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Abstract

In this paper, the scattering theory is studied for a pair of self-
adjoint operators Hj, elliptic operators of high order, in the space
Ly(R?) and H = Hy + V,,(z) with V,,(z), decaying random potential
on R% d > 3. We prove the existence and completeness of the wave
operators W (H, Hy) and the coincidence of the essential spectra of the
operators Hy and H.
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1 Introduction

In the present paper we study the scattering theory for a model in perturbation
theory, in particular, the existence and completeness of the wave operators
WL(H, Hy), where the Hamiltonian H is a sum of the elliptic operator of high

order
Hy= Y (=1)"D*(bag(z)D")
lal,]B|<m

in the space Ly (%) as a self-adjoint operator and of ,V,,(x), a random potential
on R? such that the function
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is finite for almost all z € K.

As an example we consider V,,(x) = ¢, (w)&,(w) where ¢, are independent,
identically distributed random variables with E(g,) < ¢ and &, are identically
distributed, &, takes only two values {0,1}, p,, = P(&, = 1 for infinitely many
n) =1, > pp = 00,p, — 0 as [n| — oo;p, = n~* a > 2 and we consider
that d > 3 as the physicists expect that for low disorder and away from the
band edges, random Schrodinger operators should have absolutely continuous
spectrum in dimension three and higher [5].

The task of perturbation theory is to deduce information about the spectral
properties of H = Hy + Vfrom those of Hy. It is well known that the starting
point of scattering theory is that the absolutely continuous part of self-adjoint
operator is stable under fairly general perturbations. There are several meth-
ods to prove the existence and completeness of the wave operators such as
trace class method, smooth method, Cook’s method and others [6,11,12].

It was Kirsch and Krishna [8,9] who proved that for a random potentials
V., on *(Z%)and Lo(R?) it is sufficient that a certain average of V, goes to
zero at infinity rather than V,, itself to prove the existence of wave operators
W.(H, Hy) where Hy = (—A) using Cook’s method.

In this paper we use the trace class method to prove the existence and
completeness of W (H, Hy) for a huge class of random Schrodinger operators
with these potentials and Hy = Zla‘7|ﬁ|§m(—1)|a‘Da(baﬁ(x)Dﬁ) in the space
Ly(R?), we deduce that some average decay is already sufficient for existence
and completeness of these wave operators.

The fundamental theorem for the trace class method is the Kato-Rosenblum
theorem [11,12] which state that if the difference V"= H — Hj belongs to the
trace class, then the wave operators W (H, Hy) exist and are complete.

If V is in some sense compact relative to Hy, then the essential spectra of
the operators Hy and H = Hy + V coincide [4].

2 Preliminary Notes

We recall the definition of the wave operators, let H and Hy on Hilbert space X
be selfadjoint operators, let P* and F§¢ be the projections onto the absolutely



Scattering theory 393

continuous subspaces X% and X§¢, we say that the wave operators (WO)
Wi(H, Hp) exist if the strong limits

Wi(H, Hy) = s — limy_,+o.e e "o poc, (2.1)

exist.

Each of the two operators (2.1) maps isometrically P§°X into P*X and es-
tablishes a unitary equivalence between the part X§¢ from Pg°X (i.e. the ab-
solutely continuous part of the operator Hy ) and some part of the absolutely
continuous part of the operator H.

The WO (2.1) is said to be complete if its range coincides with P*“X. In
this case the absolutely continuous parts of the operators Hy and H are unitary
equivalent. The completeness of each of the operators(2.1) is equivalent to the
existence of the ”inverse” the WO Wy (Hy, H).

By B, B1, By, B, we denote, respectively, the sets of all bounded, trace class,
Hilbert-Schmidt and compact operators on X.

Lemma 2.1 [12]
If He B,,r>0and Ac B, then AH € B, and HA € B,.

Lemma 2.2 [12]

If H; € B,,,j = 1,2 then HiH, € B,, where r~! = ;" +r;".
In particular, the product of two Hilbert-Schmidt operators is trace class op-
erator.

The original result of trace class scattering theory is the Kato-Rosnblum
theorem [11]

Theorem 2.1

Let Hy and H be selfadjoint operators in spaces X, and X, respectively,
J : Xg — X is a bounded operator and V = HJ — JHy € B; .Then the wave
operators W, (H, Hy, J) exist and are complete.

Kuroda and Birman extend this theorem by the idea of using the resolvent
[3] where in some applications we cannot use the Kato-Rosnblum theorem as
V isn’t trace class.

Kuroda-Birman theorem 2.2

Let Hy and H be selfadjoint operators so that

(H+D)7'—(Hy+1)'eB (2.2)



394 M-S. Saif, A.M. Abdeltawab and U.M. Abdelsalam

then WO Wy (Hy, H) exist and are complete.
We consider the identity

(H+ D)™ = (Hoy+ D)= —(H+ 1) 'WV(Hy+1)" (2.3)

connecting the resolvents of the operators Hy and H.
Now we can check that the wave operators

Wi(H, Hy) = s — limy_q e e o0

exist and are complete, that is their ranges coincide with the absolutely con-
tinuous subspace of the operator H. According to Kuroda-Birman theorem,
to that end it suffices to verify that operator

(H+ D) ' = (Hy+ 1)t e B
let us now use the resolvent identity
(H+ D) ' = (Ho+ D' =~((H+D) Y Ho+ ) ((Ho+1)"'V(Hy+ I)*
the first factor in the right-hand side is bounded because V' is bounded and
(H+I)"(Hy+1)=1Id— (H+1)"'V.
So, we have to prove that the second is in trace class i.e;
(Ho+1)""W(Hy+ 1) € B (2.4)
But we have
(Ho+ I)"'V(Ho + I)™" = ((Ho + 1) |V |2)sgnV (V|2 (Hy + )7
so it is necessary to show that

([V[?(Hy+1)7") € Ba. (2.5)

With the aid of the following theorem we can test the membership in the class
B, of the operator of the Fourier type

Theorem 2.3 [12]

Let
b1(2)] < (1 + 2z)™%, [b2(y)] < e(T+[y])™% a >0

then the operator T,

Tf(a) = hila) [ )1 )i (2:6)
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belongs to the class B, if r > da~!, while for T' € B..it is sufficient that the
functions by, by be bounded and should tend to zero at infinity.
By virtue of the generalized Weyl theorem, it is sufficient to show that

R(z) — R(20) € By (2.7)

to prove that the essential spectra of the operators Hy and H = Hy + V
coincide.

3 The operator of higher order

Throughout this section denote by D; the operator (1/i)(0/0x;), and we use
the standard multi-index notation: if @ = (a1, s, ...... ag) , is an n—tuple of
nonnegative integers,

0% ol
D = (—1)l =
(=1) H Oz Qr{t0xg?....0x5"

where |a| = Z?Zl a;. Let ¢y is sesquilinear form with domain D(t;) =
W2m(R?) and
to(u,0) = Y (bag(z) D u, D)2,
laf,|B]<m

where m is non-negative integer, m < d, # and « are multi-indices and b,z(z)
satisfies the following :

(I) bap are bounded real measurable functions on ¢ and all b, with |a| =
|3] are uniformly continuous on R4,

(IT) bap = bga,

(III) 3 Co > 0 such that 37, _ 5=, baslo? > Colé]P™, € € R (uniform
strong ellipticity).

) (IV) 3 C1 > 0 such that 37, _ 5, {bap +vo +0(2)}277 > C1IEP™, €, 2 €

Re.
The principle part of ¢y will be denoted by:

So(u,v) = Z <bag(x)Dﬁu,Dav),

la]=[Bl=m

u,v € W2™(RY). Note that each of ¢y and sy are bounded forms. We shall
prove that t is positive form. For this we need the following:

Lemma 3.1 Assume that sy has constant coefficient, then for all u €
W2,m(§Rd>
so(u) > vCollullz,,
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where v depend on d, m.
Theorem 3.2 If sy has constant coefficients. Then for all u € W?2™(R?)
and some constant o > 0
to(u) > of|ull*.

Theorem 3.3 Assume that ty = so that the coefficients bog(x) are uni-
formly continuous, |a| = |3| = m. Then, for all u € W?™(R%),

to(u) = vCollull?,

One can generalize the above theorem if the condition ty = sg is omit by
the following:
Corollary 3.4 The above Theorem remains true without the assumption

to(u) = S0-

Take b, are constant then to(u,v) is non-negative symmetric closed form
with W2m(R4). Let Hy be the non-negative self-adjoint operator associated
with ¢o(u,v) in the sense of Friedrichs (see [7]). Namely, Hy is the unique
non-negative self-adjoint operator such that:

to(u,v) = (Hou,v), u € D(Hy),v € D(ty),

Hy= Y (-1)D*(basD?). (3.1)

laf,|8]<m

Let P be the polynomial given by:

a+ = (ar+ Fr,a2+ oy +eeeeennnn ,aq + Bg). It is given well-known that:
D(Hy) = W2*™RY) Hyu = P(D)u, u€ W2?™(R%).

The spectrum o(Hy) of Hy is equal to [Apin, 00 where A = inf,cqa P(2).
We use the following definition (see [2,10]).

Definition 3.5 A € R is said to be critical value of the polynomial P if
there exists x € R4 such that P(z) = \ and gradP(z) = 0.
The set ey of all critical values of P is closed set of measure zero and Hj is
absolutely continuous in R — eq.

One have H is the realization of the differential operator Hy + V,,

H= Y (-1)D*0b.D% + V., (3.2)

laf,|B]<m
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which is non-negative self-adjoint operator.

Let F': Ly(R?) — Lo(Z?) be the Fourier transformation and =% the dual space
of R, ie., F is the integral operator with kernel (27)~%2exp(< —iz,& >).
From the properties of F' and the ellipticity of the non-negative self-adjoint H
one have, for u € p(Hp), u < 0, the resolvent operator (Hy — p)~! is bounded
and

Fitl =™ = (P@) =0 F = (X b —p) F

laf,|81<m

4 Main Results

Weset H = Hy+V,,; Hy = Zla‘7|ﬁ|§m(—1)|a‘Da(baﬁ(x)Dﬁ) on the space Ly(R9).
Suppose V,,(z) is a random potential on ¢ such that the function

is finite for almost all z € 1. We want to prove the existence and completeness
of the wave operators W, (H, Hy). By Birman theorem we need to prove (2.4).
Now we use the average condition.

It sufficient to prove that

(Ho+ )W (Hy+ 1) € B

for almost all w, which certainly true if the expectation of the quantity is in
trace class
E(Hy+ 1)V, (Hy+I)*

=(Hoy+ D) 'E(V,)(Ho+1)*
- (HO + I)ilU(HO + I)il
So, we need to prove that
(Ho+I)7'U(Ho+ I1)"' € By (4.1)

or by (2.5) (similarly)we need to prove that

(IU)2(Ho 4+ I)™Y) € Bs. (4.2)

Theorem 4.1

If V,,(z) is a random potential on R? such that the function
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is finite for almost all z € R and satisfy (4.1) then the wave operators W, for
V., exist and are complete.
There are many examples which illustrate this theorem.

As an example we consider V,,(x) = ¢, (w)&,(w) where ¢, are independent,
identically distributed random variables with E(g,) < ¢ and &, are identically
distributed, &, takes only two values {0,1}, p,, = P(&, = 1 for infinitely many
n)=1,> p,=00,p, — 0 as |n| — co;p, =n"* a > 2 for large n.

To prove the existence and completeness of the wave operators W, (H, Hy)
in this case where H = Hy + V,; Hy = wagm(—l)‘“'Do‘(baﬁ(x)Dﬁ) we
use (4.2), by virtue of (2.3) the inclusion (4.2) is equivalent to the fact that

—1
(|U|%F*1 ( Z\a|,\5\§m bosr®tP + I) ) € Bs. The last operator is integral and,

moreover, its kernel is

—1
(27r)_7d|U|%ei“”y( Z ba,@xa+ﬁ+1) :
laf,|B]<m

using theorem (2.3) and (I11) by = |U]2 = (E(qn(w))2 (pn)? < ¢(1+|n|)=" and

-1
b = (Za|:ﬁ<m baﬁxa—w * I> = (Z|a’lﬂl=m baﬁxo‘""ﬁ * I> = C(x2m "
Dt <e(z+1)"*™

and 2 > 5L which tends to 4m > d hence (|U|2(Hy + I)™*) and also (H, +

I)7'|U|z are Hilbert-Schmidt operator, then by lemma (2.2) we deduce that
(Ho+ ) 'U(Hy+ 1) € B

which complete the proof of the existence and completeness of W, (H, Hy).

To prove that the essential spectra of the operator Hy and H = Hy + V
coincide it suffices to show that V' is compact relative to Hy. so by using the
generalized Weyl theorem and the resolvent identity, it is sufficient to show
that

(Ho+1)"'U(Hy+ 1) € B.,. (4.3)

Since (Hy + I)~'is a bounded operator, then we want to show that

U(Hy+ 1) € By

-1
this inclusion is equivalent to the fact that U Zla\ 181<m bagxaw +1 ) € B.

the last operator is integral and its kernel is

-1
(2%)%Uemy( Z bagxa+’g+f) :

|al,|B|<m
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therefore, from the conditions on U the inclusion (4.3) follows from theo-

1
rem(2‘3)since by = E'(qn)nfo‘7 by = (Z|a 18]<m baﬁanrﬂ—}-I) tends to zero at
infinity.

Let us formulate the result obtained.

Lemma 4.2

Let Ho = Y0 151<m (D1 D*(bap(x)D?), H = Ho + V where V,(z) =
qn(w)&,(w) where g, are independent, identically distributed random variables
with E(g,) < ¢ and &, are identically distributed, &, takes only two values
{0,1}, p, = P(§, = 1 for infinitely many n) = 1, > p, = oo,p, — 0 as
In| — oo;p, =n~% a > 2 for large n, 4m > d, m > 1, then the wave operators
exist and are complete. In particular, the absolutely continuous part of H is
unitarily equivalent to the operator Hy. Moreover, the essential spectra of the
operators Hy and H are coincide.
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