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Abstract

In this paper we construct an asymptotic for resonance of a wave
function associated with the Klein-Gordon equation in presence of a
potential barrier. To achieve this, we reduce the main differential equa-
tion to an integral equation using Green’s function, Fourier transform
and Neumann series.
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1 Introduction

It was constructed an asymptotic for the Klein-Gordon equation [1].
Unbounded states were associated with the wave equation [5]. It was stud-
ied the resonance for scattered waves [4]. It was connected the Fredholm
determinant approach of Froese to the Fourier transform approach of Zworski
[3]. It was studied resonance for water waves [2].
Our goal is to construct an asymptotic of an unbounded solution of the
Klein-Gordon equation perturbed by a potential barrier V(z) € C§°(R). The

antibound state (it is known as a resonance) is related with a potential that
satisfies [ V(z)dx > 0.

2 Preliminary Notes
We study the continuous Klein-Gordon equation
Uy — AV 4+ m?U +eV(2)¥ =0, m>0, ¢—0.

Now, we are looking for the solution that satisfies the definition (2.1) in
the form ¥ = e™!p(z), where w is the frequency, we obtain

— () + mPp(2) + €V (@)p(z) = Ap(2), A =w? (1)

where V(z) = 0 for x > r and < —r with r sufficiently large. The
continuous spectrum of equation (1) coincides with the continuous spectrum
of the unperturbed equation when € = 0 and it is given by [m?, 00).

Definition 2.1. A solution p(z) of equation (1) is called a resonance if ¢
satisfies
() oc 7 || = o0 (2)

with >0 and A\ = m? — 2.

3 Main Result

The main result is as follows

Theorem 3.1. Let f_oooo V(x)dx > 0. Then for e sufficiently small, the equa-
tion (1) has a resonance for X\ = m? — 3%, where

B=5V(0) +0(). 3)
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Proof. We consider the problem (1) and taking A = m? — 32 we obtain

—0ra(2) + Pp(x) = —€V (2)p(x).

We define L = —% + % and g(z) = —€eV(z)p(x). Using Green’s functions
L(G(z,£)) = 0(x — &), where G(z — &) = %e‘mm_g' [1]. Thus, the solution for
Ly = g is given by ¢ = G * g, where g has compact support. Now, we are
looking for the solution of problem (1)

p(r) =[G x (—eVo)|(2),
applying Fourier transform

~ —€ 5

P(p) = mvsﬁ(p)a (4)

where G(p) =

1
p*+5°

(* + 5°)2(p) = Alp). ()

We know that outside the support of V (z), |z| > 7, p(x) = Aje P2+ Ayel.
So the sought solution is of the form

o(zr) = %/mep p2+52dp+A16 + Aye’”, (6)

for |z| — oo. To study the behavior of (6), we define the following contours
around the simple poles

Dy ={z[>1Ly=0}U{z+iy:a’+y* =1,y >0}

D_={lz|>1,y=0}U{z+iy: 2> +y* =1,y <0}.
Applying the Cauchy residue theorem to (6), we have

@(m):%/[)+ep ij—p)Bde—i_( gﬁ)—l—fh)e Pe 4 AyeP?, (7)

for x > 0. Considering the right hand side of (7) and A; = _A6D) e have

28
1 e A(p + i)
o(x) = Ay + —e “”/ — = _dp.
2m Do—fi} (P +1)* + 32

So, p(z) = Aef® + O(e™®), when x — oo.
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Analogously, p(z) = Aje™?" + O(e”), when x — —oco and Ay = _g(;;ﬁ)'

Therefore,

90($) _ i /OO eipa: A(p) d (Zﬁ) —ﬂ:}c o A(_26> e,B:E. (8)

o P+ p 28
The Fourier transform of (8) has the form
- Alp
50) = Ly omid(p — i8) + 2m Asi(p + 49). )
p+B
Substituting (9) into (4), we obtain

i = [ To-94

o g — eA\V(p—iB) — €AV (p +if). (10)
Applying the Cauchy residue theorem to the equation (10), we obtain

A= [ 7o 0 i (A V.

We define Q as the set of bounded analytic functions on By = {z €
C,|S.| < 1}, with the norm || ¢ ||= sup.ep, |¢(z)|, and the operator T :
Q — Q by

A = [ V-Gl peo (12)
We can rewrite the equation (11)
(0 + T ) ) = ¢ (A(; B ) Vip-+if). (13)

Since the operator T is bounded, therefore €T} is small, it corresponds to
a contraction operator then we can take its inverse, thus:

Ap) =« (A(; - )> (1 + Ty V(e +i8), (1)

where 1 is the identity operator.
Rewriting (14) in terms of the Neumann series

Alp) =« (A(; ;5)) S (-1 eI (E +iB) ) (15)
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Now, let us evaluate (15) at p = —i3, we obtain

QBZ 1) TV (E +i8)) (i) (16)

Taking the main term of (16)

= —ﬁV(ﬁ +if)]e=—is + O(€”).

Multiplying by 3, we obtain (3).

]
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