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Abstract

In this paper, we observe the behavior of complex roots of the gen-
eralized Euler polynomials Ẽn(x) of the second kind, using numerical
investigation. By means of numerical experiments, we demonstrate a
remarkably regular structure of the complex roots of the generalized
Euler polynomials Ẽn(x) of the second kind. Finally, we give a table for
the solutions of the generalized Euler polynomials Ẽn(x) of the second
kind.
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1 Introduction

Recently, many authors have studied the Euler numbers and polynomials, Eu-
ler numbers and polynomials of the second kind. The Euler numbers and
polynomials, Euler numbers and polynomials the second kind possess many
interesting properties and arising in many areas of mathematics and physics.
We introduce the the generalized Euler polynomials Ẽn(x) of the second kind.

In order to study the generalized Euler polynomials Ẽn(x) of the second kind,

we must understand the structure of the generalized Euler polynomials Ẽn(x)
of the second kind. Therefore, using computer, a realistic study for the gener-
alized Euler polynomials Ẽn(x) of the second kind is very interesting.

It is the aim of this paper to observe an interesting phenomenon of ‘scatter-
ing’ of the zeros of the generalized Euler polynomials Ẽn(x) of the second kind
in complex plane. The outline of this paper is as follows. In Section 2, intro-
duce the generalized Euler polynomials Ẽn(x) of the second kind. In Section

3, we describe the beautiful zeros of the generalized Euler polynomials Ẽn(x)
of the second kind using a numerical investigation. Finally, we investigate the
roots of the generalized Euler polynomials Ẽn(x) of the second kind. Also we
carried out computer experiments for doing demonstrate a remarkably regular
structure of the complex roots of the generalized Euler polynomials Ẽn(x) of
the second kind.

2 Generalized Euler polynomials Ẽn(x)

In this section, we define the generalized Euler numbers and polynomials of the
second kind. First, we introduce the Genocchi numbers and Genocchi polyno-
mials. The Genocchi numbers Gn are defined by the generating function:

2t

et + 1
=

∞∑
n=0

Gn
tn

n!
, (|t| < π),

where we use the technique method notation by replacing Gn by Gn(n ≥ 0)

symbolically. The second kind Euler numbers Ẽn are defined by the generating
function(see [4]):

(
2et

e2t + 1

)
=

∞∑
n=0

Ẽn
tn

n!
, (| t |< π

2
) (2.1).

In [4], we introduced the second kind Euler numbers Ẽn and investigate their

properties. First of all, we define the generalized Euler polynomials Ẽn(x) of
the second kind as follows.
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Definition 2.1 Let x be a real or complex parameter. The generalized Euler
polynomials Ẽn(x) of the second kind are defined by means of the generating
function: (

2et

e2t + 1

)x

=
∞∑

n=0

Ẽn(x)
tn

n!
(| t |< π

2
; 1x := 1), (2.2)

Setting x = 1 in (2.2), we can obtain the corresponding definition for the
second kind Euler numbers.

By (2.1) and Definition 2.1, we easily have

Ẽn(1) =

n∑
k=0

(
n

k

)
Gk+1

2k

k + 1
. (2.3)

As well known definition, the Stirling number s(n, k) of the first kind can be
defined by means of

(x)n = x(x − 1) · · · (x − n + 1) =

n∑
k=0

s(n, k)xk. (2.4)

Stirling number S(n, k) of the second kind can be defined by

xn =
n∑

k=0

S(n, k)
xn

n!
. (2.5)

We obtain relationship between the Stirling numbers and the generalized Eu-
ler polynomials of second kind. By Definition 2.1, (2.4), (2.5), we have the
following theorem.

Theorem 2.2 For n ≥ k(n, k ∈ N), we have

Ẽn(x) =
n∑

k=0

c(n, k)xk,

where c(n, k) =
∑k

j=0

(
n
j

)
(−1)k−j

∑n−j
l=k−j s(l, k − j)S(n − j, l)2n−j−l.

Setting n = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 in Theorem 2.2, we get to

Ẽ0(x) = 1, Ẽ1(x) = 0,

Ẽ2(x) = −x, Ẽ3(x) = 0,

Ẽ4(x) = 2x + 3x2, Ẽ5(x) = 0,

Ẽ6(x) = −16x − 30x2 − 15x3, Ẽ7(x) = 0,

Ẽ8(x) = 272x + 588x2 + 420x3 + 105x4, Ẽ9(x) = 0,

Ẽ10(x) = −7936x − 18960x2 − 16380x3 − 6300x4 − 945x5,
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Remark 2.3 Let n, m ∈ N. Then by Theorem 2.2, we have
n∑

k=0

c(n, k) =

n∑
k=0

(
n

k

)
Gk+1

2k

k + 1
.

From Remark 2.3, we easily see that
∑n

k=0 c(n, k)xk generalized Euler polyno-
mials is related to Genocchi numbers.

By applying Theorem 2.2, we have

k!c(n, k) =
dk

dxk
Ẽn(x) |x=0 (2.6)

On the other hand, it follows from (2.2) that(
log

2et

e2t + 1

)k

=

∞∑
n=0

dk

dxk

(
Ẽn(x) |x=0

) tn

n!
,

k!
∞∑

n=k

c(n, k)
tn

n!
=

(
log

2et

e2t + 1

)k

. (2.7)

Now note
d

dt
log

(
2et

e2t + 1

)
=

∞∑
n=0

Gn+1
2n

n + 1

tn

n!
− 1. (2.8)

By integrating from 0 to t in(2.8), we deduce that

log
2et

e2t + 1
=

∞∑
n=2

2n−1Gn

n

tn

n!
(2.9)

Substituting (2.9) in (2.7) we get

c(n, k) =
2n−kn!

k!

∑
v1+···+vk=n
1≤i≤k,2≤vi

Gv1 · · ·Gvk

(v1 · · · vk)(v1! · · · vk!)
.

(2.10)

Therefore, we have the following theorem.

Theorem 2.4 For n ≥ k(n, k ∈ N), we have∑
v1+

+vk=n
1≤i≤k,2≤vi

Gv1 · · ·Gvk

(v1 · · · vk)(v1! · · · vk!)

=
k!

n!

k−1∑
j=0

(
n

j

)
(−1)k−j

n−j∑
l=k−j

s(l, k − j)S(n − j, l)2k−j−l.

Remark 2.5 Setting k = 1 in Theorem 2.4, and noting that s(j, 1) =
(−1)j−1(j − 1)!, we obtain

Gn = 2n
n∑

l=1

(−1)l(l − 1)!

2l
S(n, l)(n ≥ 2).
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3 Zeros of the generalized Euler polynomials

Ẽn(x) of the second kind

In this section, we investigate the reflection symmetry of the zeros of the
generalized Euler polynomials Ẽn(x) of the second kind. Since

∞∑
n=0

Ẽn(x)
(−t)n

n!
=

(
2e−t

e−2t + 1

)x

=

(
2et

e2t + 1

)x

=

∞∑
n=0

Ẽn(x)
tn

n!
,

we have Ẽn(x) = (−1)nẼn(x)) for n ∈ N.

Hence, we arrive at the following theorem.

Theorem 3.1 For n ∈ N and n ≡ 1 (mod 2), we have

Ẽn(x) = 0.

Throughout the numerical experiments, we can finally conclude that Ẽn(x), x ∈
C has not Re(x) = 0 reflection symmetry analytic complex functions. How-

ever, we observe that Ẽn(x), x ∈ C has Im(x) = 0 reflection symmetry(see

Figure 1). The obvious corollary is that the zeros of Ẽn(x) will also inherit
these symmetries.

If Ẽn(x0) = 0, then Ẽn(x∗
0) = 0,

where ∗ denotes complex conjugation(see Figure 1 and Figure 3).

We investigate the beautiful zeros of the generalized Euler polynomials
Ẽn(x) by using a computer. We plot the zeros of the generalized Euler polyno-

mials Ẽn(x) for n = 20, 30, 40, 50 and x ∈ C(Figure 1). In Figure 1(top-left), we
choose n = 20. In Figure 1(top-right), we choose n = 30. In Figure 1(bottom-
left), we choose n = 40. In Figure 1(bottom-right), we choose n = 50.

Plots of real zeros of Ẽn(x) for 1 ≤ n ≤ 60 structure are presented(Figure
2).

Stacks of zeros of Ẽn(x) for 1 ≤ n ≤ 60 from a 3-D structure are pre-
sented(Figure 3). Our numerical results for approximate solutions of real zeros

of the generalized Ẽn(x) are displayed(Tables 1, 2).
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Figure 1: Zeros of Ẽn(x) for n = 20, 30, 40, 50

Table 1. Numbers of real and complex zeros of Ẽn(x)

n real zeros complex zeros

2 1 0
4 2 0
6 1 2
8 2 2
10 3 2
12 2 4
14 3 4
16 4 4
18 3 6
20 4 6

We observe a remarkably regular structure of the complex roots of the gener-
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Figure 2: Real zeros of Ẽn(x) for 1 ≤ n ≤ 60

alized Euler polynomials Ẽn(x). We hope to verify a remarkably regular struc-

ture of the complex roots of the generalized Euler polynomials Ẽn(x)(Table

1). Next, we calculated an approximate solution satisfying Ẽn(x), x ∈ R. The
results are given in Table 2.

Table 2. Approximate solutions of Ẽn(x) = 0, x ∈ R

n x

2 0

4 −0.6666666667, 0

6 0

8 −0.9845319214, 0

10 −1.724316306, −1.000758949, 0

12 −0.999979677, 0

14 −1.988461938, −1.000000377, 0

16 −2.773327957, −2.000783019, −0.999999995, 0

18 −1.999963994, −1.000000000, 0

20 −2.992197642, −2.000001294, −1.00000000, 0

Finally, we shall consider the more general problems. For n ∈ N, Ẽ2n(x) =
0 has n distinct solutions. Find the numbers of complex zeros C

�E2n(x) of
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Figure 3: Stacks of zeros of Ẽn(x)

Ẽ2n(x), Im(x) �= 0. Since n is the degree of the polynomial Ẽ2n(x), the num-
ber of real zeros R

�E2n(x) lying on the real plane Im(x) = 0 is then R
�E2n(x) =

n − C
�E2n(x), where C

�E2n(x) denotes complex zeros. See Table 1 for tabulated
values of R

�E2n(x) and C
�E2n(x).
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