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Abstract

For q > 1 and p > 1, let E be a 2-uniformly convex and q-uniformly smooth
or p- uniformly convex and 2-uniformly smooth real Banach space and E∗ its
dual. Let A : E → E∗ be a bounbded maximal monotone mapping such that
A−1(0) 6= ∅. We first introduce the algorithm: for given x1 ∈ E, let {xn} be
generated by the formula: xn+1 = J−1[Jxn−λnAxn−λnθn(Jxn−Jx1)], n ≥ 1,
where J is the normalized duality mapping from E into E∗ and λn and θn
are positive real numbers in (0, 1) satisfying suitable conditions. Next, we
obtain the strong convergence of the sequence {xn} to the solution of the
equation Au = 0 closest to the initial point x1. Using this result, we deal
with the convex minimization problem. Our theorems improve and unify
most of the results that have been proved in this direction for this important
class of nonlinear mappings. Furthermore, our new technique of proof is of
independent interest.
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1 Backround

Let H be a real Hilbert space with inner product 〈·, ·〉H and norm ‖ · ‖H . An operator
A : H → H with domain D(A) is called monotone if for every x, y ∈ D(A), the following
inequality holds:

〈x− y,Ax−Ay〉H ≥ 0, (1)

and it is called strongly monotone if there exists k ∈ (0, 1) such that every x, y ∈ D(A),

〈x− y,Ax−Ay〉H ≥ k‖x− y‖2H . (2)

Such operators have been studied extensively (see, e.g., Bruck Jr [7], Chidume [10], Mar-
tinet [30], Reich [40], Rockafellar [46]) because of their role in convex analysis, in certain
partial differential equa- tions, in nonlinear analysis and optimization theory.

The extension of the monotonicity definition to operators defined from a Banach space has
been the starting point for the development of nonlinear functional analysis. The mono-
tone maps constitute the most manageable class because of the very simple structure of
the monotonicity condition. The monotone mappings appear in a rather wide variety of
contexts since they can be found in many functional equations. Many of them appear
also in calculus of variations as subdifferential of convex functions. (see, e.g., Pascali and
Sburian [38], p. 101, Rockafellar [46] ).

The first extension involves mapping A from E to E∗. Here and in the sequel, 〈·, ·〉 stands
for the duality pairing between (a possible normed linear space) E and its dual E∗. Let
E be a real normed space. A mapping A : E → E∗ with domain D(A) is called monotone
if for each x, y ∈ D(A), the following inequality holds:〈

x− y,Ax−Ay
〉
≥ 0, (3)

and it is called strongly monotone if there exists k ∈ (0, 1) such that for each x, y ∈ D(A),
the following inequality holds:

〈x− y,Ax−Ay〉 ≥ k‖x− y‖2. (4)

The second extension of the notion of monotonicity to real normed spaces involves mapping
A from E into itself . Let E be a real normed space. The map J : E → 2E

∗
defined by:

Jx :=
{
x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖.‖x∗‖, ‖x∗‖ = ‖x‖

}
is called the normalized duality map on E.
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A mapping A : E → E with domain D(A) is called accretive if for all x, y ∈ D(A), the
following inequality is satisfied:

‖x− y‖ ≤ ‖x− y + s(Ax−Ay)‖ ∀ s > 0. (5)

As a consequence of a result of Kato [27], it follows that A is accretive if and only if for
each x, y ∈ D(A), there exists j(x− y) ∈ J(x− y) such that

〈Ax−Ay, j(x− y)〉 ≥ 0. (6)

Finally, A is called strongly accretive if there exists k ∈ (0, 1) such that for each x, y ∈
D(A), there exists j(x− y) ∈ J(x− y) such that

〈Ax−Ay, j(x− y)〉 ≥ k‖x− y‖2. (7)

In a Hilbert space, the normalized duality map is the identity map. Hence, in Hilbert
spaces, monotonicity and accretivity coincide.

For accretive-type operator A, solutions of the equation Au = 0, in many cases, represent
equilibrium state of some dynamical system (see e.g., [10], p.116).

For approximating a solution of Au = 0 (assuming existence), where A : E → E is of
accretive-type, Browder [6] defined an operator T : E → E by T := I − A, where I is
the identity map on E. He called such an operator pseudo-contractive. One can observe
that zeros of A corresspond to fixed points of T . For Lipschitz strongly pseudo-contractive
maps, Chidume [14] proved the following theorem.

Theorem C1. (Chidume, [14]) Let E = Lp, 2 ≤ p < ∞, and K ⊂ E be nonempty
closed convex and bounded. Let T : K → K be a strongly pseudo-contractive and
Lipschitz map. For arbitrary x0 ∈ K, let a sequence {xn} be defined iteratively by
xn+1 = (1− λn)xn + λnTxn, n ≥ 0, where {λn} ⊂ (0, 1) satisfies the following conditions:
(i)

∑∞
n=1 λn =∞, (ii)

∑∞
n=1 λ

2
n <∞. Then, {xn} converges strongly to the unique fixed

point of T .

By setting T := I − A in Theorem C1, the following theorem for approximating a so-
lution of Au = 0 where A is a strongly accretive and bounded operator can be proved.

Theorem C2. Let E = Lp, 2 ≤ p < ∞. Let A : E → E be a strongly accretive
and bounded map. Assume A−1(0) 6= ∅. For arbitrary x0 ∈ K, let a sequence {xn} be de-
fined iteratively by xn+1 = xn− λnAxn, n ≥ 0, where {λn} ⊂ (0, 1) satisfies the following
conditions: (i)

∑∞
n=1 λn =∞, (ii)

∑∞
n=1 λ

2
n <∞. Then, {xn} converges strongly to the

unique solution of Au = 0.

The main tool used in the proof of Theorem C1 is an inequality of Bynum [8]. This
theorem signaled the return to extensive research efforts on inequalities in Banach spaces
and their applications to iterative methods for solutions of nonlinear equations. Conse-
quently, Theorem C1 has been generalized and extended in various directions, leading
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to flourishing areas of research, for the past thirty years or so, for numerous authors
(see e.g.,Censor and Reich [9], Chidume [14], Chidume [12, 13], Chidume and Ali [11],
Chidume et. al. [15], Chidume and Chidume [16, 17], Chidume and Osilike [20], Chidume
and Djitte [18, 19], Deng [22], Zhou and Jia [58], Liu [29], Qihou [39], Reich [41, 42, 43],
Reich and Sabach [44, 45], Weng [48], Xiao [51], Xu [52, 55, 57], Berinde et al. [5], Moudafi
[32, 33, 34], Moudafi and Thera [35], Xu and Roach [53], Xu et al. [54], Zhu [59] and a
host of other authors). Recent monographs emanating from these researches include those
by Berinde [4], Chidume [10], Goebel and Reich [23], and William and Shahzad [50].

Unfortunately, the success achieved in using geometric properties developed from the mid
1980s to early 1990s in approximating zeros of accretive-type mappings has not carried
over to approximating zeros of monotone-type operators in general Banach spaces.

Attemps have been made to overcome this difficulty by introducing the inverse of the nor-
malized duality mapping in the recursion formulas for approximating zeros of monotone-
type mappings.

Let E be a normed linear space. A monotone mapping A : E → 2E
∗

is said to be maximal
if its graph G(A) = {(x, y) : y ∈ Ax} is not properly contained in the graph of any other
monotone mapping. We know that if A is maximal monotone, then the zero-set of A,
A−1(0) := {x ∈ E : 0 ∈ Ax}, is closed and convex. It is also known (see, e.g., Kohshada
and Takahashi [28] for more details) that if E is reflexive, strictly convex and smooth,
then a monotone mapping A from E into E∗ is maximal if and only if R(J + λA) = E∗

for each λ > 0.

A function F : E → (−∞,+∞] is said to be proper if the set {x ∈ R : F (x) ∈ R} is
nonempty. A proper function F : E → (−∞,+∞] is said to be convex if for all x, y ∈ E
and α ∈ [0, 1] the folowing holds

F
(
αx+ (1− α)y

)
≤ αF (x) + (1− α)F (y).

Also F is said to be lowwer semicontinous if the set {x ∈ R : F (x) ≤ r} is closed in E for
all r ∈ R. For the proper lower semicontinuous function F : E → (−∞,+∞], Rockafellar
[46] proved that the subdifferential mapping, ∂f : E → 2E

∗
of f defined by

∂f(x) =
{
x∗ ∈ E∗ : f(y)− f(x) ≥ 〈y − x, x∗〉 ∀ y ∈ E

}
is maximal monotone.

Let E be a Banach space and A : E → 2E∗ be a maximal monotone mapping. Then
we consider the problem of finding a point u ∈ E such that 0 ∈ Au. Such a problem
is connected with the convex minimization problem. In fact, if F : E → (−∞,+∞] is a
proper lower semi continuous convex function, then we have that 0 ∈ Au if and only if
F (u) = min

x∈E
F (x).
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A well known method for solving the inclusion 0 ∈ Au in Hilbert space H is the Proximal
Point Algorithm:

x1 ∈ H, xn+1 = Jrnxn, n ≥ 1, (8)

where {rn} ∈ (0,∞) and Jr = (I + rA)−1, r > 0. This algorithm was first introduced
by Martinet [30]. In 1976, Rockafellar [46] proved that if lim inf rn > 0 and A−1(0) 6= ∅,
then the sequence {xn} defined by (8) converges weakly to an element of A−1(0). Later,
many researchers have studied the convergence of the sequence defined by (8) in a Hilbert
space (see, for instance Güler [24], Solodov and Svaiter [47], Kamimura and Takahashi
[25], Lehdili and Moudafi [47]). In particular, Kamimura and Takahashi [49] obtained the
following strong convergence:

Theorem KT. Let H be a real Hilbert space, A : H → 2H be a maximal monotone
mapping. For u ∈ H, let {xn} be a sequence defined by

xn+1 = αnu+ (1− α)Jrnxn, n ≥ 1,

where {αn} ∈ (0, 1) and {rn} ∈ (0,∞) satisfy: limn→∞ αn = 0,
∑
αn =∞ and limn→∞ rn =

∞. If A−1(0) 6= ∅, then the sequence {xn} converges strongly to Pu, where P is the metric
projection of H onto A−1(0).

In the case of Banach spaces, for finding zeros point of a maximal monotone mappings
by using the Proximal Point Algorithm, Kohshada and Takahashi [28] introduced the
following iterative sequence for a monotone mapping A : E → 2E

∗
:

x1 = u ∈ E, xn+1 = J−1
(
αnJu+ (1− α)JJrnxn

)
, n ≥ 1, (9)

where Jrn := (J + rnA)−1, and J the duality mapping from E into E∗, {αn} ∈ (0, 1) and
{rn} ∈ (0,∞) satisfy limn→∞ αn = 0,

∑
αn =∞ and limn→∞ rn =∞. They proved that

if E is smooth and uniformly convex and A maximal monotone with A−1(0) 6= ∅, then the
sequence {xn} converges strongly to an element of A−1(0). This result extends Theorem
KT to Banach spaces . However, the algorithm requires the computation of (J+rnA)−1xn
at each step of the process, which make difficult its implementation for applications.

Following the work of Kohshada and Takahashi [28], in [60], Zegeye introduced an itera-
tive scheme for approximating zeros of maximal monotone mappings defined in uniformly
smooth and 2-uniformly convex real Banach spaces. In fact, he proved the following the-
orem.

Theorem Z (Zegeye [60]). Let E be a uniformly smooth and 2-uniformly convex real
Banach space with dual E∗. Let A : E → E∗ be a Lipschitz continuous monotone mappings
with constant L > 0 and A−1(0) 6= ∅. For given u, x1 ∈ E, let {xn} be generated by the
algorithm

xn+1 = J−1
(
βnJu+ (1− βn)(Jxn − αnAxn)

)
, n ≥ 1

where J is the normalized duality mapping from E into E∗ and {αn} and {βn} are real
sequences in (0, 1) satisfying (i) limn→∞ βn = 0, (ii)

∑
βn = ∞ and (iii) αn = o(βn).
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Suppose that Bmin ∩
(
AJ−1

)−1
(0) 6= ∅. Then {xn} converges strongly to x∗ ∈ A−1(0) and

that R(Ju) = Jx∗ ∈
(
AJ−1

)−1
(0), where R is a sunny generalized nonexpansive retrac-

tion of E∗ onto
(
AJ−1

)−1
(0).

Remark 1.1. In Theorem Z, the author imposed the condition Bmin ∩
(
AJ−1

)−1
(0) 6= ∅.

This condition is not esay to check because the set Bmin and
(
AJ−1

)−1
(0) is not known

precisely

Remark 1.2. It is well known that if E is a reflexive real Banach space and A : E →
E∗ is monotone and continuous such that D(A) = E, then A is maximal monotone.
Therefore, the class of bounded maximal monotone mappings constitutes a superclass of
that of Lipschitz monotone mappings, used in Theorem Z.

In this paper, we introduce an new iterative scheme to approximate zeros of bounded max-
imal monotone mappings defined in some real Banach spaces containing all lp, Lp,W

m,p-
spaces, 1 < p < ∞ and m ≥ 1. Our algorithm does not require the computation of
resolvent in the process and no continuity assumption is made. Therefore, the results
obtained here extend and unify those obtained by Kohshada and Takahashi [28], Zegeye
[60] and most of the results that have been proved in this direction for this important class
of nonlinear mappings. Then, we apply our results to the convex minimization problem.
Finally, our new method of proof is of independent interest.

2 Preliminaries

Let E be a normed linear space. E is said to be smooth if

lim
t→0

‖x+ ty‖ − ‖x‖
t

(10)

exist for each x, y ∈ SE (Here SE := {x ∈ E : ||x|| = 1} is the unit sphere of E). E is
said to be uniformly smooth if it is smooth and the limit is attained uniformly for each
x, y ∈ SE , and E is Fréchet differentiable if it is smooth and the limit is attained uniformly
for y ∈ SE .

Let E be a real normed linear space of dimension ≥ 2. The modulus of smoothness of E ,
ρE , is defined by:

ρE(τ) := sup

{
‖x+ y‖+ ‖x− y‖

2
− 1 : ‖x‖ = 1, ‖y‖ = τ

}
; τ > 0.

A normed linear space E is called uniformly smooth if

lim
τ→0

ρE(τ)

τ
= 0.
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If there exist a constant c > 0 and a real number q > 1 such that ρE(τ) ≤ cτ q, then E is
said to be q-uniformly smooth.

A normed linear space E is said to be strictly convex if:

‖x‖ = ‖y‖ = 1, x 6= y ⇒
∥∥∥x+ y

2

∥∥∥ < 1.

The modulus of convexity of E is the function δE : (0, 2]→ [0, 1] defined by:

δE(ε) := inf
{

1− 1

2
‖x+ y‖ : ‖x‖ = ‖y‖ = 1, ‖x− y‖ ≥ ε

}
.

E is uniformly convex if and only if δE(ε) > 0 for every ε ∈ (0, 2]. For p > 1, E is said
to be p-uniformly convex if there exists a constant c > 0 such that δE(ε) ≥ cεp for all
ε ∈ (0, 2]. Observe that every p-uniformly convex space is uniformly convex.

Typical examples of such spaces are the Lp, `p and Wm
p spaces for 1 < p <∞ where,

Lp (or lp) or W
m
p is

{
2− uniformly smooth and p− uniformly convex if 2 ≤ p <∞;
2− uniformly convex and p− uniformly smooth if 1 < p < 2.

It is well known that E is smooth if and only if J is single valued. Moreover, if E is a
reflexive smooth and strictly convex Banach space, then J−1 is single valued, one-to-one,
surjective and it is the duality mapping from E∗ into E.

In the sequel, we shall need the following results and definitions.

Theorem 2.1 (H. K. Xu [55]). Let p > 1 be a given real number. Then the following are
equivalent in a Banach space:

(i) E is p-uniformly convex.

(ii) There is a constant c1 > 0 such that for every x, y ∈ E and jx ∈ Jp(x), The
following inequality holds:

‖x+ y‖p ≥ ‖x‖p + p〈y, jx〉+ c1‖y‖p.

(iii) There is a constant c2 > 0 such that for every x, y ∈ E and jx ∈ Jp(x), jy ∈ Jp(y),
the following inequality holds:

〈x− y, jx − jy〉 ≥ c2‖x− y‖p.

Lemma 2.2 ([3]). Let p ≥ 2, q > 1, and let X be a p-uniformly convex and q-uniformly
smooth real Banach space. Then, the duality mapping J : X → X∗ is Lipschitz on bounded
sets; that is, for all R > 0, there exists a positive constant m such that

‖Jx− Jy‖ ≤ m‖x− y‖,

for all x, y ∈ X, with ‖x‖ ≤ R, ‖y‖ ≤ R.
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Lemma 2.3. Let p ≥ 2 and X be a 2-uniformly smooth and p-uniformly convex real
Banach space. Then J−1 is Lipschitz on bounded sets; that is, for all R > 0, there exists
a positive constant m̄ such that

‖J−1x∗ − J−1y∗‖ ≤ m̄‖x∗ − y∗‖,

for all x∗, y∗ ∈ X∗. with ‖x∗‖ ≤ R, ‖y∗‖ ≤ R.

Proof. Since X is 2-uniformly smooth and p-uniformly convex, then X∗ is 2-uniformly
convex and q-uniformly smooth with 1

p + 1
q = 1. Therefore, the proof follows from Lemma

2.2 and the fact that J−1 = J∗, where J∗ is the duality mapping of X∗.

Let E be a smooth real Banach space with dual E∗. The function φ : E×E → R, defined
by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2 for x, y ∈ E, (11)

where J is the normalized duality mapping from E into 2E
∗
, introduced by Alber has been

studied by Alber [1], Alber and Guerre-Delabriere [2], Kamimura and Takahashi [26], Reich
[40] and a host of other authors. This functional φ will play a central role in what follows.
If E = H, a real Hilbert space, then equation (11) reduces to φ(x, y) = ‖x − y‖2 for
x, y ∈ H. It is obvious from the definition of the function φ that

(‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖+ ‖y‖)2 for x, y ∈ E. (12)

Define a functional V : E × E∗ → R by

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉+ ‖x∗‖2. (13)

Then, it is easy to see that

V (x, x∗) = φ(x, J−1(x∗)) ∀ x ∈ E, x∗ ∈ E∗. (14)

Lemma 2.4 (Alber, [1]). Let X be a reflexive strictly convex and smooth Banach space
with X∗ as its dual. Then,

V (x, x∗) + 2〈J−1x∗ − x, y∗〉 ≤ V (x, x∗ + y∗) (15)

for all x ∈ X and x∗, y∗ ∈ X∗.

Lemma 2.5 (Kamimura and Takahashi, [26]). Let E be a smooth real Banach space.
Then

V (x, y) = V (x, z) + V (z, y) + 2〈x− z, Jz − Jy〉 ∀x, y, z ∈ E. (16)

From the definition of φ and inequality (12), we can observe that for all x, y ∈ E, φ(y, x) ≥
0 and

2〈x− y, Jx− Jy〉 − φ(x, y) = φ(y, x).

This leads to the following.
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Lemma 2.6. Let E be a smooth real Banach space. Then, for all x, y ∈ E, the following
holds

φ(x, y) ≤ 2〈Jy − Jx, y − x〉.

Lemma 2.7 (Kamimura and Takahashi, [26]). Let X be a smooth and uniformly convex
real Banach space, and let {xn} and {yn} be two sequences of X. If either {xn} or {yn}
is bounded and φ(xn, yn)→ 0 as n→∞, then ‖xn − yn‖ → 0 as n→∞.

Lemma 2.8 (Xu [56]). Let {ρn} be a sequence of non-negative real numbers satisfying the
following inequality

ρn+1 ≤ (1− αn)ρn + αnσn + γn, (17)

where {αn}, {σn} and {γn} are real sequences satisfying: (i) {αn} ⊂]0, 1[,
∑
αn =∞;

(ii) lim sup
n→∞

σn ≤ 0 and (iii) γn ≥ 0,
∑
γn < ∞. Then, the sequence (ρn) converges to

zero as n→∞.

3 Main Results

We start by a presentation of our iterative algorithm. Let E be a reflexive, smooth and
strictly convex real Banach space with norm ‖ · ‖ and dual space E∗. For A : E → E∗ a
mapping, let the sequence {xn} be generated iteratively from x1 ∈ E by:

xn+1 = J−1
(
Jxn − λAxn − λnθn(Jxn − Jx1)

)
, n ≥ 1, (18)

where J is normalized duality mapping from E into E∗ and {λn}, {θn} are real sequences
in (0, 1) satisfying, here and elsewhere, the following conditions:

(i) lim
n→∞

θn = 0; (ii)

∞∑
n=1

λnθn =∞, λn = o(θn); (iii) lim sup
n→∞

(
θn−1

θn
− 1
)

λnθn
≤ 0,

∞∑
n=1

λ2n <∞.

Remark 3.1. Real sequences that satisfy conditions (i)-(iii) are λn = (n + 1)−a and
θn = (n+ 1)−b, n ≥ 1 with 0 < b < a, 1

2 < a < 1 and a+ b < 1.

In fact, (i), (ii) and the second part of (iii) are easy to check. For the first part of condition
(iii), using the fact that (1 + x)s ≤ 1 + sx, for x > −1 and 0 < s < 1, we have

0 ≤

(
θn−1

θn
− 1
)

λnθn
=
[(

1 +
1

n

)b
− 1
]
· (n+ 1)a+b

≤ b · (n+ 1)a+b

n
= b · n+ 1

n
· 1

(n+ 1)1−(a+b)
→ 0 as n→∞.
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Remark 3.2. Note also that a duality mapping exists in each Banach space. From [26],
this mapping is known precisely in lp, LP ,W

m,p-spaces, 1 < p < ∞ and is given in such
spaces by:

(i) lp : Jx = ‖x‖2−plp
y ∈ lq, x = (x1, x2, · · · , xn, · · · ), y = (x1|x1|p−2, x2|x2|p−2, · · · , xn|xn|p−2, · · · ),

(ii) Lp : Ju = ‖u‖2−pLp
|u|p−2u ∈ Lq,

(iii) Wm,p : Ju = ‖u‖2−pWm,p

∑
|α≤m|(−1)|α|Dα

(
|Dαu|p−2Dαu

)
∈W−m,q,

where 1 < q <∞ is such that 1/p+ 1/q = 1.

The following result will be useful..

Theorem 3.3 (Takahashi [28]). Let E be a uniformly convex real Banach space with
Fréchet differentiable norm. Let A : E∗ → 2E be a multivalued maximal monotone map-
ping with A−1(0) 6= ∅. Then, for u ∈ E,

lim
λ→∞

(I + λAJ)−1u exists and belongs to (AJ)−1(0), (19)

where J is the normalized duality mapping from E into E∗. Moreover, if Ru := y∗ =
limλ→∞(I + λAJ)−1u, then R is a sunny generalized nonexpansive retraction of E into
(AJ)−1(0).

The following is a consequence of Theorem 3.3.

Lemma 3.4. Let E be a uniformly convex and uniformly smooth real Banach space ,
x1 ∈ E and A : E → E∗ be a maximal monotone mapping such that A−1(0) 6= ∅. Then,
there exists a sequence {yn} in E such that:

θn(Jyn − Jx1) +Ayn = 0, ∀n ≥ 1; (20)

yn → y∗ with y∗ ∈ A−1(0) (21)

where J is the normalized duality mapping from E into E∗.

Proof. Since E uniformly convex and uniformly smooth, then the duality mapping J from
E into E∗ is single valued, onto and one to one and its inverse J−1 is the duality mapping
of E∗. Therefore, from Theorem 3.3, it follows that

lim
λ→∞

Jλx1 := (I∗ + λAJ−1)−1Jx1 exists and belongs to (AJ−1)−1(0).

where I∗ is the identity map from E∗ into E∗. For each n ≥ 1, define zn := Jtnx1 where
tn = (θn)−1. Then, the sequence {yn} given by yn := J−1zn for all n ≥ 1 satisfies (20)
and (21).

We now prove the following theorems.



Iterative algorithm 561

3.1 Convergence in lp, Lp and Wm,p-spaces, 1 < p ≤ 2

Theorem 3.5. For q > 1, let E be a 2-uniformly convex and q-uniformly smooth real
Banach space and A : E → E∗ be a bounded m-monotone mapping such that A−1(0) 6= ∅.
Then, there exists γ0 > 0 such that if λn < γ0θn for all n ≥ 1, the sequence {xn} given by
(18) converges strongly to some x∗ ∈ A−1(0).

Proof. In the following, L1 is the Lipschitz constant of J−1. The proof is in two steps:

Step 1: We prove that {xn} is bounded. Since A−1(0) 6= ∅, let x∗ ∈ A−1(0). There exists
a positive real number r such that:

√
r > max

{
‖x∗‖, 24‖Jx∗ − Jx1‖,

√
φ(x∗, x1)

}
. (22)

Since A is bounded we have:

M := sup
{
‖Ax+ θ(Jx− Jx1)‖ : φ(x∗, x) ≤ r, 0 ≤ θ ≤ 1

}
+ 1 <∞. (23)

From the Lipschitz property J−1, we have

‖J−1(Jx−λAx−λθ(Jx−Jx1))−J−1(Jx)‖ ≤ λL1M, ∀ λ, θ ∈ (0, 1), x ∈ E : φ(x∗, x) ≤ r.
(24)

Set
γ0 := min

{
1,

r

8L1M

}
. (25)

Now assume that λn ≤ γ0θn for all n ≥ 1. We show that φ(xn, x
∗) ≤ r for all n ≥ 1.

The proof is by induction. Assume that φ(xn, x
∗) ≤ r for some n ≥ 1. We show that

φ(xn+1, x
∗) ≤ r. Using the definition of xn+1, we compute as follows:

φ(x∗, xn+1) = φ(x∗, J−1(Jxn − λAxn − λnθn(Jxn − Jx1)))
= V (x∗, Jxn − λnAxn − λnθn(Jxn − Jx1)).

Applying Lemma 2.4 with y∗ = λnAxn + λnθn(Jxn − Jx1), we have

φ(x∗, xn+1) = V (x∗, Jxn − λnAxn − λnθn(Jxn − Jx1))
≤ V (x∗, Jxn)

−2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− x∗, Axn + θn(Jxn − Jx1)〉
= φ(x∗, xn)− 2λn〈xn − x∗, Axn + θn(Jxn − Jx1)〉
−2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− xn, Axn + θn(Jxn − Jx1)〉

= φ(x∗, xn)− 2λnθn〈xn − x∗, Jxn − Jx∗)〉 − 2λn〈xn − x∗, Axn〉
−2λnθn〈xn − x∗, Jx∗ − Jx1)〉
−2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− J−1(Jxn), Axn + θn(Jxn − Jx1)〉.

Using Lemma 2.6, (24) inequality (22) and the definition of M , it follows that

φ(x∗, xn+1) ≤
(

1− λnθn
)
φ(x∗, xn) + 2λnθn‖xn − x∗‖ · ‖Jx∗ − Jx1‖+ 2λ2nL1M.
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From (12), the induction assumption and inequality (22), we have:

‖xn − x∗‖ ≤ 3
√
r and 2‖xn − x∗‖ · ‖Jx∗ − Jx1‖ ≤

r

4
.

Combining this with the fact that λn ≤ γ0θn for all n ≥ 1, and using the definition of γ0,
(25), it follows that

φ(x∗, xn+1) ≤
(

1− λnθn
)
φ(x∗, xn) + λnθn

r

4
+ λnθn

r

4

≤
(

1− λnθn
2

)
r.

Therefore φ(x∗, xn+1) ≤ r. So, bu induction φ(x∗, xn) ≤ r for all n ≥ 1. Hence, from (12),
the sequence {xn} is bounded.

Step 2: We prove that ‖xn − yn‖ → 0 as n→∞. We estimate as follows:

φ(yn, xn+1) = V (yn, Jxn+1)

= V (yn, Jxn − λnAxn − λnθn(Jxn − Jx1)).

Applying Lemma 2.4 with y∗ = λnAxn + λnθn(Jxn − Jx1), the definition of xn+1 and
(20), we have

φ(yn, xn+1) = V (yn, Jxn − λnAxn − λnθn(Jxn − Jx1))
≤ V (yn, Jxn)− 2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− yn, Axn + θn(Jxn − Jx1)〉
= φ(yn, xn)− 2λn〈xn − yn, Axn + θn(Jxn − Jx1)〉
−2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− xn, Axn + θn(Jxn − Jx1)〉

= φ(yn, xn)− 2λn〈xn − yn, Axn −Ayn〉 − 2λn〈xn − yn, Ayn + θn(Jxn − Jx1)〉
−2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− xn, Axn + θn(Jxn − Jx1)〉

= φ(yn, xn)− 2λn〈xn − yn, Axn −Ayn〉 − 2λn〈xn − yn, θn(Jxn − Jyn)〉
−2λn〈J−1(Jxn − λnAxn − λnθn(Jxn − Jx1))− J−1(Jxn), Axn + θn(Jxn − Jx1)〉.

Using the monotonicity of A, Lemma 2.6, the fact that {xn} and {yn} are bounded and
Lemma 2.3, there exist positive constants M and m such that:

φ(yn, xn+1) ≤
(

1− λnθn
)
φ(yn, xn) +mMλ2n. (26)

From Lemma 2.5, we have

φ(yn, xn+1) = φ(yn, yn+1) + φ(yn+1, xn+1) + 2〈yn+1 − yn, Jxn+1 − Jyn+1〉, ∀n ≥ 1. (27)

Using (27) in (26), observing that φ(yn, yn+1) ≥ 0 and setting K = mM we obtain:

φ(yn+1, xn+1) ≤
(

1− λnθn
)
φ(yn, xn) + 2〈yn − yn+1, Jxn+1 − Jyn+1〉+Kλ2n, ∀n ≥ 1.(28)

Schwartz inequality, the boundedness of {xn} and {yn} and Lemma 2.2 give:

2〈yn − yn+1, Jxn+1 − Jyn+1〉 ≤ C1‖yn+1 − yn‖, ∀n ≥ 1, (29)
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for some positive constant C1.

From (20), we derive that

Jyn+1 − Jyn +
1

θn+1
(Ayn+1 −Ayn) =

θn − θn+1

θn+1
(Jyn − Jx1). (30)

Taking the duality pairing in both sides of (30) and using the monotonicity of A, it then
follows that

〈Jyn+1 − Jyn, yn+1 − Jyn〉 ≤
θn − θn+1

θn+1
〈Jyn − Jx1, yn+1 − Jyn〉. (31)

Using (31), the fact that E is 2-uniformly convex, (iii) of Theorem 2.1 and Cauchy-
Schwarz, we obtain

‖yn+1 − Jyn‖ ≤ K∗
θn − θn+1

θn+1
‖Jyn − Jx1‖. (32)

for some positive contant K∗. Finally, Combining (28), (29), (32), using the fact that {yn}
and Lemma 2.2 is bounded we have:

φ(yn+1, xn+1) ≤
(

1− λnθn
)
φ(yn, xn) + C

θn − θn+1

θn+1
+Kλ2n, (33)

for some positive contant C.

Applying Lemma 2.8 with: αn = λnθn, σn = C

θn−θn+1

θn+1

λnθn
and γn = Kλ2n, we conclude

that φ(yn, xn)→ 0. Therefore, from Lemma 2.7, it follws that ‖xn − yn‖ → 0, as n→∞.
So, from (21), xn → y∗ ∈ A−1(0). This completes the proof.

Corollary 3.6. Let E = lp, Lp or Wm,p, 1 < p ≤ 2 and A : E → E∗ be a bounded
maximalmonotone mapping such that A−1(0) 6= ∅. Then, there exists γ0 > 0 such that
if λn < γ0θn for all n ≥ 1, the sequences {xn} given by (18) converges strongly to some
x∗ ∈ A−1(0).

Proof. Since lp, Lp,W
m,p-spaces, 1 < p ≤ 2 are 2-uniformly convex and p-uniformly

smooth, then the proof follows from Theorem 3.5.

3.2 Convergence in Lp Spaces, 2 ≤ p <∞

Using the same method of proof as in Theorem 3.5 and interverting the properties of J
and J−1, using the duality between E and E∗, we have the following result.

Theorem 3.7. For p > 1, let E be p- uniformly convex and 2-uniformly smooth real
Banach space and A : E → E∗ be a bounded maximal monotone mapping such that
A−1(0) 6= ∅. Then, there exists γ0 > 0 such that if λn < γ0θn for all n ≥ 1, the sequences
{xn} given by (18) converges strongly to some x∗ ∈ A−1(0).
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Corollary 3.8. Let E = Lp, 2 ≤ p < ∞ and A : E → E∗ be a bounded m-monotone
mapping such that A−1(0) 6= ∅.Then, there exists γ0 > 0 such that if λn < γ0θn for all
n ≥ 1, the sequences {xn} given by (18) converges strongly to some x∗ ∈ A−1(0).

Proof. Since Lp-spaces, 2 ≤ p <∞ are p-uniformly convex and 2-uniformly smooth, then
the proof follows from Theorem 3.7.

4 Application to convex minimization problems

In this section, we study the problem of finding a minimizer of a convex function f defined
from a real Banach space E to R.

We start with the following well-known basic results.

Lemma 4.1. Let f : E → R be a real-valued differentiable convex function and a ∈ E.
Let df : E → E∗ denotes the differential map associated to f . Then the following hold.

1. The point a is a minimizer of f on E if and only if df(a) = 0.

2. If f is bounded, then f is locally Lipschitzian, i.e., for every x0 ∈ E and r > 0,
there exists γ > 0 such that f is γ-Lipschitzian on B(x0, r), i.e.

|f(x)− f(y)| ≤ γ‖x− y‖ ∀x, y ∈ B(x0, r).

Lemma 4.2. Let E be normed linear space and f : E → R a real-valued differentiable
convex function. Assume that f is bounded. Then the differential map df : E → E∗ is
bounded.

Proof. Let x0 ∈ E and r > 0. Set B := B(x0, r). We show that df(B) is bounded. From
lemma 4.1, there exists γ > 0 such that

|f(x)− f(y)| ≤ γ‖x− y‖ ∀x, y ∈ B. (34)

Let z∗ ∈ df(B) and x∗ ∈ B such that z∗ = df(x∗). Since B is open, for all u ∈ E, there
exists t > 0 such that x∗+ tu ∈ B. Using the fact that z∗ = df(x∗) the convexity of f and
inequality (34), it follows that

〈z∗, tu〉 ≤ f(x∗ + tu)− f(x∗)

≤ tγ‖u‖

so that

〈z∗, u〉 ≤ γ‖u‖ ∀u ∈ E.

Therefore ‖z∗‖ ≤ γ. Hence df(B) is bounded.

We now prove the following theorem.
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Theorem 4.3. For q > 1 and s > 1, let E be a 2-uniformly convex and q-uniformly smooth
or s- uniformly convex and 2-uniformly smooth real Banach space. Let f : E → R be a
differentiable, bounded, convex real-valued function which satisfies the growth condition:
f(x) → +∞ as ‖x‖ → +∞. Then, there exists γ0 > 0 such that if λn < γ0θn, for all
n ≥ 1, the sequence {xn} given (18) with A = df converges strongly to a∗, a minimizer of
f .

Proof. Since E is reflexive, then, from the growth condition, the continuity and the con-
vexity of f , it follows that f has a minimizer. In addition, a∗ ∈ E is a minimizer of f if
and only if df(a∗) = 0. Using the convexity, the differentiability and the boundedness of
f , we deduce that the differential map df : E → E∗ is maximal monotone (see, e.g. Minty
[36], or Moreau [37]) and is bounded. Therefore, the proof follows from Theorem 3.5 and
Theorem 3.7.

References

[1] Ya. Alber, Metric and generalized projection operators in Banach spaces: prop-
erties and applications, In Theory and Applications of Nonlinear Operators of
Accretive and Monotone Type (A. G. Kartsatos, Ed.), Marcel Dekker, New
York, 1996, 15-50.

[2] Ya. Alber and S. Guerre-Delabriere, On the projection methods for fixed point
problems, Analysis (Munich), 21 (2001), no. 1, 17-39.
https://doi.org/10.1524/anly.2001.21.1.17

[3] Ya. Alber and I. Ryazantseva, Nonlinear Ill Posed Problems of Monotone Type,
Springer, London, UK, 2006.
https://doi.org/10.1007/1-4020-4396-1

[4] V. Berinde, Iterative Approximation of Fixed Points, Lecture Notes in Mathe-
matics, Springer, London, UK, 2007.
https://doi.org/10.1007/978-3-540-72234-2

[5] V. Berinde, St. Maruster, I. A. Rus, An abstract point of view on iterative
approximation of fixed points of nonself operators, J. Nonlinear Convex Anal.,
15 (2014), no. 5, 851-865.

[6] F. E. Browder, Nonlinear mappings of nonexpansive and accretive type in Ba-
nach spaces, Bull. Amer. Math. Soc., 73 (1967), 875-882.
https://doi.org/10.1090/s0002-9904-1967-11823-8

[7] R. E. Bruck Jr., A strongly convergent iterative solution of 0 ∈ U(x) for a
maximal monotone operator U in Hilbert spaces, J. Math. Anal. Appl., 48
(1974), 114-126. https://doi.org/10.1016/0022-247x(74)90219-4



566 J. T. Mendy, M. Sene & N. Djitte

[8] W. L. Bynum, Weak parallelogram laws for Banach spaces, Canad. Math. Bull.,
19 (1976), no. 3, 269-275. https://doi.org/10.4153/cmb-1976-042-4

[9] Y. Censor and S. Reich, Iterations of paracontractions and firmaly nonexpansive
operators with applications to feasibility and optimization, Optimization, 37
(1996), no. 4, 323-339.
https://doi.org/10.1080/02331939608844225

[10] C. E. Chidume, Geometric Properties of Banach Spaces and Nonlinear Itera-
tions, Lectures Notes in Mathematics, vol. 1965, Springer, London, UK, 2009.
https://doi.org/10.1007/978-1-84882-190-3

[11] C. E. Chidume and Ali Bashir, Approximation of common fixed points for finite
families of nonself asymptotically nonexpansive mappings in Banach spaces, J.
Math. Anal. Appl., 326 (2007), 960-973.
https://doi.org/10.1016/j.jmaa.2006.03.045

[12] C. E. Chidume, An approximation method for monotone Lipschitzian operators
in Hilbert-spaces, Journal of the Australian Mathematical Society Series A-Pure
Mathematics and Statistics, 41 (1986), 59-63.
https://doi.org/10.1017/s144678870002807x

[13] C. E. Chidume, Convergence theorems for asymptotically pseudo-contractive
mappings, Nonlinear Analysis-Theory Methods & Applications, 49 (2002), 1-11.
https://doi.org/10.1016/s0362-546x(00)00240-6

[14] C. E. Chidume, Iterative approximation of fixed points of Lipschitzian strictly
pseudo-contractive mappings, Proc. Amer. Math. Soc., 99 (1987), no. 2, 283-
288. https://doi.org/10.1090/s0002-9939-1987-0870786-4

[15] C.E. Chidume, N. Djitte, M. Sene, Iterative algorithm for zeros of multivalued
accretive operators in certain Banach spaces, Afr. Mat., 26 (2015), no. 3-4,
357-368. https://doi.org/10.1007/s13370-013-0208-9

[16] C. E. Chidume and C. O. Chidume, Convergence theorems for fixed points
of uniformly continuous generalized Phi-hemi-contractive mappings, J. Math.
Anal. Appl., 303 (2005), 545-554.
https://doi.org/10.1016/j.jmaa.2004.08.060

[17] C. E. Chidume and C. O. Chidume, Convergence theorem for zeros of gener-
alized Lipschitz generalized phi-quasi-accretive operators, Proc. Amer. Math.
Soc., 134 (2006), 243-251.
https://doi.org/10.1090/s0002-9939-05-07954-2

[18] C.E. Chidume and N. Djitte, Iterative algorithm for zeros of bounded m-
Accretive nonlinear operators, J. Nonlinear and Convex Analysis, to appear.



Iterative algorithm 567

[19] C.E. Chidume and N. Djitte, Strong convergence theorems for zeros of bounded
maximal monotone nonlinear operators, Abstract and Applied Analysis, 2012
(2012), Article ID 681348, 1-19.
https://doi.org/10.1155/2012/681348

[20] C. E. Chidume and M. O. Osilike, Iterative solutions of nonlinear accretive oper-
ator equations in arbitrary Banach spaces, Nonlinear Analysis-Theory Methods
& Applications, 36 (1999), 863-872.
https://doi.org/10.1016/s0362-546x(97)00611-1

[21] I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear
Problems, vol. 62, Kluwer Academic Publishers, 1990.
https://doi.org/10.1007/978-94-009-2121-4

[22] L. Deng, On Chidume’s open question, J. Math. Analysis and Applications,
174 (1993), no. 2, 441-449. https://doi.org/10.1006/jmaa.1993.1129

[23] K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and Non-
expansive Mappings, Monographs and Textbooks in Pure and Applied Mathe-
matics, vol. 83, Marcel Dekker, Inc., New York, 1984.
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