
International Journal of Mathematical Analysis
Vol. 10, 2016, no. 25, 1229 - 1243
HIKARI Ltd, www.m-hikari.com

https://doi.org/10.12988/ijma.2016.68101

Jacobi Elliptic Function Solutions

of K(n, n) - Type Equations

E.V. Krishnan1

Department of Mathematics and Statistics
Sultan Qaboos University, P.O. Box 36

Al-Khod 123, Muscat, Oman

K.S. Al-Ghafri

College of Applied Sciences, Ibri
P.O. Box 14 Ibri, Postal Code 516, Oman

Copyright c© 2016 E.V. Krishnan and K.S. Al-Ghafri. This article is distributed under

the Creative Commons Attribution License, which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.

Abstract

In this paper, modified K(n, n) and K(n + 1, n + 1) equations have
been solved using mapping methods which give a variety of solutions in
terms of JEFs. The solutions when m → 0 and m → 1, with m as the
modulus of the JEFs have also been deduced. The role of constraint
conditions has been discussed.
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1 Introduction

Travelling wave solutions (TWSs) of nonlinear evolution equations have been
extensively studied due to the significant applications in the mathematical
theory and other fields in physical sciences. The advantage of using travel-
ling wave solutions is that the governing partial differential equation (PDE)
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reduces to an ordinary differential equation (ODE) which makes it easier to
solve. Several methods using TWSs have been proposed such as tanh method
[3,15], extended tanh method [21], exponential function method [7], Jacobi el-
liptic function (JEF) method [14], mapping methods [11,12,16,17], simplified
bilinear method [8,25], G′/G-expansion method [5,18,19], Sine-Gordon expan-
sion method [4] and so on.

The Korteweg de Vries (KdV) equation which exhibits soliton solutions con-
sists of a time evolution term, a weak nonlinearity term uux and the linear
dispersion term uxxx. It is the qualitative balance between nonlinearity and
dispersion that leads to soliton solutions. A KdV-like equation was introduced
by Rosenau et. al [20] given by ut + a(un)x + b(un)xxx = 0. This equation
is known as the K(n, n) equation [24] which contains the genuinely nonlinear
term (un)x and the genuinely nonlinear dispersion term (un)xxx. The balance
between the nonlinear convection term (un)x and the genuinely nonlinear dis-
persion term (un)xxx gives rise to the so-called compactons which are solitary
waves with compact support and without tails or wings.

Some exact solutions for certain modified K(n, n) and K(n+1, n+1) equations
with nonlinear time evolution terms using separation of variables method [6,9]
and auxiliary equation method [1,10,22,23] have been found [2]. In this paper,
we employ mapping methods to derive a variety of solutions in terms of JEFs
and their limiting cases when the modulus approaches 0 and 1.

The paper is organized as follows: In section 2, a mathematical analysis of
mapping methods and definition and properties of JEFs have been given. Sec-
tion 3 gives a description of a modified K(n, n) equation. In sections 4 and
5, the modified K(n, n) equation has been solved using mapping and mod-
ified mapping methods. Section 6 is devoted for the solution of a modified
K(n + 1, n + 1) equation by mapping method. In section 7, we give the con-
cluding remarks.

2 Mathematical Analysis of Mapping Meth-

ods and JEFs

Consider a nonlinear PDE with the dependent variable u and two independent
variables x and t given by

F (u, ut, ux, ...) = 0, (1)

where subscripts denote partial derivatives with respect to the corresponding
independent variables and F is a nonlinear function of the indicated variables.
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Step 1: Assume that eq. (1) has a TWS in the form

u(x, t) = u(ξ) =
l∑

i=0

Aif
i(ξ). (2)

where ξ = x − η t, Ai and η are arbitrary constants, l is an integer and f i

represents integer powers of f .

The first derivative of f with respect to ξ denoted by f ′ can be expressed
in powers of f in the form

f ′
2

= p f 2 +
1

2
qf 4 + r, (3)

where p, q and r are arbitrary constants.

The motivation for eq. (3) was that the squares of the first derivatives of
JEFs can be expressed in even powers of themselves.

Step 2: Substituting eq. (2) into eq. (1), the PDE reduces to an ODE.
Balancing the highest order derivative term and the highest order nonlinear
term of the ODE, the value of l can be found.

Step 3: Substituting for u and using eq. (3), the ODE gives rise to a set
of algebraic equations by setting the coefficients of various powers of f to zero.

Step 4: From the values of the parameters Ai, p, q and r, the solution of
eq. (1) can be derived.

Thus a mapping relation is established through eq. (2) between the solu-
tion to eq. (3) and that of eq. (1).

It is to be noted that if l is an integer, we can use the method directly to
get a variety of solutions in terms of hyperbolic functions or JEFs. If it is a
non integer, the equation may still have solutions as rational expressions in-
volving hyperbolic functions or JEFs.

In the modified mapping method, we assume expansions in both positive and
negative powers of f as follows:

u(x, t) = u(ξ) =

l1∑
i=0

Aif
i(ξ) +

l2∑
i=1

Bif
−i(ξ) (4)
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where the integers l1 and l2 and the arbitrary constants Ai and Bi will be
determined as in the steps above.

Now, we give a description of JEFs and some of their properties [13].

Consider the function

F (φ,m) = η =

∫ φ

0

dθ√
1−m2 sin2 θ

. (5)

Letting t = sin θ, we obtain

η =

∫ sinφ

0

dt√
(1− t2)(1−m2t2)

. (6)

This is called Legendre’s standard elliptical integral of the first kind.

When m = 0, η =

∫ x

0

dt√
1− t2

= sin−1 x, where x = sinφ.

When m = 1, η =

∫ x

0

dt

1− t2
= tanh−1 x, where x = sinφ.

For 0 < m < 1, we define η as the inverse of a function which is known as
Jacobi Sine elliptic function, expressed in the form η = sn−1x so that x = snη
or snη = sinφ. Here, m is known as the modulus of the JEFs.

We define two other elliptic functions as

cnη =
√

1− x2 =
√

1− sn2η, (7)

dnη =
√

1−m2x2 =
√

1−m2sn2η. (8)

cnη is known as Jacobi cosine elliptic function and dnη is known as JEF of the
third kind.

As m → 0, snη → sin η, cnη → cos η and dnη → 1. As m → 1, snη →
tanh η, cnη → sechη and dnη → sechη.

nsη, ncη and ndη are the reciprocals of the three JEFs and scη, cdη, dsη,
csη, dcη and sdη are the ratios of the corresponding JEFs.

3 The modified K(n, n) equation

Consider the K(n, n) equation

un(un)t + a(u3n)x + bun(un)xxx = 0, n > 0, (9)
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where a and b > 0 are arbitrary constants. The first term is the time evolution
term, the second one characterises nonlinearity and the last term represents
nonlinear dispersion. The balancing of nonlinear and dispersive terms give rise
to periodic wave solutions (PWSs), solitons and compactons.

We use the travelling wave transformation

u(x, t) = U(ξ), ξ = x− ct, (10)

where c is the wave speed to reduce the NLPDE (9) to an ODE given by

−cUn(Un)′ + a(U3n)′ + bUn(Un)′′′ = 0, (11)

where ′ = d/dξ, ′′ = d2/dξ2, ′′′ = d3/dξ3.

We set v = Un in eq.(11) to reduce it to

−cvv′ + 3av2v′ + bvv′′′ = 0. (12)

Dividing both sides of eq. (12) by v and integrating once with respect to
ξ, we obtain

K − cv +
3

2
av2 + bv′′ = 0, (13)

where, K is the integration constant.

4 Mapping Method

Following the mapping method, one can assume the solution of eq.(13) in the
form

v = A0 + A1f, (14)

where, A0 and A1 are constants to be determined and f satisfies

f ′
2

= 2pf + qf 2 +
2

3
rf 3, f ′′ = p+ qf + rf 2. (15)

Substituting eq.(14) into eq.(13) and using eq. (15), we obtain

A0 =
c− bq

3a
, A1 = −2br

3a
, (16)
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and the constraint condition

6aK + b2(q2 − 4pr)− c2 = 0. (17)

Case 1: f(ξ) = sn2(ξ).

In this case, p = 2, q = −4(1 +m2), r = 6m2.

So, the solution of eq. (9) can be written as

u(x, t) =

[
c+ 4b(1 +m2)

3a
− 4bm2

a
sn2(x− ct)

]1/n
. (18)

As m→ 1, we get the solution

u(x, t) =

[
c+ 8b

3a
− 4b

a
tanh2(x− ct)

]1/n
. (19)

Case 2: f(ξ) = cn2(ξ).

In this case, p = 2(1−m2), q = 4(2m2 − 1), r = −6m2.

So, the solution of eq. (9) can be written as

u(x, t) =

[
c− 4b(2m2 − 1)

3a
+

4bm2

a
cn2(x− ct)

]1/n
. (20)

As m→ 1, eq.(20) leads to the same solution given by eq. (19).

Case 3: f(ξ) = ns2(ξ).

In this case, p = 2m2, q = −4(1 +m2), r = 6.

So, the solution of eq. (9) can be written as

u(x, t) =

[
c+ 4b(1 +m2)

3a
− 4b

a
ns2(x− ct)

]1/n
. (21)

As m→ 0, eq.(21) gives us the solution

u(x, t) =

[
c+ 4b

3a
− 4b

a
csc2(x− ct)

]1/n
, (22)
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and when m→ 1, eq.(21) leads us to the solution

u(x, t) =

[
c+ 8b

3a
− 4b

a
coth2(x− ct)

]1/n
. (23)

Case 4: f(ξ) = nc2(ξ).

In this case, p = −2m2, q = 4(2m2 − 1), r = 6(1−m2).

So, the solution of eq. (9) can be written as

u(x, t) =

[
c− 4b(2m2 − 1)

3a
− 4b

a
(1−m2)nc2(x− ct)

]1/n
. (24)

As m→ 0, eq.(24) leads us to the solution

u(x, t) =

[
c+ 4b

3a
− 4b

a
sec2(x− ct)

]1/n
. (25)

Case 5: f(ξ) = sc2(ξ).

In this case, p = 2, q = 4(2−m2), r = 6(1−m2).

So, the solution of eq. (9) can be written as

u(x, t) =

[
c− 4b(2−m2)

3a
− 4b

a
(1−m2)sc2(x− ct)

]1/n
. (26)

As m→ 0, eq. (26) gives rise to the same solution given by eq.(25).

Case 6: f(ξ) = cs2(ξ).

In this case, p = 2(1−m2), q = 4(2−m2), r = 6.

So, the solution of eq. (9) can be written as

u(x, t) =

[
c− 4b(2−m2)

3a
− 4b

a
cs2(x− ct)

]1/n
. (27)

As m → 0, eq. (27) reduces to the solution given by eq.(22) and as m → 1,
eq. (27) leads us to the solution given by eq.(23).
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If the integration constant K is assumed to be zero, the constraint relation
given by eq.(17) reduces to

b2(q2 − 4pr) = c2. (28)

The expression q2−4pr in all cases is 16m4−16m2+16 which is always positive
for 0 ≤ m ≤ 1. Thus all solutions are valid with the constraint relation (28).

5 Modified Mapping Method

In this method, we can assume the solution of eq. (13) in the form

v = A0 + A1f +B1f
−1, (29)

where A0, A1 and B1 are constants to be determined.

Substituting eq. (29) into eq. (13) and using eq. (15), we arrive at a set
of algebraic equations by equating the coefficients of various positive and neg-
ative powers of f to zero. Solving these algebraic equations, we obtain

A0 =
c− bq

3a
, A1 = −2br

3a
, B1 = −2pb

a
, (30)

with the constraint relation

6aK + b2(q2 + 16pr) = c2. (31)

Case 1: f(ξ) = sn2(ξ) and f(ξ) = cd2(ξ).

In this case, p = 2, q = −4(1 +m2), r = 6m2.

So, the solutions of eq. (9) can be written as

u(x, t) =

{
c+ 4b(1 +m2)

3a
− 4b

a

[
m2sn2(x− ct) + ns2(x− ct)

]}1/n

(32)

and

u(x, t) =

{
c+ 4b(1 +m2)

3a
− 4b

a

[
m2cd2(x− ct) + dc2(x− ct)

]}1/n

. (33)
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When m → 0, eqs. (32) and (33) give rise to solutions given by eqs. (22)
and (25) respectively. As m→ 1, eq. (32) leads us to the solution

u(x, t) =
c+ 8b

3a
− 4b

a

[
tanh2(x− ct) + coth2(x− ct)

]1/n
. (34)

Case 2: f(ξ) = cn2(ξ).

Now, p = 2(1−m2), q = 4(2m2 − 1), r = −6m2.

In this case, the solution of eq. (9) can be written as

u(x, t) =

{
c− 4b(2m2 − 1)

3a
+

4b

a

[
m2cn2(x− ct)− (1−m2)nc2(x− ct)

]}1/n

.(35)

When m → 0, eq. (35) leads us to the solution given by eq. (25) and as
m→ 1, eq. (35) reduces to the solution given by eq. (19).

Case 3: f(ξ) = dn2(ξ).

Here, p = −2(1−m2), q = 4(2−m2), r = −6.

So, the solution of eq. (9) can be written as

u(x, t) =

{
c− 4b(2−m2)

3a
+

4b

a

[
dn2(x− ct) + (1−m2)nd2(x− ct)

]}1/n

.(36)

When m→ 1, eq. (36) gives rise to the solution given by eq. (19).

Case 4: f(ξ) = sc2(ξ).

So, p = 2, q = 4(2−m2), r = 6(1−m2).

In this case, the solution of eq. (9) can be written as

u(x, t) =

{
c− 4b(2−m2)

3a
− 4b

a

[
(1−m2)sc2(x− ct) + cs2(x− ct)

]}1/n

. (37)

When m→ 0, eq. (37) gives rise to the solution

u(x, t) =

{
c− 8b

3a
− 4b

a

[
tan2(x− ct) + cot2(x− ct)

]}1/n

. (38)
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and when m→ 1, eq. (37) degenerates to the singular wave solution given by
eq. (23).

If the integration constant K is assumed to be zero, the constraint relation
given by eq.(31) reduces to

b2(q2 + 16pr) = c2. (39)

The expression q2 + 16pr in case 1 is 16m4 + 224m2 + 16 and in cases 3 and 4
it is 16m4− 256m2 + 256 both of which are always positive for 0 ≤ m ≤ 1 and
so are valid when K = 0. However, in case 2, q2 + 16pr = 256m4− 256m2 + 16
which is not positive for some values of m between 0 and 1.

6 The modified K(n + 1, n + 1) equation

Consider the K(n+ 1, n+ 1) equation

ut + a(un+1)x + b(u(un)xx)x = 0, n > 0, (40)

where a and b > 0 are arbitrary constants.
The TWS given by eq. (10) reduces the NLPDE (40) to an ODE

−cU ′ + a(Un+1)′ + b(U(Un)′′)′ = 0. (41)

We use the transformation U = v−1/n to reduce eq. (41) to

−cv3 + av2 + 2bv′
2 − bvv′′ = 0. (42)

Following the mapping method, we assume the solution of eq. (42) in the
form given by eq. (14). Substituting the solution into eq. (42) and using
eq.(15), we arrive at a set of algebraic equations by equating the coefficients of
various powers of f to zero. These algebraic equations lead us to the solutions

A0 =
a+ bq

6c
, A1 =

br

3c
(43)

with the constraint condition

4b2(6pr − q2) + 2a(a− bq) = 0. (44)

Case 1: f(ξ) = sn2(ξ).
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In this case, p = 2, q = −4(1 +m2), r = 6m2.

So, the solution of eq. (40) can be written as

u(x, t) =

[
a− 4b(1 +m2)

6c
+

2m2b

c
sn2(x− ct)

]−1/n
. (45)

As m→ 1, eq. (45) gives rise to the solution

u(x, t) =

[
a− 8b

6c
+

2b

c
tanh2(x− ct)

]−1/n
(46)

with the constraint condition a = −4b.

So, the eq. (46) gives the solution in the form

u(x, t) =

[
−2b

c
sech2(x− ct)

]−1/n
. (47)

Case 2: f(ξ) = ns2(ξ).

In this case, p = 2m2, q = −4(1 +m2), r = 6.

So, the solution of eq. (40) can be written as

u(x, t) =

[
a− 4b(1 +m2)

6c
+

2b

c
ns2(x− ct)

]−1/n
. (48)

As m→ 1, eq. (48) gives rise to the solution

u(x, t) =

[
a− 8b

6c
+

2b

c
coth2(x− ct)

]−1/n
(49)

with the constraint condition a = −4b.

So, the eq. (49) leads to the solution in the form

u(x, t) =

[
2b

c
csch2(x− ct)

]−1/n
. (50)

Case 3: f(ξ) = cn2(ξ).
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Here, p = 2(1−m2), q = 4(2m2 − 1), r = −6m2.

Thus, the solution of eq. (40) can be written as

u(x, t) =

[
a+ 4b(2m2 − 1)

6c
− 2m2b

c
cn2(x− ct)

]−1/n
. (51)

As m→ 1, eq. (51) gives us the solution

u(x, t) =

[
a+ 4b

6c
− 2b

c
sech2(x− ct)

]−1/n
(52)

with the constraint conditions a = −4b or a = 8b.

So, when a = −4b, eq. (52) gives the solution given by eq. (47) and when
a = 8b, eq. (52) leads to the solution

u(x, t) =

[
2b

c
tanh2(x− ct)

]−1/n
. (53)

Case 4: f(ξ) = cs2(ξ).

Here, p = 2(1−m2), q = 4(2−m2), r = 6.

Now, the solution of eq. (40) can be written as

u(x, t) =

[
a+ 4b(2−m2)

6c
+

2b

c
cs2(x− ct)

]−1/n
. (54)

As m→ 1, eq. (54) gives the solution

u(x, t) =

[
a+ 4b

6c
+

2b

c
csch2(x− ct)

]−1/n
(55)

with the constraint conditions a = −4b or a = 8b.

So, when a = −4b, eq. (55) gives the solution given by eq. (50) and when
a = 8b, eq. (55) leads to the solution

u(x, t) =

[
2b

c
coth2(x− ct)

]−1/n
. (56)
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7 Conclusions

In this work,certain modfied K(n, n) and K(n+ 1, n+ 1) equations have been
solved using mapping methods. The JEF solutions and their limiting cases
when m → 0 and m → 1 have been obtained. For the modified K(n, n)
equation, it has been found that all constraint conditions have been satified
when the integration constant is set equal to zero, while in the case of modified
mapping method, one of the cases is not valid. In the case of modified K(n+
1, n + 1) equation, we considered the case of integration constant zero and
derived the solutions using a simple constraint condition.
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