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Abstract

We consider and we study a general concept of regional domination
for controlled and observed distributed systems. We give character-
ization results and the main properties of this notion for a class of
controlled systems, with respect to an output operator. We also ex-
amine the case of actuators and sensors. Various other situations are
considered and applications are given. Then, we extend this study by
comparing observed systems with respect to a control operator. Finally,
we study the relationship between the notion of regional domination and
the regional compensation one, in the exact and weak cases.

Keywords: Distributed Systems, Regional Domination, Actuators, Sen-
sors, Regional Compensation
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1 Introduction

This work concerns the systems analysis and more precisely a general concept
of domination. This notion consists to study the possibility of comparison or
classification of systems. It was introduced firstly in [1] for controlled and ob-
served lumped systems and then in [2, 4] for a class of distributed parameter
systems. The developed approach concerns separately the input and output
operators. Various results are given and illustrated by applications and exam-
ples. A duality between the two cases is established. An extension of [2] to the
regional case is given in [3]. The regional aspect of this problem is motivated
by the fact that a system may dominates another one in a region ω, but not
on the whole geometrical support Ω of the system.
In this paper, we consider and we study more general problem of regional
domination in the case of a class of controlled and observed systems [8, 9, 10].
Indeed, we consider without loss of generality, a class of linear distributed
systems as follows {

ż(t) = Az(t) +Bu(t) ; 0 < t < T
z(0) = z0

(1)

where A generates a strongly continuous semi-group (s.c.s.g.) (S(t))t≥0 on the
state Z = L2(Ω), Ω an open bounded and sufficiently regular subset of Rn.
B ∈ L(U,Z), u ∈ L2(0, T ;U); Z and U are respectively the state and the
control spaces, assumed to be Hilbert spaces. The system (1) is augmented
with the following regional output equation

(Eω) yω(t) = Cωz(t) (2)

with Cω ∈ L(Z, Y ), Y is the observation space, a Hilbert space. The operator
A is the dynamics of the system, the operators B and C are respectively the
input and output operators. For duality reasons, we consider without loss of
generality, the case where Cω = Cp∗ωpω; ω is a nonempty subset of Ω, pω is the
restriction operator defined by

pω : L2(Ω) −→ L2(ω)
z −→ pωz = z|ω

p∗ω is its adjoint. The observation at time t is then given by

yω(t) = CωS(t)z0 + CωHt(B)u, Ht(B)u ≡ Htu =

∫ t

0

S(t− s)Bu(s)ds

The state z of the system at time t is given by

z(t) = S(t)z0 +Htu (3)
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where

Htu =

∫ t

0

S(t− s)Bu(s)ds (4)

and the observation by

yω(t) = CωS(t)z0 + CωHtu (5)

The first problem consists to study a possible comparison of controlled systems
as system (1), with respect to an output operator Cω. We give the main prop-
erties and characterization results. The case of sensors and actuators is also
examined. Illustrative examples and applications are presented and various
other situations are examined.
Then, we give an analogous study concerning the regional domination of ob-
served systems, with respect to an input operator B. Finally, we study the
relationship between the notion of regional domination and the compensation
problem [4, 5].

2 Regional domination for controlled systems

2.1 Problem statement and definitions

We consider the following linear distributed systems

(S1)

{
ż1(t) = A1z1(t) +B1u1(t); 0 < t < T
z1(0) = z1,0

(6)

(S2)

{
ż2(t) = A2z2(t) +B2u2(t); 0 < t < T
z2(0) = z2,0

(7)

where, for i = 1, 2; Ai is a linear operator generating a s.c.s.g. (Si(t))t≥0

on the state space Z. B1 ∈ L(U1, Z), B2 ∈ L(U2, Z), u1 ∈ L2(0, T ;U1) and
u2 ∈ L2(0, T ;U2); U1 and U2 are two control spaces. The systems (S1) and
(S2) are augmented with the regional output equations

(Eω,i) yω,i(t) = Cωzi(t) for i = 1, 2; Cω ∈ L(Z, Y ) (8)

The state of (Si) at the final time T is given by

zi(T ) = Si(T )zi,0 +Hiui (9)

where

Hi : L2(0, T ;Ui) −→ Z

ui −→
∫ T

0

Si(T − s)Biui(s)ds
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The corresponding observation at time T is given by

yω,i(T ) = CωSi(T )zi,0 + CωHiui (10)

The purpose is to study a possible comparison of systems (S1) and (S2) (or the
input operators B1 and B2 if A1 = A2) with respect to the output operator
Cω. This study is based on the dynamics A1 and A2, the control operators
B1, B2 and the observation operator Cω. Without loss of generality, one can
assume that z1,0 = z2,0 ≡ 0. We introduce hereafter the corresponding notion
of regional domination.

Definition 1 We say that

i. (S1) dominates (S2) (or the pair (A1, B1) dominates (A2, B2)) exactly in
ω, with respect to the operator Cω, if

Im(CωH2) ⊂ Im(CωH1) (11)

ii. (S1) dominates (S2) (or the pair (A1, B1) dominates (A2, B2)) weakly in
ω, with respect to the operator Cω, if

Im(CωH2) ⊂ Im(CωH1) (12)

In this situation, we note respectively

(A2, B2) ≤
Cω

(A1, B1) and (A2, B2) �
Cω

(A1, B1)

Let us give following properties and remarks

1. Obviously, the exact regional domination with respect to an output op-
erator Cω, implies the weak one with respect to Cω. The converse is not
true, this is shown in [2] for A1 = A2, ω = Ω and Cω = I).

2. If the system (S1) is ω-controllable exactly (respectively weakly), or
equivalently

Im(pωH1) = L2(ω) (respectively Im(pωH1) = L2(ω)) (13)

then (S1) dominates exactly (respectively weakly) in ω any system (S2),
with respect to any output operator Cω.

3. In the case where A1 = A2, if (S1) dominates (S2) exactly (respectively
weakly) in ω, we say simply that B1 dominates B2 exactly (respectively
weakly) in ω. Then, we note

B1 ≤
Cω

B2 (respectively B1 �
Cω

B2).
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Hence, one can consider a single system with two inputs as follows

(S)

⎧⎨
⎩

ż(t) = Az(t) +B1u1(t) +B2u2(t); 0 < t < T

z(0) = z0 ∈ Z
(14)

augmented with a regional output equation

(Eω) yω(t) = Cωz(t) (15)

In this case, the regional domination of control operators B1 and B2 in ω,
with respect to the observation operator Cω, is similar. The definitions
and results remain practically the same.

4. The exact or weak domination of systems (or operators) is a transitive
and reflexive relation, but it is not antisymmetric. Thus, for example in
the case where A1 = A2, for any non-zero operator B1 �= 0 and α �= 0, we
have1 Im(CωH1(B1)) = Im(CωH1(αB1)), even if B1 �= αB1 for α �= 1.

5. Concerning the relationship with the notion of remediability [4, 5], we
consider without loss of generality, a class of linear distributed systems
described by the following state equation{

ż(t) = Az(t) +Bu(t) + d(t) ; 0 < t < T
z(0) = z0

(16)

where d ∈ L2(0, T ;Z) is a known or unknown disturbance. The system
(16) is augmented with the following regional output equation

yω(t) = Cωz(t) (17)

The state z of the system at time T is given by

z(T ) = S(T )z0 +Hu+Rd

where

Rd =

∫ T

0

S(T − s)d(s)ds

If the system (16), augmented with (17), is exactly (respectively weakly)
remediable in ω on [0, T ], or equivalently Im(CωR) ⊂ Im(CωH) (re-
spectively Im(CωR) ⊂ Im(CωH)), then B1 dominates any operator B2

exactly (respectively weakly) in ω with respect to the operator Cω.

We give hereafter characterization results concerning the exact and weak re-
gional domination.

1H1(B1) denotes the operator H1 corresponding to B1, i.e. defined by

H1(B1)u1 =
∫ T

0

S1(T − s)B1u1(s)ds
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2.2 Characterizations

The following result gives a characterization of the exact regional domination
with respect to the output operator Cω.

Proposition 2 The following properties are equivalent

i. The system (S1) dominates exactly (S2) in ω with respect to the operator
Cω.

ii. For any u2 ∈ L2(0, T ;U2), there exists u1 ∈ L2(0, T ;U1) such that

CωH1u1 + CωH2u2 = 0 (18)

iii. There exists γ > 0 such that for any θ ∈ Y ′, we have

||B∗
2S

∗
2(T − .)C∗

ωθ||L2(0,T ;U2) ≤ γ||B∗
1S

∗
1(T − .)C∗

ωθ||L2(0,T ;U1) (19)

We give hereafter a characterization of weak regional domination.

Proposition 3 The system (S1) dominates (S2) weakly in ω, with respect to
Cω, if and only if

ker[B∗
1S

∗
1(.)C

∗
ω] ⊂ ker[B∗

2S
∗
2(.)C

∗
ω] (20)

In the next section, we examine the case of a finite number of actuators, and
then the case where the observation is given by sensors.

2.3 Case of actuators and sensors

This section is focused on the notions of actuators and sensors [5, 7, 8]. In
what follows, we assume that Z = L2(Ω) and, we assume that A1 and A2

generate respectively the s.c.s.g defined by

S1(t)z =
+∞∑
n=1

eλnt
rn∑

j=1

〈z, ϕnj〉ϕnj (21)

and

S2(t)z =

+∞∑
n=1

eγnt

sn∑
j=1

〈z, ψnj〉ψnj (22)

where {ϕnj, j = 1, . . . , rn;n � 1} (respectively {ψnj, j = 1, . . . , sn;n � 1})
is a complete orthonormal system of eigenfunctions of A1 (respectively A2),
associated to the real eigenvalues (λn)n≥1 such that λ1 > λ2 > λ3 > ..., where
rn is the multiplicity of λn (respectively (γn)n≥1, with γ1 > γ2 > γ3 > ... where
sn is the multiplicity of γn).



An extended regional classification of distributed systems 1369

2.3.1 Case of actuators

In the case where (S1) is excited by p zone actuators (Ωi, gi)1≤i≤p , we have
U1 = IRp and

B1u(t) =

p∑
i=1

giui(t)

where u = (u1, · · ·, up)
tr ∈ L2(0, T ; IRp) and gi ∈ L2(Ω) ; Ωi = supp(gi) ⊂ Ω.

We have

B∗
1z = (〈g1, z〉, · · ·, 〈gp, z〉)tr

By the same, if (S2) is excited by q zone actuators (Di, hi)1≤i≤q, we have
U2 = IRq and B2v(t) =

∑q
i=1 hivi(t) with v = (v1, · · ·, vq)

tr ∈ L2(0, T ; IRq),
hi ∈ L2(Ω), Di = supp(hi) ⊂ Ω and B∗

2z = (〈h1, z〉, · · ·, 〈hq, z〉)tr.

The following result deriving from proposition 2, gives characterizations of
exact and weak domination in the case of actuators.

Proposition 4 The system (S1) dominates (S2) in ω
i) exactly, if and only if, there exists γ > 0 such that for any θ ∈ Y , we

have

‖ (

+∞∑
n=1

eγnt
sn∑

j=1

〈C∗
ωθ, ψnj〉L2(ω)〈hi, ψnj〉)1≤i≤q‖L2(0,T ;IRq)

≤ γ ‖(
+∞∑
n=1

eλnt

rn∑
j=1

〈C∗
ωθ, ϕnj〉L2(ω)〈gi, ϕnj〉)1≤i≤p‖L2(0,T ;IRp)

(23)

ii) weakly, if and only if, for any n ≥ 1, we have

Ker[MnPn,ω] ⊂ Ker[GnQn,ω]

where, for n ≥ 1; Mn = (〈gi, ϕnj〉)1≤i≤p;1≤j≤rn and Gn = (〈hi, ψnj〉)1≤i≤q;1≤j≤sn

are the controllability matrices corresponding to the actuators (Di, gi)1≤i≤p and
(Ωj , hj)1≤j≤q respectively, Pn,ω and Qn,ω are linear maps defined on Y by

Pn,ω(θ) =

⎛
⎜⎝ 〈C∗

ωθ, ϕn,1〉L2(ω)
...
〈C∗

ωθ, ϕn,rn〉L2(ω)

⎞
⎟⎠ ∈ Rrn, Qn,ω(θ) =

⎛
⎜⎝ 〈C∗

ωθ, ψn,1〉L2(ω)
...
〈C∗

ωθ, ψn,sn〉L2(ω)

⎞
⎟⎠ ∈ Rsn

We examine hereafter the case of sensors.
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2.3.2 Case of sensors

In the case of m sensors (Ωk, fk)1≤k≤m, we consider without loss of generality,
the case where

Cωz = (〈f1, z〉ω, · · ·, 〈fm, z〉ω)tr (24)

The exact and weak regional domination are then equivalent.
The following result gives a necessary and sufficient condition for regional
domination with respect to m sensors.

Proposition 5 We have (S2) �
Cω

(S1) , if and only if

⋂
n≥1

ker(MnR
tr
n,ω) ⊂

⋂
n≥1

ker(GnW
tr
n,ω) (25)

where Rn,ω and Wn,ω are the observability matrices defined by

Rn,ω = (〈fk, ϕnj〉ω)1≤k≤m;1≤j≤rn, Wn,ω = (〈fk, ψnj〉ω)1≤k≤m;1≤j≤sn (26)

3 Applications to diffusion systems

We consider the one-dimension systems described by the following equations,
with a Dirichlet boundary condition

(S1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂z(x, t)

∂t
= A1z(t) + g(x)u(t) ]0, a[× ]0, T [

z(0, t) = z(a, t) = 0 ]0, T [

z(x, 0) = 0 ]0, a[

(27)

(S2)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂z(x, t)

∂t
= A2z(x, t) + h(x)u(t) ]0, a[× ]0, T [

z(0, t) = z(a, t) = 0 ]0, T [

z(x, 0) = 0 ]0, a[

(28)

The operator M(γ) =
∂2

∂x2
+ γI generates the s.c.s.g. (S(γ)(t))t�0 defined by

S(γ)(t)z =
+∞∑
n=1

e(
γ−n2π2

a2 )t
rn∑

j=1

〈z, ϕnj〉ϕnj
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where (ϕn)n, with ϕn(x) =

√
2

a
sin(

nπx

a
), is a complete system of eigenfunc-

tions of M(γ) associated to the eigenvalues
γ − n2π2

a2
, (γ ∈ R).

For z∗ ∈ Z ′2(0, 1), we have

||B∗S∗
(α,β)(t)z

∗||2L2(0,T ;�) =
+∞∑
n=1

∫ T

0

e2(γ−n2π2)t
rn∑

j=1

〈z, ϕnj〉2〈g, ϕnj〉2dt

Let A1 = M(0) =
∂2

∂x2
and A2 = M(γ) =

∂2

∂x2
+γI; γ �= 0. The corresponding

semi-groups, noted (S1(t))t�0 and (S2(t))t�0, are respectively defined by

S1(t)z =
+∞∑
n=1

eλnt
rn∑

j=1

〈z, ϕnj〉ϕnj

and

S2(t)z =
+∞∑
n=1

eβnt
rn∑

j=1

〈z, ϕnj〉ϕnj

where λn = −n2π2 and βn = γ − n2π2

1. Concerning the exact domination case in a region ω In this case, (ϕn =√
2 sin(nπ.))n is a complete orthonormal system of L2(]0, 1[) and (ϕ̃n =

sin(2nπ.) =
√

1
2
ϕ2n)n is an orthonormal basis of L2(]0, 1

2
[) for z ∈

L2(ω), we have

H∗
1p

∗
ωz =

+∞∑
n=1

∫ T

0

e2λnt〈z, ϕnj〉2L2(ω)〈g, ϕnj〉2dt (29)

Hence, if g = ϕn0 (n0 � 1), equation (29) becomes

H∗
1p

∗
ωz =

+∞∑
n=1

∫ T

0

e2λnt〈z, ϕn0〉2L2(ω)dt

For g = h, and for any z∗ ∈ Z ′2(0, 1) we have

||B∗S∗
1(t)z

∗||2L2(0,T ;�) =
+∞∑
n=1

∫ T

0

e2λnt〈z∗, ϕn〉2L2(ω)dt

�
+∞∑
n=1

∫ T

0

e2βnt〈z∗, ϕn〉2L2(ω)dt

= ||B∗S∗
2(t)z

∗||2L2(0,T ;�)

consequently, (S1) dominates (S2) exactly (respectively weakly) with re-
spect to Cω.
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Now, let us give the following general properties.
Property 1 An actuator may dominates another one, in a region ω but not
in the whole domain Ω.
Property 2 Regionally, an actuator may dominates another one, weakly but
not exactly.
Property 3 An actuator can dominates p (p > 1) others.
Property 4 There exist operators B1 and B2 such that the none of them does
not dominate the other.
Property 5 Regional strategic actuators dominate regionally any finite num-
ber of actuators.

2. Concerning the weak domination in a region ω

In this case, γ = 0 and λn = βn = −n
2π2

a2
for n ≥ 1. Let (S1) be the

system (27) excited by an actuator (Ω, g) with the spatial distribution
g(x) = 1 − 2x, and (S2) the system (28) corresponding to an actuator
(Ω, h) with the spatial distribution h(x) = ϕ1(x) + ϕ2(x), we have for
z ∈ L2(ω)then z ∈ Ker[H∗

1p
∗
ω] ⇐⇒ [∀n ∈ N∗, 〈z, ϕn〉L2(ω)〈g, ϕn〉 = 0].

Since 〈g, ϕn〉 =

√
2

πn
(1 + (−1)n), we have

z ∈ Ker[H∗
1p

∗
ω] ⇐⇒ [∀n ∈ N∗, 〈z, ϕ2n〉L2(ω) = 0]

Using the fact that (ϕ̃n = sin(2nπ.) =
√

1
2
ϕ2n)n is a complete orthonor-

mal system of L2(]0, 1
2
[), we have z = 0 and hence that the actuator

(]0, 1[, g) is ω-strategic. On the other hand, for z ∈ L2(ω), we have

z ∈ Ker[H∗
2p

∗
ω] ⇐⇒ [〈z, ϕ2〉L2(ω) = 〈z, ϕ1〉L2(ω) = 0]

Therefore Ker[H∗
1p

∗
ω] ⊂ Ker[H∗

2p
∗
ω], but Ker[H∗

1 ] � Ker[H∗
2 ]. Conse-

quently, (S1) dominates (S2) weakly in a region ω but not on the whole
Ω.

4 Regional domination of output operators

In this section, we introduce and we study the notion of regional domination
for output operators with respect to an input operator. We first consider a
dual problem where the control concerns the initial state, and then a general
system control.
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4.1 A dual problem

In this section we consider the autonomous system

(S0)

{
ż(t) = Az(t)
z(0) = Bu0

(30)

The initial state z0 depends on an input operator B and is of the form z(0) =
Bu0. We assume that A is a linear operator with a domain D(A) dense in
Z, a separable Hilbert space, and generates a strongly continuous semi-group
(S(t))t≥0 on the state Z. B ∈ L(U,Z), u0 ∈ U ; U is a Hilbert space. The
system (S0) is augmented with the two regional output equations

(Ej,ω) yj,ω(t) = Cjp
∗
ωpωz(t); j = 1, 2 (31)

where, for j ∈ {1, 2}; Cj ∈ L(Z, Yj); Yj is an observation space, a Hilbert
space. The observation yj,ω(.) is given by

yj,ω(t) = Kω(Cj)(t)u0 (32)

where Kω(Cj) = Cjp
∗
ωpωS(.)B. Its adjoint operator is given by

(Kω(Cj))
∗y =

∫ T

0

B∗S∗(t)p∗ωpωC
∗
j y(t)dt (33)

We have the following definitions

Definition 6 We say that the output operator C1 dominates C2 exactly (re-
spectively weakly) in ω, with respect to the system (S0), if

Im(Kω(C2)
∗) ⊂ Im(Kω(C1)

∗) (respectively Im(Kω(C2)∗) ⊂ Im(Kω(C1)∗)))

For j = 1, 2; let us note Bj = (Cj)
∗ and C = B∗. We consider the dual systems

(S∗
j )

⎧⎨
⎩

żj(t) = A∗zj(t) +Bj uj(t) ; 0 < t < T
zj(0) = z0
yj(t) = Czj(t)

(34)

and

(S̃j)

⎧⎨
⎩

ż(t) = Az(t) ; 0 < t < T
z(0) = Bu0

yj(t) = Cjz(t)
(35)

We have the following result.

Proposition 7 Im(Kω(C2)
∗) ⊂ Im(Kω(C1)

∗) (respectively Im(Kω(C2)∗) ⊂
Im(Kω(C1)∗) ) if and only if, the controlled system (S∗

1 ) dominates exactly
exactement (respectively weakly) (S∗

2 ) in ω.

From this duality result, one can deduce similar results and properties with
respect to those established in previous sections.
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4.2 Regional domination of output operators

We consider the following linear distributed system

(S)

{
ż(t) = Az(t) +Bu(t); 0 < t < T
z(0) = z0

(36)

where A generates a s.c.s.g. (S(t))t≥0 on the state space Z; B ∈ L(U,Z) and
u ∈ L2(0, T ;U); U is the control space. The system (S) is augmented with the
regional output equations

(E1,ω) y1,ω(t) = C1,ωz1(t); 0 < t < T (37)

(E2,ω) y2,ω(t) = C2,ωz2(t); 0 < t < T (38)

where Ci,ω = Cip
∗
ωpω, Ci ∈ L(Z, Yi), for i = 1, 2; Yi is a Hilbert space. the

observation with respect to operator Ci,ω at the final time T, is given by

yi,ω(T ) = Ci,ωS(T )z0 + Ci,ωHu (39)

We introduce hereafter the appropriate notion of regional domination for the
considered case.

Definition 8 We say that

i. C1,ω dominates C2,ω exactly in ω with respect to operator B, if

Im(C2,ωH) ⊂ Im(C1,ωH) (40)

ii. C1,ω dominates C2,ω weakly in ω with respect to operator B, if

Im(C2,ωH) ⊂ Im(C1,ωH) (41)

We can deduce similar characterization results in the weak and exact cases.
We can also consider a natural question on a possible transitivity as it will
be seen. This may be possible under convenient hypothesis of this notion. In
order to examine such a question, we consider the linear distributed systems
(Si); i = 1, 2, with the same dynamics A, i.e. A1 = A2 = A.

(Si)

⎧⎨
⎩

żi(t) = Azi(t) +Biui(t), 0 < t < T

zi(0) = zi,0

(42)

where A generates a s.c.s.g. (S(t))t≥0 on the state space Z; Bi ∈ L(Ui, Z), ui ∈
L2(0, T ;Ui) ; Ui is a control space. The systems (S1) and (S2) are augmented
with the regional output equations

(Ei
1,ω) : yi

1,ω(t) = C1,ωzi(t); i = 1, 2 (43)

(Ej
2,ω) : yj

2,ω(t) = C2,ωzj(t); j = 1, 2 (44)
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For k = 1, 2, the observations with respect to operator Ck,ω at the final time
T, are respectively given by

yi
k,ω(T ) = Ck,ωS(T )zi,0 + Ck,ωHiui; i = 1, 2 (45)

We have the following result deriving from the definitions.

Proposition 9 If the following conditions are satisfied

i. B1 dominates B2 exactly (respectively weakly) in ω with respect to C1,ω

ii. C1,ω dominates C2,ω exactly (respectively weakly) in ω with respect to B2

iii. C2,ω dominates C1,ω exactly (respectively weakly) in ω with respect to B1

then B1 dominates B2 exactly (respectively weakly) in ω with respect to C2,ω.

We study hereafter, the relationship between the notions of regional domina-
tion and regional compensation.

4.3 Regional domination and compensation

In this section, we consider the systems (S1) and (S2) defined by

(Si)

⎧⎨
⎩

żi(t) = Azi(t) + di(t) +Biui(t), 0 < t < T

zi(0) = zi,0

(46)

where A generates a s.c.s.g. (S(t))t≥0 on the state space Z; and for i = 1, 2,
Bi ∈ L(Ui, Z), ui ∈ L2(0, T ;Ui), di ∈ L2(0, T ;Z); Ui is a control space. (Si) is
augmented with the regional output equation

(Ei,ω) yi(t) = Ci,ωzi(t) (47)

At the final time T , we have

zi(T ) = S(T )zi,0 +Hiui +Rdi (48)

where Hi and R are the operators defined by

Hi : L2(0, T ;Ui) −→ Z

ui −→ ∫ T

0
S(T − s)Biui(s)ds

R : L2(0, T ;Z) −→ Z

d −→ ∫ T

0
S(T − s)d(s)ds

In fact, for the compensation problem considered in this section, one can as-
sume without loss of generality that z1,0 = z2,0 = z0. The corresponding
observations are given by

yi(T ) = Ci,ωS(T )z0 + Ci,ωHiui + Ci,ωRdi ; i = 1, 2. (49)

First let us recall the notion of regional compensation.
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Definition 10 The system (Si) augmented with regional output equation (Ei,ω)
(or (Si) + (Ei,ω)) is

i. exactly remediable in ω on [0, T ] if for any di ∈ L2(0, T ;Z), there exists
ui ∈ L2(0, T ;Ui) such that Ci,ωHiui + Ci,ωRdi = 0 or equivalently

Im(Ci,ωR) ⊂ Im(Ci,ωHi) (50)

ii. weakly remediable in ω on [0, T ] if for any di ∈ L2(0, T ;Z) and for ε > 0,
there exists ui ∈ L2(0, T ;Ui) such that ||Ci,ωHiui + Ci,ωRdi|| < ε or
equivalently

Im(Ci,ωR) ⊂ Im(Ci,ωHi) (51)

Here, the question is not to examine if a system is (or not) regionally remediable
(for this, one can see [5] ), but to study the nature of the relation between the
notions of regional domination and regional compensation respectively, in the
exact and weak cases. We have the following result concerning the exact case

Proposition 11 If the following conditions are verified

i. (S1) + (E1,ω) is exactly (respectively weakly) remediable in ω

ii. C2,ω dominates C1,ω exactly (respectively weakly) in ω with respect to B1

iii. Im(C2,ωR) ⊂ Im(C1,ωR) (respectively Im(C2,ωR) ⊂ Im(C1,ωR))

then (S1) + (E2,ω) is exactly (respectively weakly) remediable in ω

In the weak case, we have the following similar result.

Proposition 12 If the following conditions are verified

i. (S1) + (E1,ω) is exactly (respectively weakly) remediable in ω

ii. B2 dominates B1 exactly (respectively weakly) in ω with respect to C1,ω

then (S2) + (E1,ω) is exactly (respectively weakly) remediable in ω

Finally, let us note that this section is a generalization of the previous where
d(t) has the form B2u2(t). The results can be applied easily to the diffusion
system and extended to other systems.
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