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Abstract

A topological index of graph G is a numerical parameter related to G

which characterizes its molecular topology. The theoretical properties
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of the chemical compounds and their molecular topological indices such
as the Zagreb indices, Randić index, Symmetric division index, Har-

monic index, Inverse sum index, Augmented Zagreb index, etc are cor-
related. In this report, we computed closed form of the M -polynomial

on generalized prism network. From the M -polynomial we recover some
degree-based topological indices for this network.
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1 Introduction

A graph G(V, E) with vertex set V (G) and edge set E(G) is connected if there
exist a connection between any pair of vertices in G. A network is simply a
connected graph having no multiple edges and loops. The degree of a vertex is
the number of vertices which are connected to that fixed vertex by the edges.
In a chemical graph, the degree of any vertex is at most 4. The distance
between two vertices u and v is denoted as d(u, v) and is the length of shortest
path between u and v in graph G. The number of vertices of G, adjacent to
a given vertex v, is the “degree” of this vertex, and will be denoted by dv.

The concept of degree is somewhat closely related to the concept of valence in
chemistry. For details on bases of graph theory, any standard text such as [28]
can be of great help.

Cheminformatics is another emerging field in which quantitative structure-
activity and structure-property relationships predict the biological activities
and properties of nanomaterial. In these studies, some Physico-chemical prop-
erties and topological indices are used to predict bioactivity of the chem-
ical compounds see [26]. Algebraic polynomials have also useful applica-
tions in chemistry such as Hosoya polynomial (also called Wiener polynomial)
[14] which play a vital role in determining distance-based topological indices.
Among other algebraic polynomials, the M-polynomial [8] introduced in 2015,
plays the same role in determining the closed form of many degree-based topo-
logical indices [1, 20–23]. The main advantage of the M-polynomial is the
wealth of information that it contains about degree-based graph invariants.

Definition 1.1. ([8]) The M-polynomial of G is defined as:

M(G, x, y) =
∑

δ≤i≤j≤∆

mij(G)xiyj,

where
δ = min{dv : v ∈ V (G)}, ∆ = max{dv : v ∈ V (G)},

and mij(G) the number of edges vu ∈ E(G) such that {dv, du} = {i, j}.
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Weiner [29] in 1947 approximated the boiling point of alkanes as αW (G)+
βP3 + γ, where α, β and γ are empirical constants, W (G) is the Weiner in-
dex and P3 is the number of paths of length 3 in G. Thus Weiner laid the
foundation of topological index which is also known as connectivity index.
A lot of chemical experiments require determining the chemical properties
of emerging nanotubes and nanomaterials. Chemical-based experiments re-
veal that out of more than 140 topological indices, no single index in strong
enough to determine many physico-chemical properties, although, in combina-
tion, these topological indices can do this to some extent. The Wiener index
is originally the first and most studied topological index, see for details [9].
Randić index denoted by R−1/2(G) and introduced by Randić [25] in 1975 is
also one of the oldest topological indexes. The Randić index is defined as
R−1/2(G) =

∑

uv∈E(G)
1√

du,dv
.

In 1998, working independently, Bollobás and Erdős [4] and Amić et al. [2]
proposed the generalized Randić index and has been studied extensively by
both chemist and mathematicians and many mathematical properties of this
index have been discussed. For a detailed survey we refer the book [18].

The general Randić index is defined as

Rα(G) =
∑

uv∈E(G)

1

(du, dv)α
,

and the inverse Randić index is defined as

RRα(G) =
∑

uv∈E(G)

(du, dv)
α.

Obviously R−1/2(G) is the particular case of Rα(G) when α = −1
2
.

Gutman and Trinajstić [15] introduced first Zagreb index and second Za-
greb index, which are defined as

M1(G) =
∑

uv∈E(G)

(du + dv)

and
M2(G) =

∑

uv∈E(G)

(du × dv),

respectively. For detail about these indices we refer [24] to the readers.
Both the first Zagreb index and the second Zagreb index give greater

weights to the inner vertices and edges, and smaller weights to outer ver-
tices and edges which oppose intuitive reasoning [19]. For a simple connected
graph G, the second modified Zagreb index is defined as:

Mm
2 (G) =

∑

uv∈E(G)

1

(dudv)
.
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The symmetric division index (SDD) is one of the 148 discrete Adriatic
indices is a good predictor of the total surface area for polychlorobiphenyls,
see [13]. The Symmetric division index of a connected graph G, is defined as

SDD(G) =
∑

uv∈E(G)

{

min(du, dv)

max(du, dv)
+

max(du, dv)

min(du, dv)

}

.

Another variant of Randić index is the harmonic index defined as

H(G) =
∑

uv∈E(G)

2

(du + dv)
.

As far as we know, this index first appeared in [10].

The inverse sum-index is the descriptor that was selected in [3] as a sig-
nificant predictor of total surface area of octane isomers and for which the
extremal graphs obtained with the help of mathematical chemistry have a
particularly simple and elegant structure. The inverse sum-index is defined as:

I(G) =
∑

uv∈E(G)

dudv

(du + dv)
.

The augmented Zagreb index of G proposed by Furtula et al. [11] is defined
as

A(G) =
∑

uv∈E(G)

{

dudv

(du + dv − 2)

}3

.

The following Table 1 relates some well-known degree-based topological
indices with the M-polynomial [8].

Table 1. Derivation of some degree-based topological indices

Topological Index Derivation from M(G; x, y)

First Zagreb Index (Dx + Dy)(M(G; x, y))x=y=1

Second Zagreb Index (DxDy)(M(G; x, y))x=y=1

Modified Second Zagreb Index (SxSy)(M(G; x, y))x=y=1

Randić Index (Dα
xDα

y )(M(G; x, y))x=y=1

Inverse Randić Index (Sα
xSα

y )(M(G; x, y))x=y=1

Symmetric Division Index (DxSy + SxDy)(M(G; x, y))x=y=1

Harmonic Index 2SxJ(M(G; x, y))x=1

Inverse sum Index SxJDxDy(M(G; x, y))x=1

Augumented Zagreb Index S3
xQ−2JD3

xD3
y(M(G; x, y))x=1
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In Table 1,

Dx = x
∂(f(x, y))

∂x
, Dy = y

∂(f(x, y))

∂y
,

Sx =

∫ x

0

f(t, y)

t
dt, Sy =

∫ y

0

f(x, t)

t
dt,

J(f(x, y)) = f(x, y), Qα(f(x, y)) = xαf(x, y).

In this article, we computed closed form of the M-polynomial for the gener-
alized prism network. We also computed some degree-based topological indices
of this network.

2 Main results

In graph theory, a cycle graph or circular graph is a graph that consists of a
single cycle, or in other words, some number of vertices connected in a closed
chain. The cycle graph with n vertices is called Cn. The number of vertices in
Cn equals the number of edges, and every vertex has degree 2, that is, every
vertex has exactly two edges incident with it. Figure 1 is a cycle of length 10.

Figure 1. Cycle graph C10

For a cycle Cn, we have V (Cn) = {xi : 1 ≤ i ≤ n}, and E(Cn) = {xixi+1 :
1 ≤ i ≤ n − 1} ∪ {xnx1}.
A path graph Pm is a graph whose vertices can be listed in the order v1, v2, v3, ...,

vm such that the edges are {vi, vi+1} where i = 1, 2, 3, ...m − 1. Equivalently,
a path with at least two vertices is connected and has two terminal vertices
(vertices that have degree 1), while all others (if any) have degree 2. Figure 2
is a path graph P4.
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Figure 2. Path graph P4

For a path Pm, we have V (Pm) = {yi : 1 ≤ j ≤ m}, and E(Pn) = {xjxj+1 :
1 ≤ j ≤ n− 1} ∪ {xnx1}. The cartesian product G�H of graphs G and H is a
graph such that the vertex set of G�H is the cartesian product V (G)×V (H)
and any two vertices (u, u′) and (v, v′) are adjacent in G�H if and only if
either u = v and u′ is adjacent with v′ in H, or u′ = v′ and u is adjacent with
v in G.

Let P{n,m} be the generalized prism graph which is obtained by Cartesian
product of a cycle Cn with a path Pm as shown in Figure 3. Then V (P{n,m}) =
{(xi, yj) : 1 ≤ i ≤ n, 1 ≤ j ≤ m} and E(P{n,m}) = {(xi, yj)(xi+1, yj) : 1 ≤ i ≤
n− 1, 1 ≤ j ≤ m}t {(xn, yj)(x1, yj) : 1 ≤ j ≤ m}t{(xi, yj)(xi, yj+1) : 1 ≤ i ≤
n, 1 ≤ j ≤ m − 1}.

Figure 3. The generlized prism P{m,n}

The generalized prism P{n,m} has been studied extensively in recent years.
Kuo et al. [16] and Chiang et al. [6] studied distance-two labelings of P{n,m}.
Siddiqui et al. [27] counted some topological indices of P{n,m}. Deming et
al. [7] gave a complete characterization of the Cartesian product of cycles
and paths for their incidence chromatic numbers. Gravier et al. [12] showed
the link between the existence of perfect Lee codes and minimum dominating
sets of P{n,m}. Lai et al. [17] determined the edge addition number for the
Cartesian product of a cycle with a path. Chang et al. [5] established upper
bounds and lower bounds for global defensive alliance number of P{n,m}.
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Theorem 2.1. Let P{n,m} be the generalized prism. Then the M-polynomial

of P{n,m} is

M(P{n,m}, x, y) = (2n)x3y3 + (2n)x3y4 + (2mn − 5n)x4y4.

Proof. Let P{n,m} be generalized prism with defining parameters m and n. The
number of vertices and edges in generlized prism P{n,m} are mn and n(2m−1),
respectively. There are three types of edges in P{n,m} based on degrees of end
vertices of each edge. The first edge partition E1(P{n,m}) contains 2n edges
uv, where du = dv = 3. The second edge partition E2(P{n,m}) contains 2n
edges uv, where du = 3, dv = 4. The third edge partition E3(P{n,m}) contains
2mn− 5n edges uv, where du = dv = 4. From definition, the M-polynomial of
P{n,m} is given by

M(P{n,m}, x, y) =
∑

i≤j

mij(P{n,m})x
iyj

=
∑

3≤3

m33(P{n,m})x
3y3 +

∑

3≤4

m34(P{n,m})x
3y4

+
∑

4≤4

m44(P{n,m})x
4y4

=
∑

uvεE(P{n,m})

m33(P{n,m})x
3y3 +

∑

uvεE(P{n,m} )

m34(P{n,m})x
3y4

+
∑

uvεE(P{n,m})

m44(P{n,m})x
4y4

= |E(P{n,m})|x
3y3 + |E(P{n,m})|x

3y4 + |E(P{n,m})|x
4y4

= (2n)x3y3 + (2n)x3y4 + (2mn − 5n)x4y4.

This completes the proof.

Next we compute some degree-based topological indices of the generalized
prism from this M-polynomial.

Theorem 2.2. Let P{n,m} be the generalized prism. Then

1. M1(P{n,m}) = −14n + 16mn.

2. M2(P{n,m}) = −36n + 32mn.

3. Mm
2 (P{n,m}) = 11

144
n + 1

8
mn.

4. Rα(P{n,m}) = 2n(9)α + 2n × (12)α + (2mn − 5n)(16)α.

5. RRα(P{n,m}) = 2n
9α + 2n

12α + 2mn−5n
16α .

6. SDD(P{n,m}) = −11
6
n + 4mn.

7. H(P{n,m}) = − 1
84

n + 1
2
mn.

8. I(P{n,m}) = −23
7

+ 4mn.

9. A(P{n,m}) = −4793641
108000

n + 1024
27

mn
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Proof. Let M(P{n,m}, x, y) = f(x, y) = (2n)x3y3 +(2n)x3y4 +(2mn− 5n)x4y4.

Then Dx(f(x, y)) = 6nx3y3 + 6nx3y4 + 2(2mn − n)x4y4,

Dy(f(x, y)) = 6nx3y3 + 8nx3y4 + (8mn − 20n)x4y4,

DyDxf(x, y) = 18nx3y3 + 26nx3y4 + (32mn − 80n)x4y4,

SxSy(f(x, y)) = 2n
9
x3y3 + n

6
x3y4 + 2mn−5n

16
x4y4,

Dα
x Dα

y (f(x, y)) = 32α(2n)x3y3 + 12α(2n)x3y4 + 16α(2mn − 5n)x4y4,

Sα
x Sα

y (f(x, y)) = 2n
3αx3y3 + 2n

3α4α x3y4 + 2mn−5n
42α x4y4,

SyDx(f(x, y)) = (2n)x3y3 + 3n
2

x3y4 + (2mn − 5n)x4y4,

SxDy(f(x, y)) = (2n)x3y3 + 8n
3

x3y4 + (2mn − 5n)x4y4,

SxJf(x, y) = n
3
x6 + 2n

7
x7 + 2mn−5n

8
x8,

SxJDxDyf(x, y) = (3n)x6 + 26n
7

x7 + (4mn − 10n)x8,

S3
xQ−2JD3

xD
3
yf(x, y) = 36

43 (2n)x4 + 3343

53 (2n)x5 + 46

63 (2mn − 5n)x6.

Using Table 1, 1. M1(P{n,m}) = (Dx + Dy)f(x, y)|x=y=1 = −14n + 16mn.

2. M2(P{n,m}) = (DxDy)f(x, y)|x=y=1 = −36n + 32mn.

3. Mm
2 (P{n,m}) = (SxSy)f(x, y)|x=y=1 = 11

144
n + 1

8
mn.

4. Rα(P{n,m}) = Dα
x Dα

y f(x, y)|x=y=1 = 2n(9)α +2n(12)α +(2mn−5n)(16)α.

5. RRα(P{n,m}) = Sα
x Sα

y f(x, y)|x=y=1 = 2n
9α + 2n

12α + 2mn−5n
16α .

6. SDD(P{n,m}) = (DxSy + DySx)|x=y=1 = −11
6
n + 4mn.

7. H(P{n,m}) = 2SxJ(f(x, y))|x=1 = − 1
84

n + 1
2
mn..

8. I(P{n,m}) = SxJDxDy(f(x, y)) = −23
7

+ 4mn.

9. A(P{n,m}) = S3
xQ−2D

x
3D3

y(f(x, y)) = −4793641
108000

n + 1024
27

mn.

This completes the proof.

3 Conclusions

In this article we compute many topological indices for generalized prism net-
work. At first we give general closed forms of M-polynomial of these networks
and then recover many degree-based topological indices out of it. These results
can play a vital rule in preparation of new drugs.
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