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Abstract

We consider the system

—Apu = AF(z,u,v), =€,
—Agv = AH(z,u,v), z€q,
u=0=wv, x € 011,

where F(z,u,v) = [g(z)a(u) + f(v)], H(z,u,v) = [g(x)b(v) + h(u)], Q
is a bounded domain in RN (N > 1) with smooth boundary 9, \ is a
real positive parameter and Ayz = div (|[Vz[*72Vz), s > 1, (s = p,q)
is a s-laplacian operator. Here g is a C! sign-changing function that
may be negative near the boundary and f, h,a,b are C'' nondecreasing
functions satisfying a(0) > 0,b(0) > 0,

lim %) _ o qim 2®)
z—o0 gP—1 z—o0 xd—1

=0,

lim f(z) =00, lim h(x) = oo,

r—00 r—00

and

lim
T—00 x

—f(M[hp(iﬂqj) —0,YM >0,

by applying the method of sub-super solutions the existence of a positive
solution is established for the above system.

Mathematics Subject Classification: 35J60, 35B30, 35B40

Keywords: positive solutions; p-Laplacian systems; sub-super solutions



952 G. A. Afrouzi and M. Alizadeh

1 Introduction
Consider the boundary value problem

—Ayu = AF(z,u,v), =€,

—Apv = NH(z,u,v), x €, (1)

u=0=uv, x € 08,
where €2 is a bounded domain in RV (N > 1) with smooth boundary 09,
A, is the called s-Laplacian operator i.e. A,z = div(|Vz]*72Vz2), s > 1
(s = p, q), \is a positive parameter, F(z,u,v) = [g(z)a(u)+ f(v)], H(z,u,v) =
[g(x)b(v) 4+ h(u)] and functions satisfying the following assumptions:

(H1) f,h € C'(]0,00)) are nondecreasing, f(x) — oo, h(z) — 0o as z — o0,
_1_
and lim % =0,VM > 0.

r—00

(H2) f,h € C'([0,00)) are non-negative, nondecreasing, and lim ;:r@l =0,
lim Qfgﬂ =0

In this paper, we focus on sign-changing weight functions g and also do not
assume any sign condition on f(0) or ~(0). Hence in our system F(z,0,0) or
H(x,0,0) could be negative for some x € €.

To precisely state our theorem we first consider the eigenvalue problem

AV = AV, 2 e Q, )
V=0, x €09, (s =p,q),

let A1, A2 be the respective first eigenvalues of A,, A, with Dirichlet boundary
conditions and ¢, ¢ the corresponding eigenfunctions with ¢1, ¢, > 0 and
|61]lco = [|P2]|cc = 1. Hence there exist 6 > 0 and 01,09 € (0,1] and m > 0
such that

|V¢1|p - )\1¢110 Z m Onﬁéa o (3)
¢1 Z 01 onfl — Qéa

and
V|t — Aoty > m onQs, (4)
¢2 Z 02 onf) — Q57

where Q5 = {x € Q|d(z,002) < d}.
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Here we assume that the weight ¢ takes negative values in {25 but require
g to be strictly positive in  — Qs then exist positive 3,7 constants such
that g(z) > —3 on Qs and g(x) > n on Q — Q5. Let so > 0 be such that
na(s)+f(s) > 0and nb(s)+h(s) > 0 for every s > sy, and fy = maz{0, —f(0)},
ho = maz{0,—h(0)}. for v > 2 we define :

my my

Ba((E2)ym1) + fo Bb((L)ya1) + ho}’

Q1(7v) = min{

YA VA2 }’

QQ = max 1 1 ; 1 1
O e + (e mal(E0n i) + (B i)

_pP_ 9
where o = min{o}™", 04 "'} and obtained the following theorem:

Theorem 1.1: Assume that (H1) — (H2) hold and G = {s > 2 : Qs(s) <
Q1(5)} #0. Let S = U, [@2(5), Qi(s)], for A € S system (1) has at least one
positive solution.

2 Proof of Theorem 1.1

We shall establish Theorem by constructing a positive weak sub-solution (¢1, ¢)
and super-solution (21, z9) of (1) such that v¢; < z; for ¢ = 1,2. that is, 9; sat-
isfies:

|9V et < [ laan) + fopwds. 6)
/|V@/’2‘q_zv¢2'vwd$ < )\/(g(x)b(%) + h(vn))wdz, (6)
Q Q

and z; satisfies:
/Q\VzﬂI’QVzl.dex > )\/Q(g(x)a(zl) + f(29))wdx, (7)
/Q |V 2|72V 20. Vwdz > )\/Q(g(x)b(ZQ) + h(z))wdz, (8)

forwe W ={¢ € C5°: ¢ >01inQ}. let A € S and v > % be such that A €
[Qa(5), Qu(s)]. We shall verify that (i1, 1) = (5177760 T, (LH)y77 65 )

is a sub-solution.
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/|V¢1|p_2V1/)1.Vw = 7/¢1|V¢1|p_2v¢1.dex

Q Q
= ’y{/ﬂyv¢1’p2v¢1V(¢1w1)d$—/Q’V¢1’p’LUd£L’}
= 7 [t = V0P

First the case when z € Qs, since A < Q1(7), we have A < T
Ba((*=1 97T )+ fo

|

then —my < A[~fa((21)y77) — fo] hence

/ IV P2V .V = ~ / (A @? — |V |P)wdx
Qs Q

< y/glé(—m)wdx:/gé(—mv)wdx

p—1 = wdx
< A/m[—m( ) + flud
< A /_ l9(@)a(tn) + F()]wdz.

Next consider the case when z € Q — Q5. Since A > Qy(7), we have \ >

— L ——, thus
na((B52)y 7T 0) (5T T a)

/ VPV Ve = 4 / O — [VéiP)wda
Q—Qs Q—Qs

< 7/ Alwdx—/ YA wdx
—Qs Q-5
qg—1,
<[ F1a) + (LT auds
Q- 55 q
< )\/ B a(r) + f(g))wdzx.
- 95
Then proved (5).
Now we have for 1), when z € Qs5: A < Q1(7), thus A < my

Bb((1-1 )y 7T )+ho
then —my < /\[—ﬁb((%)vqfll) — hg], hence

[ VeV ve = / (Mo — | V| Tywidz
Qs Qs
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VAN
2
T

(-mpuwds = [ (~myyuda

Qs

< A / [—ﬂb((q—;lwﬁ) + holwdz

< A / [9(2)b(t) + h(eby)Jwda.

Qs

and for x € Q—Qs we have A > Qy() then \ > 2

M T T @) +h((B5E P Ta)|

/ |V |7 2Vepy. V= ’y/ (A2dd — |V o|Hwdx g/ YA wdx
Q-0 0-0; )

Q-0
1

g—1, 1 p—1. 1
<o [ e+ (P P rads
0-Qs q p

< [ (gla)blus) + hlwn)wds
Q-0

Then proved (6) and (11,15) is a sub-solution.
1 1 1 1
Now we proved for ¢ large enough (z1, z3) = (ﬁ AP ey, [2h(cAP=T)|a-T Aa—T ¢,)
P
is a super-solution where e, is the unique positive solution of

—Age, =1, ©€9Q,
s = O7 T € 3Q.f07“ S = (p7q)7

we know a is p-sublinear and f, h satisfy (H1) by choosing ¢ large we have

lepllzs HllgllocalcAr—T) + f(RA(AT )T AT ¢)] _

cp—1 -

then

V2 |[P?Vz . Vwde = \( ¢ Y= [ Ve, |P~*Ve,.Vwdzx
Q HepHoo Q g g

= /\(L)pl/ﬂwdzx

lepllo

> A / [gllaealeA7T) + F(RR(AFT) AR €)] wil

> )\/Q[g(x)a(c)wll % )+ f(z2)]wdz

leplloo

) / (9()a(1) + F(z2))wil,
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and similarly by c large we have

P N
Igllocb([2(ATT)TTATT €;)
h(c/\p_il)

<1

then
/|Vz2\q_2VZQ.dex = 2\ h(c)\ﬁ)/wdx
Q Q

= )\/Q[h(c/\Pl)%—h(c)\Pl)]wdx

v

A / [9llseb(2R(AFT) + A(eAFT Y uwd
> )\/Q(g(x)b(zg)%—h(zl))wdx.

Hence (21, 22) is a super solution. by choosing c large enough we have 1; < z;
for i = 1,2. then there exits a positive solution (u,v) with ¢ <u < 2z, 1y <
v < zy. this completes the proof of theorem. O
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