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Abstract

Let (X, d) be a metric space, A, B nonempty subsets of X and T : A∪B → A∪B
a nonlinear operator. T is called a cyclic map if T (A) ⊆ B and T (B) ⊆ A. If for
any x ∈ A ∪B, there exists a constant α ∈ [0, 1) such that

d(T 2x, Tx) ≤ αd(Tx, x) + (1− α)d(A,B), (∗)

then we call that T satisfies a cyclic decreasing contraction(CDC). Moreover, if
lim
i→∞

Tnix exists for some x ∈ A ∪B and some subsequence {ni}∞i=1 of N, and

d(T ( lim
i→∞

Tnix), lim
i→∞

Tnix) ≤ lim
n→∞

d(Tn+1x, Tnx), (∗∗)

then we call T satisfies the cyclic limiting contraction(CLC). Furthermore, we call
that T satisfies a cyclic contraction(CC) if T satisfies both (∗) and (∗∗).

In this paper, we prove that (i) if T satisfies the CC and there exists p =

lim
i→∞

Tnix for some subsequence {ni}∞i=1 of N and x ∈ A ∪ B, then p is a best

proximity point of T , (ii) if (X, d) is compact and T satisfies the CC, then the best

proximity point exists, (iii) if (X, d) is complete with property UC and T satisfies

the CC, then the best proximity point exists.
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1 Introduction

Let (X, d) be a metric space, A, B ⊆ X. For each x ∈ X, let d(x,A)
def
=

infy∈A d(x, y) and d(A,B)
def
= infx∈A d(x,B). In 2003, Kirk, Srinavasan and

Veeramani [23] introduce the cyclic map as follows:

Definition 1. (Kirk, Srinavasan and Veeramani [23]) Let Ai, i = 1, 2, . . . ,m
be nonempty closed subsets of a metric space X. A map T : ∪mi=1Ai → ∪m

i=1Ai

is a cyclic map if T satisfies: T (Ai) ⊆ Ai+1 for 1 ≤ i ≤ m.

In 2006, Eldred and Veeramani [1] define a cyclic map and consider a linear
combination of the distance of two subsets A, B in (X, d) and the distance of
x, y in A, B to define a cyclic contraction as follows:

Definition 2. (Eldred and Veeramani [1]) Let A and B be nonempty subsets
of a metric space X. A map T : A∪B → A∪B is a cyclic map if T satisfies:
T (A) ⊆ B and T (B) ⊆ A.

Definition 3. (Eldred and Veeramani [1]) Let A and B be nonempty subsets
of a metric space X. A map T : A ∪ B → A ∪ B is a cyclic contraction map
if there exists k ∈ (0, 1) satisfying

d(Tx, Ty) ≤ kd(x, y) + (1− k)d(A,B),

for all x ∈ A, y ∈ B.

Furthermore, many type cyclic contractions were created by those authors.
By the concepts of S. Reich [17], Kannan’s type cyclic map contraction is
defined like:

d(Tx, Ty) ≤ k/2 (d(Tx, x) + d(Ty, y)) + (1− k)d(A,B).

From the concepts of Lj. B. Ćirić [11], Ćirić’s type cyclic map contraction is
defined as:

d(Tx, Ty) ≤ kmax{d(x, y), 1/2 [d(Tx, x) + d(Ty, y)]}+ (1− k)d(A,B),

Suzuki et al.’s type cyclic map contraction [21] as:

d(Tx, Ty) ≤ kmax{d(x, y), d(Tx, x), d(Ty, y)}+ (1− k)d(A,B),

and Karapinar’s type cyclic map contraction contraction [6] as:

d(Tx, Ty) ≤ k/3 {d(x, y) + d(Tx, x) + d(Ty, y)}+ (1− k)d(A,B).

A number of important results of cyclic mappings have been published in
those literatures, see e.g. [1-3, 14, 15, 18, 19, 20, 22, 24-26]. In this paper,
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we establish a new cyclic map as follows: If for any x ∈ A ∪ B, there exists a
constant α ∈ [0, 1) such that

d(T 2x, Tx) ≤ αd(Tx, x) + (1− α)d(A,B), (∗)

then we call T as a cyclic decreasing contraction(CDC). Moreover, if lim
i→∞

T nix

exists for some x ∈ A ∪B and some subsequence {ni}∞i=1 of N, and

d(T ( lim
i→∞

T nix), lim
i→∞

T nix) ≤ lim
n→∞

d(T n+1x, T nx), (∗∗)

then T is called a cyclic limiting contraction(CLC). Furthermore, T is a cyclic
contraction(CC) if T satisfies both (∗) and (∗∗).

Moreover, we prove that (i) if T satisfies the CC and there exists p =
lim
i→∞

T nix for some subsequence {ni}∞i=1 of N and x ∈ A ∪ B, then p is a best

proximity point of T ; (ii) if (X, d) is compact and T satisfies the CC, then a
best proximity point exists; (iii) if (X, d) is complete with property UC and
T satisfies the CC, then a best proximity point exists.

Throughout this paper, we denote by N and R the sets of positive integers
and real numbers, respectively. In Section 2, we derive some properties of
cyclic contractions and main results will be constructed in Section 3.

2 Preliminaries

In 2003, Kirk, Srinavasan and Veeramani [23] assumed the cyclic map and
provided the lemma related d(T 2x, Tx) and d(x, Tx) to obtain the fixed point
of T :

Lemma 2.1. (Kirk, Srinavasan and Veeramani [23]) If X is a complete metric
space and if T : X → X is continuous and satisfies

d(T (x), T 2(x)) ≤ kd(x, T (x)) ∀x ∈ X, where k ∈ (0, 1),

then T has a fixed point in X.

In 2011, Abkar and Gabeleh [2] defined a cyclic contraction as follows:

Definition 4. (Abkar and Gabeleh [2]) Let A and B be nonempty subsets of
a metric space X. A mapping T : A ∪ B → A ∪ B is said to be a cyclic
contraction if T is cyclic and

d(Tx, Ty) ≤ αd(x, y) + (1− α)d(A,B)

for some α ∈ (0, 1) and for all x ∈ A, y ∈ B.
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In the following, we take use of those tools of Lemma 2.1 and Definition 4
to define a new cyclic contraction as:

Definition 5. Let (X, d) be a metric space and A, B be nonempty subsets of
X. We call that T satisfies a cyclic contraction (CC) if for all x ∈ A ∪ B,
there exists a constant α ∈ [0, 1) such that the following two contractions hold:

(1) cyclic decreasing contraction(CDC) if for any x ∈ A ∪B,

d(T 2x, Tx) ≤ αd(Tx, x) + (1− α)d(A,B).

(2) cyclic limiting contraction(CLC) if there exists lim
i→∞

T nix for some x ∈
A ∪B and some subsequence {ni}∞i=1 ⊆ N and

d
(
T
(

lim
i→∞

T nix
)
, lim
i→∞

T nix
)
≤ lim

n→∞
d(T n+1x, T nx).

Theorem 2.2. Let (X, d) be a metric space and A, B nonempty subsets of X.
If T : A ∪B −→ A ∪B satisfies the CDC, then for any x ∈ A ∪B,

lim
n→∞

d(T n+1x, T nx) exists.

Proof. For any x ∈ A∪B, then one of the two conditions holds: (i) T n−1x ∈ A,
T nx = T (T n−1x) ∈ B or (ii) T n−1x ∈ B, T nx = T (T n−1x) ∈ A. It follows
that d(A,B) ≤ d(T nx, T n−1x) for any n ∈ N. Since T satisfies the CDC, there
exists a constant α ∈ [0, 1) such that

d(T n+1x, T nx) = d(T 2(T n−1x), T (T n−1x))

≤ αd
(
T
(
T n−1x

)
, T n−1x

)
+ (1− α)d(A,B)

= αd(T nx, T n−1x) + (1− α)d(A,B)

≤ αd(T nx, T n−1x) + (1− α)d(T nx, T n−1x)

= d(T nx, T n−1x), (1)

for any n ∈ N. That is, {d(T n+1x, T nx)}n∈N is a decreasing sequence. More-
over, since d(T n+1x, T nx) is bounded below by “0”. By Bounded Monotone
Theorem, we have lim

n→∞
d(T n+1x, T nx) exists. �

Corollary 2.3. If T : A ∪ B −→ A ∪ B satisfies a CDC, then for any subse-
quence {ni}∞i=1 of N, we have

lim
i→∞

d(T ni+1x, T nix) = lim
n→∞

d(T n+1x, T nx).
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3 Main Results

In this section, in order to prove the existence of a best proximal point
for T . At first, we need to give the definitions of a best proximal point below:

Definition 6. (T. Suzuki et al. [21]) Let (X, d) be a metric space and A, B
nonempty subsets of X. If p ∈ X is called a best proximity point of a cyclic
map T if

d(Tp, p) = d(A,B).

Next, we will prove our main results step by step:

Theorem 3.1. Let A, B be nonempty subsets of a metric space (X, d) and
T : A ∪B −→ A ∪B satisfies the CDC for any x ∈ A ∪B, we have

lim
n→∞

d(T n+1x, T nx) = d(A,B).

Proof. Since T nx ∈ A ∪ B, we have T nx ∈ A or T nx ∈ B. Without loss of
generalization, one may assume that T nx ∈ A, then T n+1x ∈ B. Moreover,
since T satisfies the CDC, there exists a constant α such that

d(T n+2x, T n+1x) ≤ αd(T n+1x, T nx) + (1− α)d(A,B). (2)

Taking “lim sup” on both sides of inequality (2) and let c = lim
n→∞

d(T n+1x, T nx)

by Theorem 2.2, it follows that

c ≤ cα + (1− α)d(A,B),

and then
c(1− α) ≤ (1− α)d(A,B). (3)

Since α ∈ [0, 1), dividing “1− α” on both sides of (3) and then

c ≤ d(A,B). (4)

For T n+1x ∈ B and T nx ∈ A, we have d(A,B) ≤ d(T n+1x, T nx) for any n ∈ N
and then

d(A,B) ≤ lim sup
n→∞

d(T n+1x, T nx)(= c). (5)

Combine (4) and (5), we have

c = d(A,B).

�

Corollary 3.2. If T : A∪B −→ A∪B satisfies a CDC, then for any x ∈ A∪B,
{d(T n+1x, T nx)}n∈N is a decreasing sequence and bounded below by d(A,B).
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Theorem 3.3. Let (X, d) be a metric space, A, B be nonempty subsets of X.
Suppose T : A ∪ B −→ A ∪ B satisfies the cyclic contraction, if p = lim

i→∞
T nix

exists for some x ∈ A∪B and subsequence {ni}∞i=1 of N, then p is a proximity
point of T .

Proof. Since T satisfies a CLC, we have

d(p, Tp) ≤ lim
n→∞

d(T nx, T n+1x).

For T satisfies a CDC, one has lim
n→∞

d(T nx, T n+1x) = d(A,B) by Theorem 3.1,

it follows that
d(p, Tp) ≤ d(A,B). (6)

Moreover, since T is a cyclic map, one of the following two cases holds (i)
p ∈ A and Tp ∈ B or (ii) p ∈ B and Tp ∈ A, hence

d(A,B) ≤ d(p, Tp). (7)

By (6) and (7), we have p is a best proximity point of T . �

The condition p = lim
i→∞

T nix is usual. There exists two examples in Corol-

lary 3.4 and Theorem 3.5.

Corollary 3.4. Let (X, d) be a complete metric space, if one of X, A, B is
compact, then the best proximity point of T exists.

Proof. If one of A, B is compact, say that A is compact. Let x ∈ A ∪ B, say
that x ∈ A, then {T 2nx} ⊆ A. As A is compact, there exists a convergent
subsequence {T nix} of {T 2nx}. That is, p = lim

i→∞
T nix exists. It follows that p

is a best proximity point by Theorem 3.3. Next, if X is compact, there exists a
convergent subsequence {T nix} of {T nx} such that p = lim

i→∞
T nix exists. Since

p ∈ A∪B, WLOG, say p ∈ A, let {T nijx} = {T nix}∩A. Then lim
j→∞

T nijx = p

is the best proximity point of T by Theorem 3.3. �

If (X, d) is a complete metric space with property UC, two best proximity
points are constructed as follows. At first, we would take use of the definitions
of property UC by T. Suzuki et al. [21].

Definition 7. (T. Suzuki et al. [21]) Let A and B be nonempty subsets of
a metric space (X, d). Then (A,B) is said to satisfy the property UC if the
following holds: If {xn} and {x′n} are sequences in A and {yn} is a sequence
in B such that lim

n
d(xn, yn) = d(A,B) and limn d(x

′
n, yn) = d(A,B), then

lim
n
d(xn, x

′
n) = 0 holds.
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Theorem 3.5. Let (X, d) be a complete metric space with property UC, A, B
be nonempty subsets of (X, d). Suppose T : A ∪B −→ A ∪B is a cyclic map.
Then

pj = lim
n→∞

T 2n+jx, j = 0, 1

are best proximity points of T .

Proof. Consider any positive integers m ≥ n, since T satisfies the CDC, by
Theorem 3.1, we have lim

n→∞
d(T n+1x, T nx) = d(A,B). Hence

lim
n→∞

d(T 2m+1x, T 2mx) = lim
n→∞

d(T 2mx, T 2m−1x)

= lim
n→∞

d(T 2m−1x, T 2m−2x)

= lim
n→∞

d(T 2m−2x, T 2m−3x)

= · · ·
= lim

n→∞
d(T 2n+3x, T 2n+2x)

= lim
n→∞

d(T 2n+2x, T 2n+1x)

= lim
n→∞

d(T 2n+1x, T 2nx) = d(A,B).

By UC condition,

lim
m,n→∞

d(T 2mx, T 2nx)

= lim
n→∞,
m ≥ n

d(T 2mx, T 2nx) = 0

and

lim
n→∞

d(T 2m+1x, T 2n+1x)

= lim
n→∞,
m ≥ n

d(T 2m+1x, T 2n+1x) = 0,

that is, {T 2nx}∞n=1 and {T 2n+1x}∞n=1 are Cauchy sequences. Since (X, d) is
a complete metric space, p1 = lim

n→∞
T 2nx and p2 = lim

n→∞
T 2n+1x exist. By

Theorem 3.3, pj, j = 0, 1 are best proximity points of T . �
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