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Abstract

We consider the system
⎧⎨
⎩

−Δpu = λF (x, u, v), x ∈ Ω,
−Δqv = λH(x, u, v), x ∈ Ω,
u = 0 = v, x ∈ ∂Ω,

where F (x, u, v) = [g(x)a(u) + f(v)], H(x, u, v) = [g(x)b(v) + h(u)], Ω
is a bounded domain in RN (N ≥ 1) with smooth boundary ∂Ω, λ is a
real positive parameter and Δsz = div (|∇z|s−2∇z), s > 1, (s = p, q)
is a s-laplacian operator. Here g is a C1 sign-changing function that
may be negative near the boundary and f, h, a, b are C1 nondecreasing
functions satisfying a(0) ≥ 0, b(0) ≥ 0,

lim
x→∞

a(x)
xp−1

= 0, lim
x→∞

b(x)
xq−1

= 0,

lim
x→∞ f(x) = ∞, lim

x→∞ h(x) = ∞,

and

lim
x→∞

f(M [h(x)]
1

q−1 )
xp−1

= 0,∀M > 0,

by applying the method of sub-super solutions the existence of a positive
solution is established for the above system.
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1 Introduction

Consider the boundary value problem

⎧⎨
⎩

−Δpu = λF (x, u, v), x ∈ Ω,
−Δqv = λH(x, u, v), x ∈ Ω,
u = 0 = v, x ∈ ∂Ω,

(1)

where Ω is a bounded domain in RN (N ≥ 1) with smooth boundary ∂Ω,
Δs is the called s-Laplacian operator i.e. Δsz = div (|∇z|s−2∇z), s > 1
(s = p, q), λ is a positive parameter, F (x, u, v) = [g(x)a(u)+f(v)],H(x, u, v) =
[g(x)b(v) + h(u)] and functions satisfying the following assumptions:

(H1) f, h ∈ C1([0,∞)) are nondecreasing, f(x) → ∞ , h(x) → ∞ as x→ ∞,

and lim
x→∞

f(M [h(x)]
1

q−1 )
xp−1 = 0, ∀M > 0.

(H2) f, h ∈ C1([0,∞)) are non-negative, nondecreasing, and lim
x→∞

a(x)
xp−1 = 0,

lim
x→∞

b(x)
xq−1 = 0.

In this paper, we focus on sign-changing weight functions g and also do not
assume any sign condition on f(0) or h(0). Hence in our system F (x, 0, 0) or
H(x, 0, 0) could be negative for some x ∈ Ω.
To precisely state our theorem we first consider the eigenvalue problem

{ −ΔsV = λ|V |s−2V, x ∈ Ω,
V = 0, x ∈ ∂Ω, (s = p,q),

(2)

let λ1, λ2 be the respective first eigenvalues of Δp,Δq with Dirichlet boundary
conditions and φ1, φ2 the corresponding eigenfunctions with φ1, φ2 > 0 and
‖φ1‖∞ = ‖φ2‖∞ = 1. Hence there exist δ ≥ 0 and σ1, σ2 ∈ (0, 1] and m > 0
such that

{ |∇φ1|p − λ1φ
p
1 ≥ m onΩδ,

φ1 ≥ σ1 onΩ − Ωδ,
(3)

and

{ |∇φ2|q − λ2φ
q
2 ≥ m onΩδ,

φ2 ≥ σ2 onΩ − Ωδ,
(4)

where Ωδ = {x ∈ Ω|d(x, ∂Ω) ≤ δ}.
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Here we assume that the weight g takes negative values in Ωδ but require
g to be strictly positive in Ω − Ωδ then exist positive β, η constants such
that g(x) ≥ −β on Ωδ and g(x) ≥ η on Ω − Ωδ. Let s0 ≥ 0 be such that
ηa(s)+f(s) > 0 and ηb(s)+h(s) > 0 for every s > s0, and f0 = max{0,−f(0)},
h0 = max{0,−h(0)}. for γ > s0

α
we define :

Q1(γ) = min{ mγ

βa((p−1
p

)γ
1

p−1 ) + f0

,
mγ

βb(( q−1
q

)γ
1

q−1 ) + h0

},

Q2(γ) = max{ γλ1

ηa((p−1
p

)γ
1

p−1α) + f(( q−1
q

)γ
1

q−1α)
,

γλ2

ηa(( q−1
q

)γ
1

q−1α) + h((p−1
p

)γ
1

p−1α)
},

where α = min{σ
p

p−1

1 , σ
q

q−1

2 } and obtained the following theorem:

Theorem 1.1: Assume that (H1) − (H2) hold and G = {s > s0

α
: Q2(s) ≤

Q1(s)} 
= ∅. Let S =
⋃

s∈G[Q2(s), Q1(s)], for λ ∈ S system (1) has at least one
positive solution.

2 Proof of Theorem 1.1

We shall establish Theorem by constructing a positive weak sub-solution (ψ1, ψ2)
and super-solution (z1, z2) of (1) such that ψi ≤ zi for i = 1, 2. that is, ψi sat-
isfies:

∫
Ω

|∇ψ1|p−2∇ψ1.∇wdx ≤ λ

∫
Ω

(g(x)a(ψ1) + f(ψ2))wdx, (5)

∫
Ω

|∇ψ2|q−2∇ψ2.∇wdx ≤ λ

∫
Ω

(g(x)b(ψ2) + h(ψ1))wdx, (6)

and zi satisfies:

∫
Ω

|∇z1|p−2∇z1.∇wdx ≥ λ

∫
Ω

(g(x)a(z1) + f(z2))wdx, (7)

∫
Ω

|∇z2|q−2∇z2.∇wdx ≥ λ

∫
Ω

(g(x)b(z2) + h(z1))wdx, (8)

for w ∈ W = {φ ∈ C∞
0 : φ ≥ 0 inΩ}. let λ ∈ S and γ > s0

α
be such that λ ∈

[Q2(s), Q1(s)]. We shall verify that (ψ1, ψ2) = ((p−1
p

)γ
1

p−1φ
p

p−1

1 , ( q−1
q

)γ
1

q−1φ
q

q−1

2 )
is a sub-solution.
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∫
Ω

|∇ψ1|p−2∇ψ1.∇w = γ

∫
Ω

φ1|∇φ1|p−2∇φ1.∇wdx

= γ {
∫

Ω

|∇φ1|p−2∇φ1∇(φ1w1)dx−
∫

Ω

|∇φ1|pwdx}

= γ

∫
Ω

(λ1φ
p
1 − |∇φ1|p)wdx.

First the case when x ∈ Ωδ, since λ ≤ Q1(γ), we have λ ≤ mγ

βa((p−1
p

)γ
1

p−1 )+f0

then −mγ ≤ λ[−βa((p−1
p

)γ
1

p−1 ) − f0] hence

∫
Ωδ

|∇ψ1|p−2∇ψ1.∇w = γ

∫
Ωδ

(λ1φ
p
1 − |∇φ1|p)wdx

≤ γ

∫
Ωδ

(−m)wdx =

∫
Ωδ

(−mγ)wdx

≤ λ

∫
Ωδ

[−βa((p− 1

p
)γ

1
p−1 ) + f0]wdx

≤ λ

∫
Ωδ

[g(x)a(ψ1) + f(ψ2)]wdx.

Next consider the case when x ∈ Ω − Ωδ. Since λ ≥ Q2(γ), we have λ ≥
γλ1

ηa((p−1
p

)γ
1

p−1 α)+f(( q−1
q

)γ
1

q−1 α)
, thus

∫
Ω−Ωδ

|∇ψ1|p−2∇ψ1.∇w = γ

∫
Ω−Ωδ

(λ1φ
p
1 − |∇φ1|p)wdx

≤ γ

∫
Ω−Ωδ

λ1wdx =

∫
Ω−Ωδ

γλ1wdx

≤ λ

∫
Ω−Ωδ

ηa((
p− 1

p
)γ

1
p−1α) + f((

q − 1

q
)γ

1
q−1α)wdx

≤ λ

∫
Ω−Ωδ

(g(x)a(ψ1) + f(ψ2))wdx.

Then proved (5).

Now we have for ψ2 when x ∈ Ωδ: λ ≤ Q1(γ), thus λ ≤ mγ

βb(( q−1
q

)γ
1

q−1 )+h0

,

then −mγ ≤ λ[−βb(( q−1
q

)γ
1

q−1 ) − h0], hence

∫
Ωδ

|∇ψ2|q−2∇ψ2.∇w = γ

∫
Ωδ

(λ2φ
q
2 − |∇φ2|q)wdx
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≤ γ

∫
Ωδ

(−m)wdx =

∫
Ωδ

(−mγ)wdx

≤ λ

∫
Ωδ

[−βb((q − 1

q
)γ

1
q−1 ) + h0]wdx

≤ λ

∫
Ωδ

[g(x)b(ψ2) + h(ψ1)]wdx.

and for x ∈ Ω−Ωδ we have λ ≥ Q2(γ) then λ ≥ γλ2

ηb((q−1
q

)γ
1

q−1 α)+h((p−1
p

)γ
1

p−1 α)
.

∫
Ω−Ωδ

|∇ψ2|q−2∇ψ2.∇w = γ

∫
Ω−Ωδ

(λ2φ
q
2 − |∇φ2|q)wdx ≤

∫
Ω−Ωδ

γλ2wdx

≤ λ

∫
Ω−Ωδ

ηb((
q − 1

q
)γ

1
q−1α) + h((

p− 1

p
)γ

1
p−1α)wdx

≤ λ

∫
Ω−Ωδ

(g(x)b(ψ2) + h(ψ1))wdx.

Then proved (6) and (ψ1, ψ2) is a sub-solution.

Now we proved for c large enough (z1, z2) = ( c
‖ep‖ λ

1
p−1 ep, [2h(cλ

1
p−1 )]

1
q−1λ

1
q−1 eq)

is a super-solution where es is the unique positive solution of

{ −Δs es = 1, x ∈ Ω,
es = 0, x ∈ ∂Ω. for s = (p,q),

we know a is p-sublinear and f, h satisfy (H1) by choosing c large we have

‖ep‖p−1
∞ [‖g‖∞a(cλ

1
p−1 ) + f([2h(cλ

1
p−1 )]

1
q−1λ

1
q−1 eq)]

cp−1
≤ 1,

then

∫
Ω

|∇z1|p−2∇z1.∇wdx = λ (
C

‖ep‖∞ )p−1

∫
Ω

|∇ep|p−2∇ep.∇wdx

= λ (
C

‖ep‖∞ )p−1

∫
Ω

wdx

≥ λ

∫
Ω

[‖g‖∞a(cλ
1

p−1 ) + f([2h(cλ
1

p−1 )]
1

q−1λ
1

q−1 eq)] wdx

≥ λ

∫
Ω

[g(x)a(cλ
1

p−1
ep

‖ep‖∞ ) + f(z2)]wdx

= λ

∫
Ω

(g(x)a(z1) + f(z2))wdx,



956 G. A. Afrouzi and M. Alizadeh

and similarly by c large we have

‖g‖∞b([2h(cλ
1

p−1 )]
1

q−1λ
1

q−1 eq)

h(cλ
1

p−1 )
≤ 1,

then ∫
Ω

|∇z2|q−2∇z2.∇wdx = 2λ h(cλ
1

p−1 )

∫
Ω

wdx

= λ

∫
Ω

[h(cλ
1

p−1 ) + h(cλ
1

p−1 )]wdx

≥ λ

∫
Ω

[‖g‖∞b([2h(cλ
1

p−1 ) + h(cλ
1

p−1 )]wdx

≥ λ

∫
Ω

(g(x)b(z2) + h(z1))wdx.

Hence (z1, z2) is a super solution. by choosing c large enough we have ψi ≤ zi

for i = 1, 2. then there exits a positive solution (u, v) with ψ1 ≤ u ≤ z1, ψ2 ≤
v ≤ z2. this completes the proof of theorem. �
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