped together and the new active block becomes B U B, .
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e Step 2: Check if Av(B_) < Av(B). If yes, check if it up-satisfied ( go
back to step 1). If not, we step back and blocks B_ and B are grouped. The
active block becomes B_ U B.

e Step 3: Step 2 is repeated until the active block is down-satisfied .

e Step 4: Once step 3 is finished, we go back to step 1 until the active block
is up-satisfied .

e Step 5: Once the active block is both up-satisfied and down-satisfied ,
the next block becomes active and the procedure is repeated.

Then the isotonized neural network estimator is defined as m" and then:

INN ‘ v
G mINN <§) = min max ! / m™N (z)dx. 9)

K K Uzsl/Kugsl/KU—u

NN

Using the expression of m™", we can write

1—
INN( ) BO+ZBJ )+ min max Zﬁjl G’yju—i-@)
e 028/ K usSi/K v —u £ 7 - G(yv+ 2 i)
(10)

where

Iy={j=1,...dy;=0} and [y = {j =1, ...,d|7; # 0}.

6 Conclusion

We look at the isotonized smoothers using the neural networks method. Since
the data are generated by the Black-Scholes function, % is a monotonic func-
tion of % Therefore, there is no need to isotonize the data before estimating
the function. Isotonization is done based on the PAV algorithm applied to the
first derivative of the estimate function. Isotonization reduces roughly by half
the mean integrable squared error (MISE) : With 2 units of hidden, we obtain
a MISE-Hedging equal to 0.043 10~ with NN method, and 0.023 1073 with
INN method. With 3 units of hidden, we obtain a MISE-Hedging equal to
0.097 10~3 with NN method, and 0.060 10~ with INN method. With 4 units
of hidden, we obtain a MISE-Hedging equal to 0.043 10~% with NN method,
and 0.024 1073 with INN method.

This paper proposed a method to incorporate shape restrictions, such as
monotonicity and convexity, into neural networks estimator. The simulations
results indicate that the isotonized estimator is monotone and convex and
it is close to the Blach-Scholes estimator. One interesting extension of this
methodology would be to do the same work for the kernel estimator and its
derivative.
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