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Abstract
In this paper, by setting up a generalized integral identity for dif-
ferentiable functions, the author obtain some new upper bounds of
Hermite-Hadamard type inequalities and new Simpson-like type in-
equalities, for differentiable harmonically convex functions.
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1 Introduction

Many inequalities have been established for convex functions but the most
famous is the Hermite-Hadamard’s inequality, due to its rich geometrical sig-
nificance and applications, which is stated as follows: Let f: I C R — R be
a convex function and a,b € I with a < b. Then following double inequalities

hold:
(52 <5 [ e 201310

Hermite-Hadamard’s inequalities for convex functions and geometrically
convex functions have received renewed attention in recent years and a re-
markable variety of refinements and generalizations have been found in [1]-[14]
and references therein.
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Let us recall some definitions of several kinds of convex functions:

Definition 1. Let [ be an interval in R. Then f: I — R is said to be convex
on [ if the inequality

flr+ 1 —t)y) <tf(x)+(1—-1t)f(y) (1)
holds, for all z,y € I and ¢ € [0, 1].

Definition 2. Let [ be an interval in R, = (0,00). A function f: ] — R is
said to be harmonically convex on I if the inequality

ry
(s ) s+ 0-07 @ )

holds, for all z,y € I and ¢ € [0, 1]. If the inequality in (2) is reversed, then f
is said to be harmonically concave.

In [4], Imdat Iscan established the following result of the Hermite-Hadamard
type for harmonically convex functions:

Theorem 1.1. Let f : [ C Ry = (0,00) — R be a harmonically convex
function on an interval I and f € Lla,b], where a,b € I with a < b.

1) <5 [ e <TI0 @

Also, in [4], Imdat Igcan established some new Hermite-Hadamard type in-
equalities, which estimate the difference between the middle and the rightmost
terms in (3), for harmonically convex functions:

Theorem 1.2. Let f: 1 C R, = (0,00) — R be a differentiable function on
the interior I of an interval I in Ry = (0,00) and f’ € Lla,b], where a,b € I
with a < b. If | f' |7 is harmonically convex function on [a,b] for ¢ > 1, then
the following inequality holds:

I _ab [ sl
2 b—a 22

b(b—a) 1-1 1
< BZa) =i, f’(a) 7+ | F(0) 7]

2
where
2

A= % - (b—2a)2 o <(a;:) )

2
M= - o " (ia—z; I <(a4—;: ) ).

2

As a(bl— a) (2b—+a()13 n <(&ZC_L:) )

:)\1—)\2.
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In [5], Imdat Iscan established the following theorems:

Theorem 1.3. Let f: I C R, = (0,00) — R be a differentiable function on
the interior I of an interval I in Ry = (0,00) and f’ € Lla,b], where a,b € I
with a < b. If | f' |7 is harmonically convex function on [a,b] for ¢ > 1, then
we have the following inequality for A € [0, 1]:

‘/\<M) +1- /\)<a2—(|1—bb) a b&—ba ab fif)dx‘

PO o n)[Calria) | Fla) |

F O b) | F0) 7]7+ Oy (v ah)
x [Cs(hia,b) | £'(a) 17 +Co(hia,b) | F(B) [7]7 ),

IN

where
Ci(\u,v) = ﬁ
{A (v —u) 4+ 2u}(3u+ v) u(u +v)
% [_4+ u(:—?—v)g - ((2u2+)\(:—u))2)}’
1
Co(Au,v) = (v — u)?

N

~{Mv =) Zilj}}(ﬁ)u + 3v) Tud v},
and

03()\;/1,1/,/0) = Cl()‘;uav> - CQ()\;U,U), u, v > 0.

Theorem 1.4. Let f: 1 C R, = (0,00) — R be a differentiable function on
the interior I of an interval I in Ry = (0,00) and f’ € Lla,b], where a,b € I
with a < b. If | f' |7 is harmonically convex function on [a,b] for ¢ > 1, then
we have the following inequality for A € [0, 1]:

B B B Ry

< &b(b — G) 04% ()‘ap)
{0 -9 —29)(b—a)}s
< {(Colaah) | £(@ I +Culasat) | FO) 1)

+ (Colaa,b) | £'(a) 17 +Cs(gzb,a) | £(0)17)7},

Q=
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where
Cip) = AP +p(i1 )\)1+p7
u+ov\172¢ v —3u 9-9
Cun = [(552) {52 o) 4],
Colgiw) = [(“51) P v — )}
+u1*2q{u—2v+2q(v—u)H, u,v >0
and
LENE )
p g

Definition 3. The hypergeometric function o Fi[a, b, ¢, z] is defined for | z |< 1
by the power series

(@)n(b)n 2"

oF1]a,b,c,x] = X7, ©. ok

(4)

It is undefined if ¢ equals a non-positive integer. Here (g),, is the Pochhammer
symbol, which is defined by

(@) = 1, n=~0
W= qgl¢+1)---(¢+n—-1), n>0.

Definition 4. The beta function, also called the Euler integral of the first
kind, is a special function defined by

ﬁ@szﬂﬂmwww. (5)

In this paper, we give some generalized inequalities connected with the
left and right parts of (3), as a result of this, we obtain some generalized
Hermite-Hadamard-like and Simpson-like type inequalities for differentiable
harmonically convex functions by setting up an integral identity for differen-
tiable functions.
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2 Main results

In this paper, for the simplicity of notations, let us denote

P = a(boi\a) * (b—la)Q ().

al+a—1 1
e = A hae ( A
H1s = a((i - ff;ﬁffa 0 —1a)2 In <A1a_a)’
W _adl b—(bazAa(;Zaj —b) ; _1(1)2 . <A1ba>’
e ZiffifAli 0 s a7 " <Ailx_jax)7
Has = 223:;)) 0 —1a)2 In <A1_i+w)’
Ha1 = (b2—a 2)2 - ?bt/};;; I (A;M)’
o = £ OZb_—aj)l(/CxL:aAl_a) C(thic;g o </ﬁa_2)’
e )

(A +a—-1)(b+ Ai1_,) N b+ Ai_on | <A1a>’

N (Y P b—ap "\ A,
(1 - O[)(?)CL + Aa—o&\—l) a+ Aa)\ Al—a
= 1
pat (b—a)A,_. b—a) < a )
(1 —a){aa® + alb® — (aX+a —2)ab} b+ A a
= 1
Haz alb — a)2 A, To—ap " <A1a>’
(I —a)(V* + Aa®) + (14 a— XA+ aX)ab}
Hor = b(b— a)?A,_.
a+ Ai-xtan Al
1
(b—a)3 < b )’

a(Aa—aA—l - 3b) b+ A(lfoz))\ b
pu— ].
Hoe = = A . T —ap (Al_a)’
_ A—a—aN)(a+ Ai_a)  a+ Au_a In (Al)\Jra)\)
Ho3 (b—a)?A,_, b—a)? A
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Hs4 =

M55 =

Hs6 =

He1 =

He2 =

He3 =

Hes =

Hes =

Hee =

vV =

Vo =

V73 =

Vg =

Jaekeun Park

(1 —oz)A(cH—b) (l‘f‘Al_)\_;,_a)\ 1 <A1—>\+o¢>\)

b(b— a)? (b—a)3 b ’
(C( — A+ Oé)\)(b + Alfa) b+ A1,A+a)\ 1 < Alfa )
(b—a)?(aa+ (1 — a)b) (b—a)? ’
2(0& — 1))\ b+ A1,A+a)\ n < b )

Al—)\—I—a)\

(b—a)? (b—a)? A1_rtar
o tP)\HP a\(b—a
W2F1[1a2p72+p7_¥]7
AP _
e -
AT A
o« F[1—2p —p,2—2 o }
+2p_12 1[ P, —D, D, Aa)\] ;
Aoy

{@ R = 2p,—p,2— 2p, ]

(2p —1)(b—a)'*» Aan

Ala
_A}:iPQFI[l_Qpa _pa2_2p7 141 ]}7
a\

AP
ek L L - 9p, —p,2 - 2p,

(2p —1)(a — D)L+ A1xtax

Alq
_AiiiPQFl[l_Qpa _pa2_2p7A . ]}7
1-A+aX

AIID Ata 1-2
Aoscor L o1 4

(b—a)+r
A A
+ 2]9 — 12F1[1 - 2]9, —-p, 2— 2]7, Al)\Jra)\]}’
All)f)\Jra)\ 1-2
m{fllﬂmﬁ[l —2p, 1+ p]
b2 b
+ 2]9 — 12F1[1 - 2]7, —D, 2 — 2]7, m]}a
B 3a+b L@ +b ln< 2b )
2(b—a)(b* —a?)  (b—a)® \a+0b/’
a+ 3b 2 | < 2b )
20— a) (b —a®)  (b—a)® \atb)
3a+0b 2a m(a—i—b)
2b—a)(®* —a?) (b—a)? 2a /)’
B a+ 3b . a+b m(a—l—b)
2(b—a)(® —a?)  (b—a)? 2a /'
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Vs = — ! + ! ln<&+b)
TR - (b—a)? 2a /)’
1 1 20
_ _ 1
T R ar T (b_a) n<a+b>’

b a _ 1 1n< 2b )

T p2—a?) (b—a)? \a+b)’
b 1 2a + b

= - 1 .
YT a®—a) (b a)? n( 2% )

In order to find some new inequalities of Hermite-Hadamard-like and
Simpson-like type inequalities connected with the left and right parts of (3)
for functions whose derivatives are harmonically convex, we need the following
lemma:

Lemma 1. Let f: I C R, = (0,00) — R be a differentiable function on the
interior I of an interval I such that f € L([a,b]), where a,b € I with a < b
and a, A € [0,1]. Then the following identity holds:

I+(\, o, a,b)
EA{(l—a)f(a)+af(b)}+(1—/\)f<A(jlia>—ba_ba abfg)dx
:ab(a—b)[/ol_at;;/\f'<%)dt
+/1iat_1+1%(1_a)f/<%)dt} (©)

fort € [0,1], where Ay = (1 — t)a + tb.
Proof By the simple calculation, this is proved.

,%, 1 and a = %, then we get

ab [ f(z) 2ab
(a) b—a ), x? dx_f<a—|—b>

:ab(b—a)[/j A%f’(j—lz)du/;t;l;)f’(%)dt}
o L@ IO b [ fe)

2 b—a ), x?

— ab(b — a) /01(% _ t)Ai%f'(%)dt,

In Lemma 1, if we choose A =0

dx
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0 [ e s a2 )

:ab(b—a)[/oé t;;f’(j%)dwr/;t;ff(j—lz)dt].

Now we turn our attention to establish inequalities of Hermit-Hadamard-
like and Simpson-like type for differentiable harmonically convex functions.

Theorem 2.1. Let f: 1 C R, = (0,00) — R be a differentiable function on
the interior I° of an interval I and f' € L([a,b]), where a,b € I with a < b and
a, A € [0,1]. If | f'|? is harmonically convex on [a,b] for ¢ > 1 with I% + % =1,
then the following inequality holds:

(a) Ifad <1 —a<1-—X1-—«), then we have

10 a,a,0)]

< ab(b = ) (11 + p12)? {1 + p32) | /(@)

1

+ (p3s + paa) | f/(D) |7 }q + (22 + po3)

q

3=

 {Gsa -+ mso) | £0) 1+ s+ se) | 70 17 }].
(b) Ifar<1—A1—-a)<1—a, then we have
10 a,a,0)
< ab(b—a) [(un + :UJIQ)%{(MM + pa2) | f'(a) ?
G+ ) | £0) 1)+
(st ) | @) 11 )],

(c) If1—a<al<1-—X\1-a), then we have

)If()\,&,a, b))

Q|

< ab(b — o) [ty {poa | £1(@) [ sz | F5) 17}

+ (pa2 + M23)%{(M53 + psa) | f(a) |

+ (pss + pse) | f/(b) |4 };]
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Proof From Lemma 1 and by the power mean integral inequality, we have

\w,a,a, b)|

’)\{ (1—a)f(a)+af( )}
+(1- )f<A1 a) ba—ba fi«?) x)
gab(b—a)[/ola”A% ( ))dt

+/11a‘t—1+/1\%(1—04) (;Lllz) )dt}

< ab(b—a)[(/ola ‘t;lig/\‘dt)l_%
X(/Oa‘tAg (At) dt)

1 1
|[t—1+AX1—a)|, \!3
+</1_a y dt)

1
[t—14+ X1 —a) ab
% </1a A2 <At>
Note that:
(a) (i) If el <1 — «, then we have

ot —a) |
——dt
|

al 11—«
al—t t—al
- dt+/ PO
jg 14? a\ 14?

= p11 + M2
(ii) If aX > 1 — «, then we have

-« 1—al
|t —al | / a\—t
———dt = dt = 3.
/0 A7 0o A v

(b)) f1-A1—-a)<1—a,ie,a<A1—a), then we have
1 JE— JE—
/ |t 1+>\2(1 a)\dt
l-a /4t

Lt—14+4XM1-a
:/ AQ( )dt:/‘LQI
11—« t

dt) } . (7)




1330 Jaekeun Park

(i) f1—-XA1—a)>1—aq,ie,a> 11— a), then we have

e —1+ M1 -
/ [—1HML )|
11—«

A?
:/4M1®1—M1—@—¢&
1-a A7
1
+/1/\ t_1+22(1_&)dt
(1-a) £
= 22 + 3.

Since |f’|? is harmonically convex on [a,b] for ¢ > 1, we know that for
t e [0,1]

Mgt <tr@r+a-niror

hence, by simple calculation, we have that:
(¢) (i) If aX <1 — a, then we have

/ola‘tT <At)
S/O a\ — {t}f )|+ (1 —1)]f(b }}
+/Qi at {t}f }q+(1_t)’f/(b)}q}dt

= {M31+M32}‘f a ‘ +{M33+M34Hf/(b)}q-

dt

(ii) If X > 1 — «, then we have

,A_ﬂlizf__ <AJ

S/OlaAaA—t{t}f O (L= 8| F }q}dt

-{[ " Eairor
[T o

= | /(@' + o P O]

dt
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(d) () If1-A1—-a) <1—a,ie,a<A1—a), then we have

/1 [t —14+X1—a) (ab)
l—«a A% At

< [T arer o -olrora

= ps1| /(@) |" + psa| £/ (B)|".

dt

(ii) If aX > 1 — «, then we have

/11a‘t_1+14;\§(1_a)|f/<%)th
S/ll;jl_a){l_A(lA?) Helr@l + a-nlr o)}
+/1;(1_a){t—1+1%(1— }{t]f )+ (1= )] £ )}q}dt
_ {/1::(1“) (1- A(lA—t2 a) -1t

! (t—1+X1—a))t L
! /HM) e O

1-A(1—a) 1-X1l—-a)—t)(1—1)
+{/1a A2 ‘

e =14+ M1 —a))(1 —1) g
i /1—)\(1—00 Aj dt}’f )

= {,U53 + ,U54}’f/(@)}q + {M55 + ,U56Hf/(&)}q-

t

By substituting (a)-(d) in (7), we get the desired result.

Corollary 2.1. Let f : I C R, = (0,00) — R be a differentiable function on
the interior I° of an interval I and f' € L([a,b]), where a,b € I with a < b and
a, A € [0,1]. If | f'|? is harmonically convex on [a,b] for ¢ > 1 with ]% + % =1,
then the following inequality holds:

2 [ e (2)

_ 2
b—a ), =x

< ablb— o) [vh v | F(@) [ 40 | )7}

svdy{om | £a) [ FO) 1 )]
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Theorem 2.2. Let f: 1 C R, = (0,00) — R be a differentiable function on
the interior I° of an interval I and f' € L([a,b]), where a,b € I with a < b
and a, A € [0,1]. If |f'|? is harmonically convezr on [a,b] for ¢ > 1, then the
following inequality holds:

(a) Ifad <1—a<1-—X1-—«), then we have

)If()\,a,a, b))
< ab(b— a)
X [(Mm + MGQ)é{O‘G{V f’(A12af)11!:+ | f(b) 9} };
o+ (pis5 + res) { (1 =~ 2)bf] f’(e;) A+ | f(Aia) |7} V]

(b) If ax <1—A1—a) <1-—a, then we have
’If(/\,oz,a,b)’
< ab(b—a)
1 "(A1_y) |9 "(b) |9} 4
" [(u6l+u62)p{oaa{!f( 121311\ +1f0) | }}

+%4{(1—oz)l7{| f(z)Al‘jt\f’(Al o) |’ }} ]

(c) If1—a<al<1-—X\1-a), then we have

)If(/\,a,a, b))
< ab(o — ) [ { 2L Al L LSO
+<u65+u66>;{<1—a>b{\f’(;ﬁt\ml 2) 19 }} |

Proof From Lemma 1 and by the Hélder integral inequality, we have

1\ a,a,0)]

gab(b—a)[/o S ( ))dt
+/11a|t—1+2\?(1—04) (ji)’)dt}

gab(b—a)K/ola %dt)%/ola f (ZE)

dt)
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+</11 |t—1+2?(pl—a) ‘pdt)%</11 f’(%) th)é]'

— —

Note that:
(a) (i) If aA <1 — «, then we have

-«

t—a\ P

/ %dt = 61 t+ Me2-
0 Atp

(ii) If aX > 1 — a, then we have

et —al|p
/0 T?pdt = He3-

(b) ) f1-A1—-a) <1—a,ie,a<A1—a), then we have

/1 [t—1+A1—a)?
1

2p
o A3

dt = pes-

(i) f1-A1—-a)>1—aq,ie, a> 11— a), then we have

/1 [t—1+X1—a)|
-« A?p

dt = pes + pes-

(¢) By Theorem 1.1, we have that

[ [
< _aa {| f'(Aia) [T+ | f'(b) \q}'
— A, 2

This inequality holds for a = 0.
(d) By Theorem 1.1, we get that

/11 f(%)th: ab /aAl_a\f/(x)‘th

2
o b—a x

(L=a)bg| f'(a) |7 + | f'(Ai-a) |
Ai_q { 2 }

<

This inequality also holds for a = 1.
By substituting (a)-(d) in (8), we get the desire result.

1333

Corollary 2.2. Let f: I C Ry = (0,00) — R be a differentiable function on
the interior I° of an interval I and f' € L([a,b]), where a,b € I with a < b
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and a, X € [0,1]. If | f'|? is harmonically convex on |a,b] for ¢ > 1, then the
following inequality holds:

i [ T ()]

+
< ab(b— (21+p ) o [{ ves | f'(a) | +vrs | f/(B) | }q

+&w«ﬂ@ﬁ+wﬂf@v}ﬂ.

Theorem 2.3. Let f: 1 C R, = (0,00) — R be a differentiable function on
the interior I° of an interval I and f' € L([a,b]), where a,b € I with a < b
and a, A € [0,1]. If |f'| is harmonically convex on [a,b], then the following
mequality holds:

(a) Ifad <1—a<1-—X1-—«), then we have

1\ a,a.0)
< ab(b— a) H(ugl + p32) + (ks + u54)} | f(a) |
o { (s + p130) + (s + o) | | F'0) 1]
(b) Ifad<1—=X1—a)<1—a, then we have
(A a,a,0)]
< ab(b— a)[{ (41 + p1z2) + s | | /(@) |
{4 aa) + 2} 1 £ 0]
(c) If1—a<al<1—X\1-a), then we have
(% a0,0)|
< ab(b—a) [{Maﬂ + (ps3 + M54)} | f'(a) |
{ oz + (s pso) | 1 £/0) 1]

where p;; (i =3,4,5 and j =1,2,3,4,5,6) are defined in Theorem 2.1.

Proof From Lemma 1 and by the power mean integral inequality, we have

’If(/\,oz,a, b)’

§ab(b—a)[/0 o

=1 —
p [ Lmlraa-a
11—« At

7 ()|
D))ar].
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Hence, by the harmonically convexity of | f’ | on [a, b], we have
1\ a,0,0)

ot —aN |t
< ab(b—a)[{/o ‘Tdt

+Aq\t—1+Aﬂ—aHt&Hfm”

Y A2
+{/11a\t—a§4!?<1—t>dt
+/11a\t—1+)\(1A;04)’(1—t)dt}‘f’(b)u, (9)

Note that:
(a) (i) If aX <1 — «, then we have

1—

Ylt—aX|t

/ #dt = {31 + H32
0 A

and

o ol (1=t
/ | |2( )dt:M33+M34-
0 A

(ii) If X > 1 — «, then we have

ot —aX|t 1=aX () — 1)t
e = / L At =p
/o A7 0 A? N

and

A
b)) I1-A1—-a)<1—a,ie,a<A1-—a), then we have

Dlt—14+MN1—a)lt
[ lmieasalt,
1 Aj

oy X (1 —t
/ \ | ( )dt:m'
0

—Q

and

dt = sz

Lt—14+M1—0a) | (1-10)
L%

() If1—-X1—a)>1—a,ie,a> 11— a«), then we have

/4\t—1+Au—aﬂt
1

dt =
A2 W53 + 54

—Q
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and

dt = pss + pse.

Lt—14+XM1—0a) | (1—10)
I

By substituting (a)-(d) in (9), we get the desired result.
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